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vi * '• Wave-Mechanics 

region; beside the electron -corpuscle we have the electron-wave 
with all the accumulative experimental evidence to confirm it. 

During several semesters I have endeavoured in my university 
lectures to make clear to my class and to myself the chief results 
of wave-mechanics in as simple a form as possible. We found 
that in all cases that permitted of complete integration the 
‘'polynomial method” is adequate and leads to the final analytical 
form. The “method of generating functions,” although often 
very elegant, is here replaced by directly applying the conditions 
of orthogonality. My purpose in the present volume was to bring 
out such points of view clearly. A more significant simplification 
is that which we have been able to achieve in Dirac’s theory of 
the electron. 

The form in which this supplementary volume is presented 
follows directly on the 4th German edition of Atombau und 
Spektrallinien. Chapter I contains the fundamental conceptions 
and their application to elementary problems, whereas Chapter II 
deals with the more difficult calculations of perturbations and dif- 
fraction and — the most difficult problem of all — the relativistic 
theory of the electron. The present volume can of course also 
be regarded as a supplement to the English edition, Atomic 
Structure and Spectral Lines, to which references are made 
where possible. 

As in the previous editions of the main volume I have kept in 
view both the theoretical and the experimental physicist as readers. 
I have therefore restricted myself to such problems as may claim 
direct physical interest. The general speculations of the Theory 
of Transformations of Probabilities receive far too small a share 
of space, as do the fundamental questions of Indeterminacy and 
Observability. Concerning these more general subjects, I under- 
stand that othS: accounts by authoritative writers are about to 
..appear. My wish was to preserve the original character of my 
book, and I therefore kept my attention as much as possible* 
on concrete questions. I would gladly have treated afresh the 
systematic arrangement of spectra from the point of view of 
wave-mechanics. But there was neither suAcient space nor time 
for this ; moreover, the theory of the relativistic electron will have 
to be further investigated before these things can become sufficiently 
clear. 

In §§4 and 7 of Chapter II on the photo-electric. and Compton 
effects I have had the pleasure of the collaboration of my colleague, 
Mr. F. Kirchner. I am indebted to Dr. S. Bochner for many 
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uathematical references and suggestions. But my special thanks 
xe due to my faithful associate, Dr. K Bechert, who has given 
ae his untiring help not only in all the technical questions of the 
irinting and in all the details of the manuscript, but has also 
worked out many points of the text independently, particularly in 
he final paragraph on electron spin, so that if I had not had his 
levoted help it would have scarcely been possible to bring the 
»ook to completion at the appointed time. 

A. SOMMEEFELD 
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Auffusi, 1928 


Prof:- A K.SAHA. 
NUCLEAR PHYSICS DIVISION. 
SAHA INSTITUTE OF NUCLEAR PHTSICS. 
Acharya P rafulJa Chaadra Jtoadt 
CALCUrrA-9. 




Prol;-A K.SAHA. 

NUCLEAR FHY31-;3 DIVISION- 
SAHA INSTITUTE OF Nu:L£*.i? PHYSICS 
92t Acharya PrafuHa Chandra Road, 
CALCUTTA-9, 


TRANSLATOR’S PREFACE 

S INCE the appearance of the last edition of the author’s 
Atombau und Spektrallimen^ which is generally recognised 
as the standard work on the subject, many striking advances 
have been made owing to the birth and growth of quantum- and 
wave-mechanics. What is the attitude of the author towards 
these new theories? Professor Sommerfeld has endeavoured in 
the present supplementary volume to answer this question and to 
bring his treatment of the subject completely up to date. The 
success of his attempt is clearly demonstrated by the highly 
appreciative way in which the German original has been received. 
The great number of original researches which have contributed 
to these recent advances often appear little connected outwardly ; 
by-paths which are ventured upon and later abandoned tend to 
confuse the average reader whose mathematical attainments may 
be insufficient to allow him to form a just estimate of such contri- 
butions. The masterly and brilliant way in which Professor 
Sommerfeld has sifted the highly abstract material and brought 
into prominence what is of practical importance to the physicist 
will be recognised by all who wish to follow the thread of progress 
of atomic physics under his inspiring guidance. He has described 
in a particularly convenient form the mathematical machinery 
that is necessary for an understanding of the theory. 

The present English edition has had the advantage of being 
accurately checked and revised by the author. Many additions 
and alterations have been made ; for example, the last section of 
Chapter I has a different form from that which it was given in 
the German edition; several oversights in the German edition 
have also been corrected. A particularly welcome feature is that 
Professor Sommerfeld has corrected and supplemen.ted the section 
on the Photo-electric Effect, on which much interest is ftcussed at 
the present time, by adding three Notes, rich in content, which 
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form the conclusion of the volume. The English edition may 
therefore claim to be a stage in advance of the German original. 

Keferences to the English edition of the main work are briefly 
denoted by I placed before the page or chapter quoted. In those 
cases in which reference is made to passages in the 4th German 
edition which do not occur in the English version (which was 
translated from the 3rd German edition), the abbreviation 
Atomhau precedes the page or chapter quoted. 

In the hope of simplifying the reading of original papers on the 
subject the translator has appended a list of the German expres- 
sions which occur in the text, together with the English equivalents 
used by him. I am indebted to Professor H. T. H. Piaggio of 
University College, Nottingham, for some helpful suggestions in 
this connection. The arduous task of proof-reading was very 
kindly undertaken by Mr. H. F. Biggs, M.A., of the Electrical 
Laboratory, Oxford, and Mr. E. H. Saayman, M.A., of New 
College, Oxford, who devoted much time and care to correcting 
and improving the English rendering. I also wish to express 
my gratitude to Professor Sommerfeld himself for his friendly 
interest in the course of the work and for finally checking the 
proofs. 


UniVBRSITY OOLLHGE, NOTTINaHi.M 
December^ 1929 


HENBY L. BBOSE 
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CHAPTBB I 

INTRODUCTION TO WAVE-MBCHANIOS, RUDIMENTS AND SIMPLEST 
APPLICATIONS 

§ 1. Schrodinger's Wave-Equation and the de Broglie Wave-Length 

T he antithesis between macroscopic and microscopic events has 
often been emphasised. For example, the state of a configuration 
in heat equilibrium looks quite different when regarded micro- 
scopically than from the point of view of the kinetic theory of gases. 
Mechanics and electrodynamics are also macroscopic in origin. To apply 
them unchanged to the conditions in the atom is to make unjustifiable 
demands of Nature. Nevertheless important partial successes favoured 
the extrapolation of these theories to microscopic conditions. The study 
of the electronic orbits within the atom, which has become so immensely 
fruitful for our knowledge of the atom, in particular for deciphering 
spectra, was founded on classical mechanics. And the considerations 
of the Correspondence Principle, which we required in order to answer 
questions of intensity and polarisation were derived from classical electro- 
dynamics. To these two classical principles there were added two 
quantum axioms. We indicate them briefly (see Vol. I,* Chap. IV, § 1, 
and Chap. I, § 6) by means of the two equations 

Jpdq = nh (Quantum condition) . . • (1) 

hv ^ El - Eg (Frequency condition) . . (2) 

The first defines the favoured or stationary states of the atom (more 
generally, of the system in question) and distinguishes them by means of 
an integer n (quantum number). The second determines the radiation 
emitted, in a transition from one state to another, by means of the 
corresponding energies t E^ and Eg. 

But there were various indications that the mechanical laws, even when 
amplified in this way by the quantum theory, did not yield the whole 
truth. A particularly simple case in which they failed was that of the rota- 
tion-bands of molecules. These had to be numbered not by integers 
but by half-integers (of. I, Chap. VII, § 2, particularly p. 418) if the facts 

*In future, referenoes to Volume I, Eimlish edition, will be denoted merely by I. 
fin the sequel we prefer to use E in pTaoe of the fonn»\ W in order to indicate 
that in general we now normalise the energy differently from before, namely, from a 
rational aero point. Whereas this difierent normalisation is of no consc^ftence for the 
piewnt, It win become essential in § 5, and particularly in the generalisation founded 
on relativity in 1 9. 

VOL. n.— 1 
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of experiment were to be represented without arbitrary restrictions. 
Another much discussed example was given by the anomalous Zeeman 
effect. Land4's ^-formula, which can be confirmed with extreme accuracy, 
requires n(n + 1) and J(j + 1), etc., in all places where we should expect 
n® and y®, etc., according to the classical theory.* For a time one spoke 
of a “ non-mechanical constraint ” or of “ an ambiguity of the model 
that defied mechanical description.” Further, the hitherto accepted 
theory failed in questions involving mutual actions, for example, in the 
case of the helium problem, and indeed also in other cases (higher 
spectral series), where the fault could not be ascribed to the elusive 
helium model (cf. I, Chap. Ill, § 6). It is true that recent investigations 
have shown that the blame for some of these alleged contradictions to 
the principles of macro-mechanics is not to be imputed to mechanics but 
to the structure of the electron. This is so, in particular, in the case of 
the magneto-mechanical anomaly, which occurs in the Zeeman effect, t 
of the Paschen-Back effect for the hydrogen atom and of the half-integral 
values of j in the general structure of the system of series spectra. But, 
apart from these, there are still other examples of disagreement which 
point to the antithesis between micro- and macro-mechanics. 

How can we arrive at a theory of micro-mechanics appropriate to 
atomic phenomena without undue arbitrariness ? We shall follow Erwin 
Sohrodingert by starting from the comprehensive analytical system of 
Hamiltonian mechanics. Hamilton developed it in connection with his 
researches on the geometrical optics of astronomical instruments.g His 
ideas were inspired by the undulatory theory of optics, which was coming 
to the fore at that time (1828-1837). 

The wave-theory of optics describes optical phenomena by means of 
linear partial differential equations of the second order ^nd derives the 
wave-surfaces (surfaces of constant phase) from them. From the point 
of view of the wave-theory, at least for isotropic media, light-rays may 
be defined as the orthogonal trajectories of wave-surfaces. 

Geometrical or ray-optics, on the other hand, was originally a 
mechanics of Newtonian light-corpuscles. The light-rays denoted the 
paths of these particles. Hamilton took over the idea of wave-surfaces 
from wave-optics and constructed them as the surfaces orthogonal to 
the rays. If their equation is S » const., then S satisfies a partial differ- 
ential equaiion of the first order and second degree. This is Hamilton's 
partial differential equation of mechanics. S denotes the Hamiltonian 

* Cf . Chap. VIII, p. 629, of 4th German edition pf Atombau and Spektrallinien, or 
Birtwistle, New Quantum Mechanics, Oamb. Univ. Press. 

f ilfomboii (4th edn.), pp. 620 and 6S5. 

{Sohrddinger’s oolleotM papers on wave-mechanics have been published in. 
English in one volume by Messrs. BlaoMe & Son, Ltd. ; this volume dves the co^lete 
Gennan references. The chief papers appeared in the Annalen der Physik, Vole. 79, 60, 
and 81. ^ 

S Besides the references given in Note 7, p. 804, Atofnbau, see also F. Klein, Ent- 
wkkelunff der Mathematik im 19. Jahrhundsri, Springer 1996, Vol* I, Chap. V. 
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ohai?ftQteristio function, or “ action function ** : this corresponds with our 
earlier nomenclature in I, page 556. In this way we arrive at the 
differential equation and the action function for the individual point- 
mass (the individual light-corpuscle) ; this method is then easily extended 
to mechanical systems in general. 

We shall now follow Hamilton’s course in the reverse direction. 
Whereas Hamilton, starting from wave-optics, passed by way of ray- 
optics to the general formulation of macro-mechanics, we shall follow 
Schrodinger and proceed from macro-mechanics by way of ray- and 
wave-optics to micro-mechanics. Just as wave-optics is a refinement 
of ray-optics for dimensions of the order of the wave-length, so we expect 
to arrive at a micro-mechanics which refines macro-mechanics and may 
be applied to atomic dimensions. 

We begin with the macro-mechanics of the individual point-mass in 
rectangular co-ordinates. Starting from the energy-equation 

f + y‘‘ + + ft®) = B - V . . (3) 


(E « energy-constant, V = potential energy, expressed as a function of 
X, y, z alone). We obtain, according to the general rules of I, page 558, 
the Hamiltonian differential equation 

.,8 . !h(E - V), .h.„ .,8 . (»)■ H. 0 + g)’ . 

On the other hand, we write down the differential equation of wave-optics 
in the form 




1 , 

-.7 where Aw 
Or 


'dhi 


( 5 ) 


and where w is a rectangular component of the optical field or of the 
oorresi^nding vector potential, and a the phase-velocity of the light, 
which in general varies from point to point. We shall, however, at once 
eliminate the dependence on time, which we do not discuss till § 5, by 
making the substitution, for monochromatic light, 


We set 


u *» if/e^ 


(5a) 



and call A; the “ wave-number.” This term is justified in view of the fact 
that for a plane wave (of. the end of this section) k becomes equal to 
2v/X, where X » the wave-length, that is, the spatial periodicity of the 
plane wave. Thus, in the case of a plane wave, k signifidb, in more 
exact language, the number of wave-lengths that are included in %r units 
of length. Further, we introduce the refractiy^ Vt a^inst vacmun 
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(the indices 0 refer to “ vacuum, thus Oq is equal to the ordinary velocity 
of light, c ) : 

a a " 

With these terms defined in this way, it follows from (5) and (5a) that 

Ai// + « 0 . . . . ( 6 ) 

We accomplish the transition to ray-optics by following an idea of 
Debye’s* as follows. In ray-optics we regard the wave-length Xq as 
small, that is, as “large” (“small” means infinitely small compared 
with all the dimensions of the optical apparatus that are involved). We 
write 

tj/ — (6a) 


and treat A and S as “ slowly ” varying quantities ; that is, in the 
derivatives 


'Da; 




we neglect all the lower powers of kQ in comparison with the highest 
occurring power. If we then cancel (6) becomes 

A^S « (7) 

This is the differential equation of the “ eikonal,” the characteristic 
function for ray-optics. Comparison with (4) (a dimensional difficulty 
that occurs will be discussed presently) gives the formal relation 

n2 « 2 w(E - V) . . . . (8) 

If we translate Hamiltonian mechanics into the language of ray- 
optics, we see that it operates with a refractive index that varies accord- 
ing to the measure of Y : this gives us something similar to the curvilinear 
course of rays through the layers of the earth’s atmosphere. We insert 
this value of n in the differential equation (6) of wave-optics, and thus 
obtain in addition to the picture of mechanics based on ray-optics one 
based on wave-optics and represented by 

A\j/ + 2m(B - yjkQ^ij/ « 0 • (9) 

A remark on dimensions must here be added. In equation (4) S has the 
dimensions of an action (erg sec), whereas in (7) it has the dimensions 
of a length. Hence the comparison of (7) with (4) leads to a formula 
vnth wrong dimensions (on the left is a pure number, on the right is a 
quantity o| the denomination grams, ergs). We must, therefore, corre- 
spondingly iJter the dimensions of k^ in (9) : k^ must have the dimensions 


* Of. A. SoQunerfeld and J. Bunge, Ann. d. Phya** 35» 290 (19U). 
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of the reoiprooal of an action, wliefeagit was originally the reciprocal of 
a length. Since, further, fcj 1>® universal, a possible value * is 

‘.-r « 

where, of course, the factor 2ir is arbitrary a priori, but a post&/M be 
justified without ambiguity by comparison with known solutions in the 
quantum theory. We therefore obtain from (9) as tJie final differential 
equation of nUcro-rnechanios in its simplest form (that is, for a single point- 
mass and a conservative field of force) 

+ 2«(E - V)(^)V “ 0 ■ • • W 

We call this equation the wave-equation, ^ and i/f the wave-function, and 
we regard eqn. (11) as the foundation of wave-nmhanics. 

Firstly, we shall broaden this foundation. Instead of one point-mass 
we shall consider several freely moving point-masses, which are coupled 
to each other by conservative forces. Thus V is now to be a function of 
the co-ordinates of position of these various point-masses. The case in 
which the forces have no potential (magnetic field) will be deferred, until 
we can proceed with the relativistic generalisation of our wave-equation 
(of. §9). 

If we trace the derivation of (11) backwards, we find that in the 
energy law the kinetic energies must be superimposed on each other in 
the form 



where the index a labels the individual point-masses. If we express the 
p’s by means of S ancj. pass from S to (/^, we get as the generalisation of 
(11), after taking the factor from (10) over to the left side, 

+ (B - 10. . 0 . . . m 

a 

The index a attached to A denotes, as is evident, that the differential 
parameter A is to be formed for the Cartesian co-ordinates aj«, Za of 
the point-mass a. iff itself is a function of all these co-ordinates, and 
cannot in general be separated into parts each of which depend only on 
the co-ordinates of one point. 

* It is to be regretted that when Planok introduced his constants he did not call 
his element of energy hot instead of hv. In the latter case, on account of « » 2irr, the 

value of h would have been equal to i 6*66 . 10 “ eig sec. In place of (10) we should 

then have had » llh, and all other formulse of wave-mechanics would likewise have 
become simpler. In toe sequel we shall occasionally make use of the abbreviation /fg iu 
(10) in order to get rid of the inconvenient factor 2ir. 

t Sohrddinger himself originally wished to reserve the name ** wave-4quation for 
one analogous to (6) but containing the time. We shall call the latter, to distinguish 
it from (11), the thne-eqdation.** It is, as we shall see in § 6, differently built up 
from (5). 
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There is no difficulty in introducing curvilinear co-ordinates for one . 
or several point-masses in place of the Cartesian co-ordinates. It is 
only necessary to transform the differential expressions Aa in the wave- 
equation into the new co-ordinates by the well-known rules. If the 
point-masses are not free but bound, their co-ordinates being subject to 
equations of constraint, then we must introduce, as in ordinary mechanics, 
generalised (Lagrange) co-ordinates, by which the equations of constraint 
may be eliminated. But we prefer to discuss these general matters later 
when we deal with a particular example (§ 11). 

Schrodinger has also developed a very interesting method of deriving 
the wave-equation for the special case of a point-mass or for the general 
case of a mechanical system from a problem in the calculus of variations. 

We shall, however, also deal with this matter later in connection with 
the relativistic generalisation of the wave-equation. 

As for the integration of the wave-equation we shall here make only 
the following remarks. The objective is to find such integrals of \j/ as 
are one-valued and continuous in the whole range of validity of the co- 
ordinates, including the boundary points. The boundary condition of con- 
tinuity that presents itself in this way furnishes us, to our surprise, with 
a complete substitute for our quantum condition fl). The quantum 
number n that occurs in (1) comes into existence spontaneously in solving 
the “boundary problem" in question. In'this way our quantum condi- 
tion (1) may be dispensed with as a special axwm. In many cases, more- 
over, as we shall see later, it is subjected to correction. 

The position here is similar to that in the boundary problems of 
ordinary mechanics, for example, in that of the vibrating string. In this 
case, too, the boundary condition (given by the fixed ends of the string) 
leads to the introduction of a whole number n which distinguishes the 
different forms of vibration as fundamental tone and overtones, and is 
equal to the number of loops or one more than the number of nodes. 

To be able also to dispense (in a certain sense) with the frequency 
condition (2) in the wave-mechanical treatment we must elaborate our 
wave-equation further (§ 5) by taking into account the dependence on 
time. 

Finally we consider as the simplest conceivable example to which the 
wave-equation can be applied a point-mass under no forces (V 0). 
According to (11) we then have the differential equation 

A,/rH-A;2^-0, . . . (13) 

/ 

We integrate it as in the optical problem of the plane wave. 
Choosing the positive direction of the a;-axi8 we write 

1/^ « A«<** 


(14) 
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The range of the a;-oo-ordinate extends from a; =*>00 toa;»+ao. 
Our solution is one-valued and continuous, including these limiting points, 
and so satisfies our general boundary condition /or every ^positive value of 
E. While in other oases the boundary condition can be fulfilled only 
by the special choice of B, B here remains undetermined. We interpret 
B as the kinetic energy of our point-mass, setting E « From (13) 

we then get 

(15) 


The spatial period of our ^-function, that is, the wave-length X therefore 
becomes . 


2ir h 
k mv 


(16) 


In this way a wave-length k is allocated to the motion of translation of a 
point-mass. We call (14) a de Broglie wave and (16) the de Broglie wave- 
length, for Louis de Broglie — in his Thesis (Paris, 1924) — assigned wave- 
lengths in this way even before Schrodinger’s papers appeared. The 
train of ideas which led him to do this will be indicated in § 5, where we 
shall also see the part played by the velocity v of the mass-particle 
(group-yelocity as compared with phase-velocity) in the wave-picture of the 
^-function. At this stage we shall give no details but merely emphasise 
the fact that the conception of corpuscles (electrons and atoms) as waves 
has already borne fruit experimentally. (Details are given in Chap. II, 
§§ 5 and 6.) We already speak of a “ diffraction of electrons by crystal 
lattices," and compare the experimentally obtained directions of diffrac- 
tion with those which occur in the case of Kontgen rays. The twofold 
nature of light as a light-wave and as a light-quantum is thus extended 
to electrons and, further, to atoms : their wave-nature is asserting itself 
more and more, theoretically and experimentally, as concurrent with their 
corpuscular nature. 


§ 2. Explanation of the Mathematical Method. Spherical Harmonics. 

Bessel Functions 

In the sequel we shall continually encounter linear differential equa- 
tions which are to be integrated in such a way that the solutions are 
single (uniform, eindeutig) within a prescribed region and, including the 
boundary points, continuous. As a rule this is possible only if there 
occurs in the differential equation a disposable parameter, to which 
appropriate values may be assigned. These values are called proper* 
values and the corresponding solutions are called proper functions. The 

* Eigenwerte, which is often rendered by characteristic values ; likewise Eigen- 
funktionen « characteristic functions. We have preferred to use the shorter word 
** proper,” especially as it seems to have established itself in the chrrent literature'bn 
the subject. 
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whole theory was originally developed for a vibrating string with a mass 
distribution varying from point to point or, what comes to the same thing, 
for the conduction of heat along a rod in which the conductivity varies 
along its length (Sturm -Liouville problems).* We here give only so 
much of the theory as is absolutely necessary and immediately illustrate 
the process by taking special examples. 


A. Spherical Harmonics 


Starting from the vibration-equation in th|^ee dimensions 

'Au kH = 0 , 


such as occurs, for example, in acoustics, let us consider a problem of 
boundary values with spherical symmetry and introduce polar co-ordinates 
r, d, As is well known, we obtain 


r'^ ^r\ 'brj 


r^ sin d 


^ 


1 




sin'-^ B 


+ k'^u 


0 . ( 1 ) 


We wish to integrate this equation by the method of separation of 
variables (cf. . the corresponding method for Hamilton’s differential 
equation in ordinary mechanics, I, p. 6(59) that is, we set 
u « B,(r)®{B)^{tf>). 

Whereas E is fully determined only by a boundary condition which 
would have to be prescribed in the case of an external bounding sphere, 
@ and $ are already defined by the postulate that the solution is to be 
uniform (single- valued and continuous, eindeutig) in the co-ordinate regions 

except for a disposable whole number in each case, as we shall presently 


We first consider 6(<^). We may call a cyclic co-ordinate (cf. I, 
pp. 443 and 661) since it does not occur explicitly in the equation (1). 
It is in accordance with this that we set 4»(«^) = The postulate 

of uniformity leads to integral values of m. 

We insert ^ in the differential equation, divide by R@4» and multiply 
by r*. This gives 


r7(PR 


2^ 
^ r dr 


+ 



The common value of the two sides of this equation must equal a con- 
stant, say X. Hence we get the differential equation for 0 

c 

*For this and for all other matheaUbtical problems involving boundary values 
consult the excellent volume by Gourant and Hilbert, Metkoden ^ mathefnatiiohm 
Phyiikt Springer, 1924. 
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The “separation-constant '* X is at the same time the “ proper- value para- 
meter “ of* this differential equation. We introduce re « cos ^ as an 
ind^ndent variable, writ4 @(0) = y(x) and take into account that 

sin^ - - da:, sin^ ^ - (1 ~ 

From (IZ)) there then results 

(1 - - 2ay' + = 0 . . (2) 

This is the differential equation of the geTieTol (so-called associated) 
Legendre function. The product y (cos is a “ surface-harmonic, “ 

being a so-called “ tesseral harmonic.” * 


Singular points of a linear differential equation is the name given to 
values of the independent variable x for which one of the coefficients 
becomes infinite. It is implied that the equation is reduced to its standard 
form in which the coefficient of the highest derivative of y is reduced 
by division to unity, or we shall say the equation has been normalised. 
All other points are called ordinary. A singular point is called a pole 
(ausserwesentlich singuldre Stelle) if a power series is possible at it which 
contains only a finite number of members with negative exponents. 
Otherwise the singularity is an essential singularity. Ordinary points 
and poles are also classed together under the name of regular points. 
To determine the exponent a of the initial term of the power series at a 
point 2 : « 07 - iTo « 0, we make the substitution 


y « + a^z -f. a.^^ -f- . . . ) . . . (3) 

and determine a as the root of a quadratic equation (we restrict ourselves 
to differential equations of the second order, which we assume normalised 
in the above sense) namely, of the so-called characteristic equation. It 
18 obtained if the series (3) is inserted in the left-hand side of the 
differential equation and if the factor of the lowest power * is set 
equal to zero. Equating the factors of the following higher powers to 
zero gives us a recurrence formula for the a* s. The recurrence formula 
i^^Ltti conveniently if we change the dependent variable 

y = V ^ ^a^ .... (4) 

ajfc’s from the differential equation for v. 
general criterion for a pole is, as the process just described im- 
mediately shows, that the coefficients of y' and y in the original 
differential equation may not at the point in question, z - 0, approach 
inlinity relatively to each other more rapidly than 


. h' (®) 

respectively. 

If the two roots aj, otg of the characteristic equation differ by a 
^nole number, peculiarities (logarithmic terms) occur in one of the two 

“d (for the«peoial case of maximum Talnea of to!.. 
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Particular Solutions. W e shall not discuss this aspect as we are intereEtted 
only in the continuous solutions of our differential equations. 


In the case of the differential equation (2) the points a; a + 1 and 
a; » 00 are singular, being, indeed, as we shall show, poles. If, for 
example, to investigate the point a; *= 1, we set = rr - 1, then (2) 
becomes 


, 2 21 + 1 


, ^ ( \ \ ^ 
+ 2) z\z + 2)^/^ ~ 


The application of criterion (I) shows us that 2 ? = 0 is in truth a pole. 
If we use substitution (3) and form the factor of 2 ® “ * the expression 

(«(« - 1) + a - 


follows. Since we may assume to differ from zero, the characteristic 
equation becomes 


a2 


4 


« 0 , 



( 6 ) 


The same exponents result for the point a? = ~ 1 by making the sub- 
stitution z ^ X + 1. 

To investigate the point a; = 00 we make the substitution x well 

t 

known from the Theory of Functions, and obtain in the case of (2) : 

•1 . . 1 A nfifi \ 

3^ + (2 _ I?' + iUfi _ ■ <2 - 1 ) 3 ' “ ° 

where the dots denote differentiations with respect to t. 

The application of the criterion (5) shows as above that ^ = 0 is also 
a pole. The characteristic equation becomes 

a(a - 1) - A = 0. 

On account of the postulate that y must be continuous in the region 
- Igoj^ + lwe now look for that branch of the function that has 

the exponent + ~ (w being assumed positive) at the two limits a; ~ ± 1. 

As suggested by eqn. (4) we therefore set 

m 

2/ - (1 - x^fv (7) 

by simultaneously detaching from y the two characteristic powers z* of 
the singularities situated in finite regions (a *= + w/2 , z « aj + 1). By 
working out (2) we easily get for v the differential equation 

^ (1 - x^)v" - i2(m + l)xv' + (A - m - m^)v « 0 . « (8) 

t^This may be integrated by assuming 

V %apX^ ( 9 ) 
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By substituting in the differential equation and equating the factor of 
iC' to zero we get the following recurrence formula for the Ov*s : 

(i' + 2)(v + l)ay ^2 - 1) + 2(m + .l)v - A + m + (10) 

If we choose A so that the factor of vanishes, say, for y ^ k, then 
according to the recurrence formula all coefficients a* + j, a* + 4 , . . . 
vanish, and our series (9) ceases at the term v = k: it contains, as we 
also see from the recurrence formula, only even or odd powers of x 
according as we allow it to begin with or a^x. The choice of A thus 
decides the proper value of the spherical functions. With v = A: we get 

A - - 1) + 2(w + l)k% m{m + 1) 

t= (A; + in)(k + w + 1). 

As V in this way becomes of degree k we get k + m for the degree of the 
corresponding proper function y (cf. 7) ; we write n for + m. Written 
in terms of this n the proper value is simply 

A = «(n + 1) (11) 

The above method of determining a proper value and proper function 
is applicable in all cases in which the differential equation leads to a 
recurrence formula with two terms. We shall see that this is so with all 
quantum problems that are exactly soluble (that do not require methods 
of approximation^or perturbations). The fact that the recurrence formula 
hae two terms may be recognised directly from the differential equation. 
Por if we substitute for v a power x* then, after multiplication with 
the coefficients of the differential equation, only two powers may occur 
(in our case they are x'' and x^ “ 2 ). It may also be determined in general 
whether a given differential equation can be transformed into one having 
a recurrence formula with two members.* 


This procedure, which is based on the termination of a power series, 
we shall call the polynomial method. It is evident that it is sufficient 
in character. For our polynomial (even after being multiplied by the 
detached factors, cf. ( 7 )) is certainly continuous in the region under con- 
sideration (which is here aj=»~itoir=+l), and so represents a 
proper function. The fact that our procedure is also necessary in 
character, that is, that there are no other proper functions of the 
differential equation besides those found, may easily be shown, t at any 
rate in the case of spherical harmonics, but may here be passed over. 

The usual method of denoting the y of eqn. (7) is PJ[*(a;). Since k, 
being the degree of the polynomial (9), is a positive whole number and 
since m must also be given positive and integral values in the proper 
functions (integral on account of the postulate of uniformity for c±^»»^), 
therefore n ^ k + m also becomes an integer greater than or equal to m. 
Thus if we fix n there are n -f 1 proper functions PJ*. The first of these, 
for which m =• 0 , is the spherical harmonic of nth degree in the narrower 

* Fof^th, Differential Eguatiow. Note on p. 5B9 et seg. of the Qennan edition. 

+ Mo8t Bdmply by the theory of funotions, of. K. Bechert, Ann. d. Phys., 88i 906 
(1927). 
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sense and is written simply Pn {zonal harmonic or Legendre* 8 polyfwmial). 
The other n proper functions are the “ associated ” functions of the same 
degree n. The last proper function, for which m — n (sectorial har- 
monics), is, by (7), proportional to 

m 

(1 - =* (sin ey^. 

If we differentiate eqn. (8) with respect to £c, we get a differential equation 
for v' which is distinguished from that for v only by having m + 1 in 
place of m. From this we infer that in the series of functions Pn, Pn» 
. . . PJJ, the V belonging to every following polynomial may be 



Fig. 1. 

The (ordinary) spherical harmonics Pn 
» pj are drawn to scale : 

P,0 = 1,P.« = «.P,« = ?X=-* ■ 


p," 


: — -X, 

2 2 



The associated spherical functions 


m 

^ 2 A 

p„M ,= (1 - *>) — p>) 
ax 

have been divided by appropriate factors 
so that the maximum of each P^ became 
equal to 1. The figure shows 


obtained from the preceding one by differentiation. We thus get the 
associated spherical harmonics represented by the Legendre polynomials 

m 

P”‘(*) - (1 - • • • (12) 


In this identity the usual normalisation of the associated P^’s has already 
been carried out. The Pn's themselves have been normalised since 
Legendre’s time by setting 

Pn(l) - 1 (12a) 

But later we shall become acquainted with another kind of normalisa- 
tion base^on the orthogonal relationships that subsist between all proper 
functions. 

We have yet to mention that the number of spherical harmonies 
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(proper functions of the two-dimensional problem in B and is not equal 
to n + 1, but, on account of the double sign in (12b); to 2n + -1. For 
they are represented in their totality by 

Unm “ P?(008 .... (12b) 


B. Be&sel Functions 

We revert to eqn. (1) and now consider the radial component E of 
the solution there assumed. By (la) its differential equation is 


m 2 ^ 

d/r^ r dr 




(13) 


or, if we substitute for A. the proper value (11) and set kr ^ p 
here as well as in the sequel denote derivatives with respect to p ) : 


. . ,13.) 


According to tho meaning of r the boundary points of the region in p are 
the values p = 0 and p = oo . The criterion (5) tells us directly that p « 0 
is a pole. We investigate the usymptotic hehaviouT at this point by a 
method which is perhaps lacking in mathematical rigour but which, in 
later cases as well as here, will always lead directly and surely to the 
result. For great values of p (13a) becomes 

R" + B = 0 (13b) 

and is integrated, by the two particular solutions 

B = A e + and B = B e “ respectively . . (14a) 

We can immediately find a second approximation by assuming, for ex- 
ample, the coefficient A to be a slowly varying quantity.” By this we 
mean (see p. 4) that we regard A' as differing from zero, but neglect 
A” and A'/p as well as A/p^. By substitution in (13a) we get, if we sup- 
press the common factor 


. 2iA' + = 0, A = 5^^ . . . (i3o) 

The same holds for B. Both particular solutions are not only finite 
a + p » 00 but actually vanish. From this it follows that the solution (14), 
which, for p « GO must resolve into a combination of the particular solu- 
tions (14a), fulfils the condition of continuity that is to be postulated, not 
only for p « 0 but also for p « oo ; infinity introduces no new condition for 
the proper function E. The parameter k that also occurs in the diflferentjial 
equation (13) thus remains undetermined for any unlimited region. If, 
on the other hand, the region were limited by a sphere r «= o, for which 
Bi ^y, is to vanish, we should get a transcendental equation t(^ k and a 
“ d^ntinuous spectrum ” of values of k In the case of the unlimited^ 
region we can talk of a “ continuous spectrum.” 
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n ^ 

We next show that our proper function (14) is essentially a Bessel 
function, namely that 

E = -^J,+i(p) .... (15) 

y/p 

If, actually, we insert this in (13a) we get for J after an easy calculation 
the differential equation 

This is the well-known differential equation of the Bessel function of 
index w + -J- The fact that in (15) we can be dealing only with the 
solution of this function which is finite in a finite region, and not with the 
so-called Hankel solutions H, follows from our postulate of continuity at 

P ss 0. 

Whereas in the sequel we shall continually meet with spherical 
harmonics, we shall not need the Bessel functions directly. But the 
method will in many oases be useful for obtaining asymptotic representa- 
tions such as we worked out in this example. 

§ 3. Oscillator and Rotator. Their Proper Values according to Wave- 

Mechanics 

In this section we first correct I, Chap. IV, § 1, by replacing the 
former quantum condition by the postulate of continuity of the proper 
functions concerned. 


A. The Linear Harmonic Oscillator 
When displaced a distance x it has the potential energy 

V = . . . . (1) 


ci )0 » ^ttvq is the “ circular ” frequency (Krekfrequenz) of its proper vibra- 
tion (in the sense of classical mechanics). This is calculated from the 
constants k in the expression fgr the elastic restoring force ( - kx) and 
tile mass m of the oscillator : - him. By eqn. (11) of § 1 the 

wave-equation of the oscillator becomes, for the given value of V, 

^ + (A. - = 0 . . . . (2) 


X and oc are abbreviations for the following quantities : 


h* 


wE, 


27rr»o)„ 


The range of the co-ordinate is from a; = -oo toaj = + oo. These 
limiting fftints of the range are essential singularities. We recognise 
if we enquire into the asymptotic behaviour of ^ for large values of x. 
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This equation is then asymptotically integrated (of. eqn. 
(13b) of the previous section) by 


For it gives 


±--«2 

0^2 


± OLXili, 0 " » 


• ( 8 ) 


(in the latter we have neglected a term which is of lower order in a?). 
We can use only the lower sign in equation (3) since is to remain finite 
for 05 = ± CO . We therefore set 




■2 V 


■ (4) 


(similarly to § 7 of the preceding section) and determine v (without 
neglecting any terms) from the differential equation (2). Writing 

F =* e ~ 2^ we get from (4) 


if/' — F(v' - OLXV) 

if/" - F(i;" ~ 2ctxv' - au + a^A). 



Fig. 3. 

The first five Proper Funotions of the osoillator 

Ho = 1, Hi - 2{, Ha = - 2, H, « 8^* - 12{. H^ - 16 ^ - 48f> + 12. 

Gonceming the normalisation here chosen for t|/ cf. § 6 A. 


So, noting that the term in cancels in virtue of our choice of the factor 
F, we get 

, v" - 2ota5v' + (A. - a)t? B 0 . . . . (6) 

We divide by a and use as the independent variable the dimension- 
less quantity 

^ctx (5a) 

Denoting differentiations with respect to ^ by dots we get froth (5) 

c - 3|o + (^ - l)o - 0 . . . . (6)' 


16 Chapter I. Introduction to Wave-Mechanics 

We integrate this equation by means of the power series 

« - (6a) 

and obtain from (6) by equating to zero the member with f the two-termed 
rmmmie formula 

(v + 2)(v + , + (~ - 1 - 2.')a, = 0. 

We shall make the power series end with the term v « w. To do this 
we need only equate to zero the factor of an in the recurrence formula, 
whereupon all the later coefficients ^ 2 » + 4 » • • • vanish * 

Therefore 

i = 2n + 1 (7) 

or, on account of (2a) 

= .... (7a) 

In the earlier treatment by means of the quantum condition j* pdq w nh 

we obtained uJivq = nh(j)J2ir for the nth energy-level. Thus the char- 
acteristic difference between the old and the new formula (7a) consists in the 
appearance of half -integers instead of integers. 

Concerning the experimental confirmation of this result, cf. the results 
quoted in § 3, D, in particular the footnotes (*) and (t) on page 24. 

The polynomials (6a) which we get are called Hermitean polynomials 
(when appropriately normalised, which is discussed in § 6). We write 
V « Hn and get for the n^^ proper function of the oscillator, by (4), 

if/n ^ e’’ 2B.n{() ( 8 ) 

The i/fn’s are even or odd in f, according as n is even or odd. ij/^ is 
identical with Gauss’s Error Curve since =» const. Fig. 3 1 repre- 
sents graphically the first five proper functions. The fact that the ^„’s 
actually fulfil the postulate of continuity in the range - oo ^ ^ ^ 4- (» 
ensured by their expression as polynomials in (8). 

^ B. The Rotator in Space 

As in I, Chap. IV, p. 198, we imagine a point-mass m revolving round 
% fixed centre at a given distance a, but here we shall not assume the 
motion to be in a circle, that is, in one plane, but shall from thq outset 
consider the motion to take place on a sphere, that is, we shall consider 
the case of two degrees of freedom. We shall return to the case of 
the rotator in the plane presently. For a fixed value of a the potential 

' Thf fonn of the leourrenoe formula shows directly that in general either the 
^even or the odd coefficients may differ from zero, but not both. 

t According to SchrSdinger, Naturwisienschaftoi, I4i 664 (19^ 
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energy is constant and may be set equal to zero. The expression di/r, 
which represents the kinetic energy in the wave-equation, is 

A . 1 ^ f • a . 1 

“ a? sin 6 ® a? sin* 6 3.^2 

in three-dimensional polar co-ordinates r, ff, by eqn. (1) in § 2, if 
we set ^ - 0 and r = o. 

Hence we have the following wave-equation with V = 0 and J « ma^ 
(moment of inertia of the point-mass m about the fixed centre) : 


1 ^ A 1 Stt^JE 

wKe ^ smM ~W~'^ 


0 . 


• (9) 


This is the differential equation of the spherical harmonics, which were 
integrated in § 2 by assuming the solution @4>. The proper value para- 
meter there designated by A. is here represented by 

87r2JE 

A =» -^2 • 


Accordingly it follows from eqn. (11), § 2, that * 

-p— = m{m + 1), Eto « m{m -f- 1) . . (10) 

Compare this result with that obtained by the earlier method in I, 
Chapter IV, p. 198, or more directly, with I, Chapter VII, p. 414, eqn. (1). 
The difference is that m(m -f- 1) has taken the place of m^. Since 
m{m -t- 1) = (m -f •i)^ - we see that the essential difference in this 
case, too, as in that of the oscillator is that half-integers have taken the 
place of integers. For if in order to apply the result to rotation-band 
spectra we form the difference of the proper values (energy-levels) for the 
transition Wg m^, the constant J cancels out and we get 

Wa(m2 + 1) - mi(mi -i- 1) « {m^ + - (wj + 

in place of the - my obtained by the earlier treatment. And we 
need the system of half-integral enumeration, as was remarked in § 1, if 
we are to account adequately for the observed rotatioBFbands.t The 
proper function ^ 

^m,^ = PS»(cOS^>)e±<^ 

belongs to the proper value (10) [cf. § 2, eqn. (12b)]. In contrast 
with E it depends not only on m but also on /a. We have therefore not 


* In place of n and m (of. § 2) we now introduce as indices of the spherical harmonics 
w and /t, as we wish to reserve n for the oscillations of the rotator (of. D). 

f This holds both for the bands in the visible and for those in the infra-red region. 
For the latter sm M. Ozemy, Zeitschr. f. Phys., 44, 235 (1927) ; 46, 476 (1^7). The 
earlier explanation obtained by assuming a half-integral moment of momentum for thn 
electrons belonging to the molecules has already been denounced as unsatisfactory i^ 
Atombau, Ohap. lx, p. 713 (cf,, in particular, footnote 2). 
vou IT.— 2 
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om proper function^ but, on account of /t ^ w, 2w + 1 different ones. 
The proper value (10) is not simple but has a + 1-multiplicity. In 
this case we speak of a degenerate proper value problem. 

The notion of degeneracy was first introduced by Schwarzschild (cf. 
I, Note 7, p. 667). Schwarzschild used the term degenerate when 
rational relationships existed between the periods of the orbit, that is 
when the original number of “ quantum degrees of freedom ” allowed 
itself to be reduced. Bohr has often expressed the view that superfluous 
degrees of freedom (superfluous co-ordinates) are to be avoided and has 
worked out a method of doing this, for example, in the case of the Kepler 
ellipse and the Stark effect (cf. I, Chap. IV, § 6, and Chap. V, § 4). From 
the standpoint of wave-mechanics we must conversely demand that the 
number of degrees of freedom must from the very outset not be reduced. 
We must treat the rotator as a configuration in space, as we have done 
just above : we shall give fuller reasons for this below. We must treat 
the Kepler problem not as a one-dimensional problem (“ periodic orbit ” 
in Bohr’s sense), nor as two-dimensional, but as a three-dimensional 
problem (“ spatial quantising ”), as was done in I, Chap. IV, § 7. Conse- 
quently, degenerate problems are the rule in wave-mechanics. More- 
over, a new form of degeneracy (“ exchange degeneracy,” Austausch- 
Entartun^ presents itself, which was unknown in the older quantum 
theory. The degree of degeneracy can in this case always be measured 
by a finite number, namely, by the number of proper functions that belong 
to the same proper value, by which we mean that non-degeneracy exists 
when there is only one proper function corresponding to the proper value 
in question, simple degeneracy when there are two proper functons, and 
so forth. 


C. The Botator the Plane, The Oscillator in the Plane and in 
Space 


We have the case of the rotator in the plane (motion of a point-mass 
in a circle), if in the expression for we not only make ^ 0, and 

r — a, but also ^ ” 0 ^ as in § 3, B ; that is, we let A«/^ 

depend only on the third co-ordinate <f>, Eqn. (9) then becomes 


d^^ 


-I- Al/r =3 0, 




• ( 11 ) 


The solution of this equation is 

\lf^e±*”^, m^^»X . . . . ( 12 ) 

where m must be an integer, in order that our solution (12) may be one- 
valued in From (11) and (12) it thus follows that 


E - 


Stt^J 


• (13) 


4 

^IPhis agrees exactly with the earlier result of quantising the rotator in I, 
Chapter VII, eqn. (1), p. 414, and differs from the proper value (10) of 
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the rotator in space by having instead of w(w + 1), or, to express it 
less accurately, by having integral w's in place of the half-integers 
m + i. 

There can be no doubt that the treatment of the rotator as a «pace- 
prohlem is exact and that it is inadmissible to treat it as a plane problem 
both from the theoretical standpoint of wave-mechanics and in the light 
of the experimental results obtained for band spectra. This leads us to 
enquire whether we have also to correct our treatment of the oscillator as 
a linear configuration and whether the oscillator in the plane or in space 
lead to proper values other than those of the linear oscillator. To test 
this we replace eqn. (2) by 

M + « 0 . . . \ (14) 

where X and a have the same meaning as in (2a) and now denotes 
the usual differential expression in the rectangular co-ordinates x^ or 
iCi, respectively. Eqn. (14) admits of “separation” into these 

co-ordinates just as readily as the corresponding problem in the older 
quantum theory (cf. I, Note 7, p. 559). If we write X = -f Xg and 
X Xj - 1 - Xg -t- Xg, respectively, we get for each co-ordinate a total 
differential equation of the form (2) with X| instead of X and instead 
of a?, and for X< the condition (7) with instead of n. For the sum of 
the X/s we therefore get, by (7), 

X =* « a2(2n< + 1) 

where the w/s are integers ; and for the total energy of the oscillator we 
get, by (7a), 

E =3 2E^ =3 2(w< + 

In the case of the plane oscillator (i == 1 , 2), 2(w< + -J) is certainly 
an integer, but in the case of the oscillator, in space {i == 1, 2, 3) certainly 
a half-integer. So we get here, just as in the case of the rotator, the 
surprising result that the oscillator is to be quantised in half-integers or 
integers alternately according to the number of dimensions used. We 
shall meet with the same result in the case of the Kepler problem. 

For the proper functions of the oscillator in a plane or in space we 
simultaneously get, by (8), 

il'n = jy e “ Voar,), n = ^n,. 

Thus the problem is degenerate : for a given n there are just as many 
different proper functions as the number of ways in which n may be 
built up additively from the integers The degeneracy disappears 
when we pass on jk) the anisotropically bound oscillator, that is, #vhen we 
assume the proper frequencies (Dq and hence also the a’s (of eqn, (2a];^ 
for the different co-ordinate directions to be incommensurable. The 
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possibility of separation and the mode of calculation remains unimpaired 
in this case also. 

Instead of rectangular co-ordinates for separating and integrating the 
two- or three-dimensional oscillator we may also use polar qo-ordinates 
in two or three dimensions ; cf. the fully analogous considerations in I, 
Note 7, page 563. 

"We next ask what^oiumber of dimensions is to be taken in the case 
of the real oscillator. If we are dealing with the oscillations of diatomic 
molecules along the line connecting the two atoms, the answer is un- 
doubtedly the linear oscillator. We shall occupy ourselves further with 
it in § 3, D, hut in conformity with the analytical nature of the problem we 
shall use not rectangular but polar co-ordinates. In the case of poly- 
atomic molecules the motion becomes resolved into the principal vibra- 
tions of the system, of which each is again equivalent to a linear 
oscillator. 


D. The Oscillating Botator 


We generalise the assumption made in § 3, B, by regarding the third 
co-ordinate r as variable besides the two spatial polar co-ordinates 0 and 

r 

<l>. Thus we no longer set r = a but introduce p ~ - as a variable 

and imagine a field of force of potential energy /(p) superposed, in which 
an oscillation of p can occur about the value p » 1. • 

The wave-equation then runs 


Al/r + 


8w^m 

~W 


(E-/(p))f = 0 


• (15) 


is to be taken from eqn. (1) of § 2. We may write the first 
member of this expression (as in the classical treatment of the spherical 
wave) 

1 1 ^2 

If we now set 

and take into account the differential equation of the spherical harmonics 
[eqn. (Ih) of § 2 with X = m{m -i- 1)], we get from (15), using, as 
before, the abbreviation J « ma^ 


m{m -f 1)^ . 
dp» pS ^ + 


Stt^J 


(E-/(p))F = 0 


• (16) 


As suggested by 1, Note 17, eqn. 5, page 612, we assume /(p) to be 
of the fqrm 

/(p) - A - b(J - ^ + 6(p - 1)> + c(p - 1)‘ + . . . ) . (17) 
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This assumption automatically fulfils the condition that p = 1 (that is, 
r - a) must be a position of equilibrium of the point-mass in the field 
offeree and is quite general in virtue of the available constants A, B, 5, c 
which occur in it. It corresponds to an arbitrary electrostatic field of 
force such as can occur between two charged ions (of which one is to be 
imagined at r = 0 and the other vibrating about r =» a). For if we 
calculate the force acting in the r-direction ^ 

+ 4.(, ‘ - S4(, - !)■ + ... ), 

we find all powers of the distance p - 1 from the position of equilibrium 
represented. If we here set « c = . . . « 0, we have almost (not 
quite) a harmonic oscillator, in which the restoring force - K is propor- 
tional to r - a (provided we set the denominator p® equal to 1 as an 

approximation). The coeflScient of r - a is ^ in this case ; divided by 

the mass it gives the square of the frequency for small vibrations of the 
oscillator. If we call this frequency wq as earlier, we have 

V = ? or B = Ja),» .... (17a) 

The assumption (17) is due to A. Krat^er. It played the decisive 
part in the older development of the theory of band spectra, and it offers 
the same advantages in the present treatment of the problem by the 
wave-theory.* For, as we shall presently see, it allows us to treat the 
rotating oscillator by the simple method of polynomials. We disregard 
the small correction terms with the coefficients b, c , . . ; if we wished 
to take them into account we should have to supplement our method of 
polynomials from the theory of perturbations. 

On account of (17) and (17a) our differential equation (16) becomes 

with the abbreviations 

\-®^J(B-A) « = . . . (18a) 

We have to distinguish between two cases * X > 0 and X < 0. We first 
consider the second case and set 

-X = j3* = ^(A-B) . . . (18b) 

Pt like a and X, is a pure number. 

* It was first used in this way by E. Fues, Ann. J. Phys., 80> 867 (1926) ; 81i 281 
(1926). 
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The asymptotic behaviour of F for p->>Qo then gives from the 
equation (18) 

F" « j3^F and hence F 

Since we must demand that F shall not become infinite for p co , 
we choose the lower sign in the exponent of e and set 

F«e-^^v (18c) 

so that 

F « - /3v), F" = - 2/3v' + /3‘^v). 

From this we get, by (18), as the differential equation for the new 
unknown v 

V" - Sfiv’ + [a»(? - 1) - = 0 . . (19) 



The first four polynomials Qjj* of the oscillating rotator, etc. ; 


)■- ‘2a'’-<»o[l 

V V 

■ 2«V , / 2a» Y P* 1 

7(7 + 2) \7 + 2 / 27(27 + 1)J’ 

/ 2a* Y P* 1 

} 27(27 + 1) 

\7 + 3/ 27(27 + 1)(27 + 2)J’ 


♦(,-¥>) 

In drawing the figure we have chosen = 1, a = 10. In reality a is mostly larger 
(up to a » 40), ^t for such a’s the curves would approach too closely to each other. 
In the Qj^’s represented we have set m ~ 0 ; the Q^s for small values of m differ only 
slightly from the Q®’s. 


We integrate this by assuming 

V <= py ajtf^ ..... (19a) 
By substitution in (19) we get for the exponent y the characteristic equa- 
tion (equating the factor of to zero) 

y{y - 1) « in{m + 1) + . . , (19b) 

that is, 

« . 7 “ i ± J(m *f i)2 + a* .... (19o) 

■^We must choose the upper sign in order that y may be positive and v 
finite for p -■ 0. 
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The recurrence formula for the coefficients ajt (obtained by equating 
to zero the factor of runs : 

0 « [(y + ^: + 1) (y + - m(m + ^ ^ - 2^(y + &) + 2a2]ai (19d) 


It is a two-termed formula {zweigliedrig). Consequently all the a* s vanish 
for fc > n, if we equate to zero the factor of a* for fc = ?i ; v then becomes 
equal to the product of pv with a polynomial Q» of the nth degree. We 
therefore set 


(m + -i- + n -h i ' 


the latter step is due to (19c). 

Using (19b) and (20) we may write eqn. (19d) in the form 

(2y + h){k + 1 ) 01 , + . = 2[(8(y + h)- a2]ot = ~J,k - »)ot. 
Therefore 


/-^2a2\* 

\y + n) 2y(2y + 1) . . . (2y + - 1) 


(20a) 


This solves our proper value problem, m is the rotation quantum, n the 
oscillation quantum ; both occur as half-integers in our formula. Accord- 
ing to (18b) /? contains the proper value E. The polynomial component 
Qn of the proper functions is graphically represented in Fig. 4 for the first 
values of n. 

Let us now discuss eqn. (20). We observe that a>-l; for a/2 
is, by eqns, (7a) and (10), equal to the ratio of the first proper value 
of the oscillation (n - 0) to the first proper value of the rotation (w « 1), 
and therefore equal to the ratio of the corresponding terms. The latter 
ratio may be empirically determined as the ratio of the distance between 
the edges to the distance between the lines in a band spectrum (cf., for 
example, I, Fig. 106, p. 429, or Fig. 108, p. 434), and is actually found to 
be a large number (of the order 20). So long as we do not assume m and 
n too large we may expand eqn. (20) successively as follows, retaining 
at present only the lowest occurring^power in a : 
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and hence, on account of (18a, b) 


A - E 
E 


Jq>oVi „ . \ 

2 \ rrJdjQ ' ' / 

Const. + ^ +(n + i)h!^ + ... . 

Const. = A - 


So we find that, except for a constant first term, our present E is 
equivalent to superposing the proper value of the pure rotation (eqn. 10), 
on that of the pure oscillation, eqn. (7a). The constant first term is re- 
lated to the work of dissociation of diatomic molecules. 

We have already spoken in § 3B of the experimental confirmation of 
the half-integral values of the rotation quanta ; in the case of oscillation 
quanta we have to remark that no instance is known that contradicts 
half-integral values. E. S. MuUiken * pointed out that a decision could 
be obtained by comparing the band spectra of isotopes. In the case of 
BO and MgH the evidence is decidedly in favour of half-integral values. 
In the case of other hands + (SiN, CuJ, SnCl) the decision is uncertain 
but seems to favour half-integral values. 

But eqn. (20) gives more than the first approximation ; it gives at the 
same time in an exact form the law according to which oscillation 
and rotation disturb each other in the higher quantum numbers. For 
example, we find without difficulty by the method given the terms of 
the second order to be 

^h:\n + iY 3h^(m + iY(n + i) ¥(m + iY 
Stt^J “* ■327r*a>o^J^ * 

The first two members agree exactly with the two correction terms of 
Kratzer given in I, eqn. (24), p. 616, if we set 6 = c = 0 in it, as we have 
done just above, with the one difference that the integral quantum num- 
bers in the eqn. (24) mentioned are here replaced by the half-integers 
w + J and n -i- -J. The last correction member was omitted in the 
earlier expression as being of no great importance, but it is contained in 
Kratzer’s original paper. t The close similarity between the calculations 
of wave-mechanics and those of the earlier quantum theory is impres- 
sively shown by this example. 

For the higher values of m and n it is of course more correct not to 
expand eqn. (20) but to use it iu its original form. For w->oo (and 
alw 00 ) we straightway get from (20) /? « 0 ; thus X « 0 and E is 
equal to the limiting value A, provided, indeed, that we may extrapolate 
our conception of a nearly harmonic attachment to this extent The 


* Phyf^ Rev., 25, 269 (1926). 

A + Mulliken, Zoo. cit, 26, If 819 (1926) ; of. also Elis. Woldering, Naturwiss., 15, 266 
(1927). 

t Eeitsoh. f. Phys., 3, 289 (1920). 
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limiting value would form a point of condensation both for the edges of 
the band (n -► oo ) as well as for the lines of the band of each edge 

(Wl 00 ). 

To define more closely the nature of the proper functions here intro- 
duced, we follow (18c) and (19a) by writing 
F = 

where Q is a polynomial of the nth degree, which is completely defined 
(except for a multiplying constant) by the recurrence formula (19d). 
By substituting v => in the differential eqn. (19), we easily find, 
taking into account (19b) and (20), 

pQ" + 2(y - Pp)Q; + 2y8nQ = 0. 

If instead of p we introduce x =» 2;3p as the independent variable and use 
dots to denote derivatives with respect to oj, it follows that 

xQ + (2y - ic)Q + nQ = 0 . . . (21a) 

This differential equation may be compared with that of the so-called 
Laguerre polynomial of degree A: (see § 7 seq.) : 

xj/ + (1 - x)y + ky = 0. 

By successive differentiation of the last equation we find immediately that 
the ith derivative of which we shall call Q, satisfies the differential 
equation 

icQ -f (i + 1 - a;)0 + (fc - i)Q *= 0 . . (21b) 

If we make k — i ^ n and i -f- 1 *= 2y, this equation becomes (21a). 
Followifig E. Fues {loc, cit.) we may therefore represent our polynomial 
symbolically as the «th derivative of Laguerre’s polynomial of degree 
k n + i, in which, however, i = 2y - 1 is not an integer. 

We now turn to the other of the two cases to be distinguished in 
eqn. (18a), viz. X > 0. By setting + X, we find asymptotically 
from (18) that 

F = e±^^. 

Both asymptotic solutions are here admissible, since both remain finite. 
Accordingly we must assume in place of (18c) 

F « .... (22) 

and in place of (19) we get the differential equation (the upper sign 
applying to Vj, the lower to Vj) 

Investigation of the zero point gives the same value of y as in eqn. 
(19c) with the same choice of signs. We thus have one particular 
solution Vj or finite at the zero point. But these solutions, wjjich are 
by the way essentially identical after multiplication by are not, a'S 
before, polynomials. The recurrence formula (19d) which holds even 
now if we replace - by ± in it, cannot be satisfied by real values 
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of Thus our power series do not cease at a particular term but are 
transcendental functions. At the same time p remains indefinite: in 
the case \ ^ 0 we have no discrete spectrim of proper values, such as 
before in the case A. < 0, hut a continuous spectrum which X = 0 foUows 
continuously on the limit of the discrete spectrim. 

For every proper value X formula (22) furnishes a corresponding 
proper function, the finite value of which is ensured at p =* 0 by our 
choice of Vi, v^^ whereas its finite value at p = ao has been proved 
asymptotically. 

We shall come across similar conditions again when dealing with the 
Kepler problem: a discontinuous spectrum merging into a continuous 
spectrum, the first being dominant in the hydrogen series, the second 
more especially in the photo-electric effect. The fact that Schrodinger's 
theory yields both spectra simultaneously and by a single mathematical 
method is its particular virtue. The interpretation of the continuous 
spectrum according to the earlier quantum theory was given in Atombau, 
Chapter IX, § 7. We here go no further than showing that a similar 
interpretation is possible on the basis of wave-mechanics. 

In eqn. (15) E - /(p), which is the total energy minus the potential 
energy, may be claimed as analogous to the kinetic energy of the electron. 
If we insert /(p) from (17), neglecting the anharmonic correction terms, 
we have when p oo 

Bkta = B - A + -i>E - A. 

But in the case X > 0 we have, by eqn. (18a), that E - A > 0. Thus 
the electron can (in the language of the older quantum theory) reach 
infinity with a finite velocity ; that is, its attachment to the molecule is 
destroyed, and we get electron-emission. 

The advantages of the above assumption (of Kratzer) for the nearly 
harmonic oscillator become particularly manifest if we compare it with 
the rather more direct assumption, also used by Schrodinger,* for the 
pure harmonic oscillator. In the latter we set in place of (17) 
/(p)«A+iB(p-. 1)2 

and we get in place of (18), with the abbreviations used earlier for X and a 

Since the asymptotic behaviour is determined, as in § 3, A, by the factor 
we set, 

^ r «=» e 2 V 

m 

•E. SohiCdinger, Second Communication, Ann. d. Phys., 79, P* 624. Collected 
Papm, Quantisation as a Problem of Proper Values, Part U. 
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and get as the differential equation for v 

With the assumption (19a) we get for the exponent y at the point p » 0 
the equation 

y{y - 1) - m{m + 1) a 0, 

an admissible solution of which is y = m + 1. But the recurrence 
formula for the a*’s no longer has koo terms, but three, so that the 
simple polynomial method fails. For we get for the coefficient of 

pY + * - 1 pWi + * . 

[{m + k + 2)(w + A; + 1) - m{m +!)]«* + ! + 2a(w + k + l)ak 

+ [A - a - 2 a( 7 M + k)]ak _ i " 0 . 


Schrodinger (loc. cit.), and Fues (loc. cit), seek to escape by introducing 

i =3 p - 1 and expanding the rotation term — in powers of i and 

taking up the higher powers of f in the theory of perturbations which 
is necessary not only here but also in dealing with the anharmonic 
oscillator. 


E. Diatomic Molecules, Translation, Botaiion and Oscillation 

We now take a further step in the direction of approximating to the 
actual conditions of the molecular model, by considering two point-masses 
Wj, mg with Cartesian co-ordinates x^y^z^, and which exert an 

influence on each other owing to the potential energy V of their relative 
positions. Then, by § 1, eqn. (12) the wave-equation runs 

w) }• (23) 

+ (E-V)'1' = 0. J 

Just as in ordinary mechanics the kinetic energy of a system can be 
resolved into the translational energy of the centre of inertia and into the 
energy of motion relative to the centre of inertia, the differential expression 
of wave-mechanics may be separated into two parts by introducing the 
relative co-ordinates x, y, z, and the co-ordinates of the centre of inertia 
r), Let us define 

a; S3 iCj - ajg (m^ -J- m^)( * m^Xi + m^x^ 

y y2 + ^2)1 “ + ^ 2^2 

^ (m^ + m2){ « m^Zj^ + m^z^ 

and set 

♦ =. ,l/{xyz) . x((nQ- 

rrom the scheme 

"^Xi da; mj 4- mj df 1 diCg da; + mjj df‘ 
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it then easily follows that 

1 _ 1 y 2 * 'diff nil 

Wj ~ nil ^ i'^i + 

Jl ^ Jl ^ ^ + ^ 2 

Wg 2)£C2^ mg mj + mg 2)® (m^ + mg)^ 


In forming the sum the middle terms on the right cancel out and we get, 
using the abbreviation [cf. I, Chap. IV, § 4, eqn. (6)] : 


in place of (23) : 


1 


^ + 1. 


miWg 
nil + mg 


(34) 


+ + ^\v + _L_/!!x . . 

fi\'dx‘^ 'dz^J^ nil + 

+ ^2 [B - V(j-J/2)]l/'X = 0. 


(25) 


The separation into the two components «/f and x can now be performed 
without difficulty since, as indicated, V is to depend only on the relative 
co-ordinates xyz. For if we imagine eqn. (25) divided by if/x, only the 
middle term would contain the co-ordinates f, rj, {. This term must 
therefore equal a constant. If we call this constant - ¥l{mi + mg) and if 
we define another constant Ej (energy of translation) by means of the 
equation 




¥ 


Stt^ nil + ^ 2 ’ 

we get the two equations 




(26) 

(27) 


The second of these equations agrees essentially with eqn. (15), except 
that the “ resultant mass ” ft has taken the place of m and E - E*, that is, 
the energy remaining for rotation and oscillation naturally replaces the 
former E. We therefore no longer need to concern ourselves with (27), as 
its proper values and proper functions have already been treated under D. 

But eqn. (26) is also familiar to us. It ia the wave-equation of the 
individual point-mass (here the centre of inertia) moving under no forces. 
As we saw in § 1, it has a continuous spectrum of proper values: all 
positive values of k, that is, all possible velocities are admissible. If we 
take the rc-axis as the direction of the velocity, the corresponding proper 
functions are given by e ± **». 

The last remarks apply, however, only to the case where the molecule 
happensato be in unlimited space. If it is moving in the interior of a 
cavity (Hoklraum), restoring forces occur on its upper surface, whose 
potential energy would have to be taken into consideration in (26), The 
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spectrum of proper values (of the velocities) would, in principle, pass over 
into a discrete spectrum, although in tin} case of a large enclosure it 
would be very close ; the nature of the p?;qper functions would also have 
to be essentially modified. 

§ 4. The Oscillator according to Quantum Mechanics 

Even before the first Schrodinger paper appeared W. Heisenberg 
devised a wonderful method — we follow Heisenberg * in calling it that of 
quantum mechanics — which leads to the same results as wave-mechanics 
and goes even beyond it, since it gives not only the proper values or 
energy values, but also the Eules of Selection and Polarisation and, 
generally speaking, furnishes an unequivocal method for answering all 
questions relating to intensity. Through this wave-mechanics has 
received a powerful impulse and has, as we shall see in the next 
section, been able to translate these more extended results into its own 
lan^age. For this reason, as well as on account of the great theoretical 
interest of the subject, we must next occupy ourselves with the ideas of 
quantum mechanics. As the simplest example we here again choose the 
problem of the linear harmonic oscillator. 

Let the position co-ordinate of the oscillator be q, its momentum 
co-ordinate p. Its possible stationary states, which are known to us 
from spectroscopy, form a discrete series and are characterised by certain 
values of the parameters denoted by . . . . . . E*, which have the 

dimensions of energy, and, as we shall see, can be uniquely allocated to 
the classically defined energy of the oscillator. Whereas these E’s form 
a single discrete series, the q’s and p*s are quantities bearing two indices 
(QikfPik)^ for they are to correspond to the transition from the ith to the 
/fth state. The radiation emitted in this transition is, we assume, mono- 
chromatic and follows the law 

hvijg = E< - E^ (1) 

for which we may write 

^ik =“ .... (la) 

where < 0 ^^^ = 

Equation (1) is Bohr’s frequency condition. It is not, properly 
speaking, derived here but is implicit in the fundamental definition 
of the quantities defining state (phase quantities). Empirically it has 
its source in the fundamental law of spectroscopy, the Combination Prin- 
ciple, which finds mathematical expression in the difference-relation (1). 

*W. Hdaenberg, tlber quantentheoretisohe Umdeutung kioematisoher und 
mechanisoher Bemehimgen. Zatschr. f. Phys., 33> 879 (1926) ; Bom and Jor-ian, Zur 
Quantenmeohanik, loc, cit., 84, 868 (1926); Bom, Heisenberg, and Jordan, Zd¥ 
^antenmeohanik^ loe. cit., (1926). See also The New Quantum Mechanics, 

Birtwistle (Oambridge University Press). 
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Corresponding to the fact that the radiation in the transition i^kvA 
monoonromatio the g’s and p’s are assumed in the form 


= o,/ V, Pit = . . . (2) 


(in this, whole section j denotes J - X). 

Whereas the time t is still treated as a continuous variable, so that we 
can differentiate with respect to it, the p’s, q's and all other phase 
parameters (or state parameters, Zmtandsgrossen) appear as discrete 
quantities, which conforms with the nature of the quantum theory as a 
theory of discontinuities. We have already mentioned the “ network ” 
(of. the conclusion of I, Chap. IV, § 1, p. 202) of states possible according 
to the quantum theory, and the sizes of the meshes of this network, 
which are given by Planck’s constant h, but we made our calculations on 
a continuous basis, since we defined our phase quantities not only for the 
points of the net but also for the intervening points. In quantum 
mechanics, on the other hand, in the form in which it was originally 
conceived by Heisenberg and his collaborators, only the intersections of 
the net are considered and distinguished by the integers i and k. The p’s 
and $’s are defined for them alone. In the case of the oscillator we have 
to do with a two-dimensional net ; in a problem involving several degrees of 
freedom we are concerned at first with a net of more than two dimensions. 
In mathematics a network of numbers of this kind, which we are 
acquainted with in determinants, is called a matrix. The “ calculus of 
matrices” called into action by Heisenberg, and elaborated by Bom, 
Heisenberg and Jordan for the purpose of dealing with quantum 
problems, discloses itself in the light of the above remarks as a method 
of calculation appropriate to the nature of quantum problems. 

To indicate the relationship between Heisenberg’s method and those 
of the earlier quantum theory we call to mind the Fourier expansion of 
the state- or phase-co-ordinate q in the ith quantum state. In general 
this expansion consists of a series of coefficients which does not break 
off at any point ; these a^j^’s are analogous to the a^j^’s that occur in (2). 
In accordance with the Correspondence Principle these Fourier coefficients 
were formerly used as the best available means of calculating intensities. 
We shall see that our present s serve this purpose perfectly, so that we 
may regard the method of matrices as a refinement of the classical theory 
of correspondence. Naturally, the analogy with the Fourier series is 
inoomplete in many respects, for example, in the manner in which the 
are calculated. 

Consider the matrix of the g's (eqn. (2)) a little more closely. The 
are complex quantities which, as in optics, embrace the amplitude 
and tl^ phase 
€■ 


tg«“ l 4« I • • • (3*) 
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By (la) we have the following relations between the w,;t's 

Wfci (9) 

If we desire the same behaviour for the phases that is change of 
sign when i and k are exchanged, we must have 

^ki = ^ki - ' • • • (3a) 

whereas we assume the opposite behaviour, that is equality of sign for 
the amplitudes which by their very meaning are positive. The stars in 
(3a) denote the transition to conjugate imaginaries. That is, the matrix 
of the 5 ’s (and likewise that of all other phase quantities) contains con- 
jugate imaginaries at points symmetrical to the diagonal ; it is, to use the 
customary term, a Hcrmitean matrix. 

We have now to define the rules for calculating with matrices. It is 
clear how this is to be done for addition and subtraction. The matrix 
a ± 6, for example, is formed by adding or subtracting all corresponding 
members and 6^*.. It is also clear how a matrix a is multiplied by 
an ordinary numerical factor a. Each individual term has to be 
multiplied by a. But what is the product of two matrices to signify, for 
example, the product of the two matrices p and q represented in (2) ? 
We take our cue from the rule for multiplying determinants and define 

W 

I 

The appropriateness of this definition becomes clear if we reflect that 
the complex of vibrations given by the Wijfs is fixed by the nature of our 
quantum mechanical problem. Whatever the calculations we may under- 
take we must remain within the realm of this complex of vibrations. If 
we insert (2) in (4), we get 

(P2)rt = ^ 

I 

But by (la) we have 

+ Wifc * (Ei - E| -f- Bj - E*)— = 

hence 

(P9)rt = (2 

I 

Thus the product pq, in virtue of our multiplication rule (4), belongs 
to the same group of vibration states as p and q individually. 

But our multiplication rule leads to a further result : we no longer have 
qp I For eqn. (4) states that 

(9P)rt” + • • • (4a) 

I 

As, however, in ordinary calculations, the commutative law is continually 
being used, its absence here in calculating with matrices produces a 
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hiatus. This can and, indeed, must be bridged over by a new conven- 
tion,* which is given by the “ Commutation Law ” {Vertauschungs- 
Relation) 

= 2 ^-* ( 5 ) 

where S is the “ unit matrix ” defined by 


„ . /I, if i - /c 

lO, iti^k 


(5a) 


But the postulate (5) is to hold in each case only for two canonically 
conjugate quantities (cf. I, note 4, p. 545, eqn. 20c), that is, besides for 
p and q themselves, also for any two quantities which are connected with 
the variables p and g by a canonical transformation {ibid. p. 546). On 
the other hand, in the case of two quantities of the character of the g’s or 
two of the character of the p’s the right-hand side of (5) must be replaced 
by zero : so we may say that two quantities of the same kind may be 
interchanged or are commutative.t 

These few^ rules are already sufficient to make the problem of the 
oscillator accessible to the calculus of the matrices. To deal with other 
problems and to formulate quantum mechanics generally it is naturally 
necessary to go much further, for example, to differentiate one matrix with 
respect to another, questions into which we shall not enter here. 

In the following calculations we shall take our stand on the relations 

? + Vj = 0 (6) = mg (7) H = + m\y) (8) 


which we take directly from classical mechanics. 

The first of these is the classical differential equation of the oscillator, 
the second the usual definition of momentum, the third the classical 
expression for the energy as a function of the p’s and q’s (H denotes 
“ Hamilton's Function,” as in I, Chap. IV, p. 194). As in eqn. (1) of the 
preceding section (uq is the classical proper frequency. 

This close link with classical mechanics is characteristic of quantum 
mechanics. It is not the axioms but the methods of calculation that are 
altered and adapted to the discontinuous character of quantum problems. 
Hie following discussion will show that those methods of calculation, 
however strange they may appear at first sight, are cm fond quite 
elementary and lead by the most direct route to the object in view. 

Eqn. (6) written down for a single element ik runs, if we insert q 
from (2), 

W - “ 0 . 

g. this oonyention Heisenberg was originally guided by a ** summation law " of 

Thomas and Kuhn, ot Ohap. II, § S, 0. 

t An intioduotion to the oalculus of matrioea is given by M. Bom, Probleme der 
Atomdynamk^ See also Hrtwist^ The iiTeio Quantum Afbohamoi (Camb. Cniv. Press) 
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From this we conclude that 

either * 0 or wifc =» ± ; 

or, expressed differently : all the vanish with the exception of those 
for which (o^jt *» + <*>o or = - (Uj,. 

It is convenient to distinguish these two possibilities by using a special 
order in the numbering of the matrix elements, as this order is still quite 
open to choice. We shall take 

=* + <*>o corresponds to the transition i i - 1| 

- (Uq „ „ ,, i -> i + if 

that is, in the former case let k = i - 1, and in the latter k ^ i + 1. 
We have correspondingly for the qa . 


qije - 0 for i + 1 ) 
qik ^ ^ for & = i + 1 J 


(9a) 


With this convention for the numbering of the matrix elements, then all 
the diagonal elements {k = i) vanish in the matrix of the q% and also all 
the elements not adjacent to the diagonal (for which, therefore, |^; - i|>l) ; 
only the two series next to the diagonal contain q*a that do not vanish. 

Concerning eqns, (^) it must be added that they may be summarised 
and generalised in the form : 

(^b) 


The values of the oblique rows adjacent to the principal diagonal in 
the matrix table of q’s follow from the commutative law (6). From (7) 
we get 

Pik ^ ( 10 ) 

Using the multiplication rule (4) or (4a), respectively, we obtain from (6), 
with A; « i, 

~ 2^- 

or, written more conveniently, with due regard to (3), 

^ h 

2“«9«2w = -w • • • • (lO®) 


The summation with respect to I becomes reduced on account of (9) and 
(9a) to two members, namely, to those for which Z « i ~ 1, <•)« « + w, 
and Z =» X + 1 , « - wq. Hence it follows from (10a) that 

h ^ 

- 3i,< + i 3<+i,<“- 

VOL, U.--3 
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The products on the left-hand side are by eqn. (3a) real and positive, 
namely, equal to the square^ of the absolute value of the matrix elements 
in question. So, in place of the preceding equation we may write : 

. . -M 

Fr6m this we conclude that the \q\^*s form an arithmetic series, which is 
unlimited in the positive direction but breaks off in the opposite direction 
as it can contain only positive terms. The indices at which we break off 
the series is still open to choice, as we have so far decided only upon the 
relative values of i, fc, but not upon their absolute values. We may 
therefore agree to make ^ the last non-vanishing member of the series, * 
and qo, . j equal to 0. With i = 0, 1, . . . n eqn. (11) then gives 


2h 


nh 


iTmUtin I ^ I “ 47rma)/ ^ ^ ^ 47rW<Uft 


In the sense of eqn, (2a) we may say that this fixes the amplitude factor 
|a| but leaves the phase p undetermined. Taking into account (3a) and 
(9) we write t 


3n, n - 1 


3n, n + 1 


= - »o< + p„, „ + ,) 

\ 47rmwQ 


4irwuDQ 


(12) 


We now bring in the energy equation (8). In it Hamilton's function 
H is itself a matrix but, as we shall see, one of specially simple construc- 
tion. We call its elements in general ; so its diagonal elements 
(t«fe«n) are Hnn- By (10) and (4) we get, when » « « rt, that 

PI" =. - <»,l3n»«*lngin 
I 

and so, by (3) and (3a) 

pin = w** ^ «>;, I p. 

I 

Accordingly the second summand in H becomes 

^ V 1 3»i I®- 

It therefore follows from (8) that 


Bnn ’ 


Kl + V) I 9nl P- 


sqaaie of the absolute value of the matrix elements is called Norm in Qerman. 
t Of. with formula (12) the formula for qnum which oooura in the earlier quantum 
theory of the oscillator and is quite similarly constructed. 
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This sum also becomes reduced to two terms on account of the factor 
namely to those for which 2 * n ± 1, and, on account of (9) and 
( 11 a), yields 

H„„ = ma)o*(l9n,n-iP + lgn,n + i|“) = (« + • (13) 


Before we discuss this remarkable result we shall supplement our 
previous discussion by showing that the commutative law for the q's and 
the p’s is identically fulfilled in the cases and that all elements 
vanish for i =# k. 

For t = ?i, & « n + V, v + 0 the commutative law (5), by (10) and (4), 
requires that 






I 


n + Al, n + v) 



"I, n + p)^nlQl, n + p 


0 (14) 


On account of the factor q^i again only the terms I - n - 1 and 
J w + 1 of the sum come into question. For i = w - 1, re- 
membering that we have excluded v = 0 , we find that q^n + v differs 
from zero only when v = - 2. In this case, however, the first factor of 
the sum on the right-hand side of (14) becomes, by (9), equal to 


(an, n - 1 ” - i, n - a — “>0 “>0 “ 

For i = w + 1 we get correspondingly that qi, n + p does not become 
zero only when v - + 2 (v == 0 again being excluded). But, by (a), the 
first factor of the same sum runs 


n + 1 “ + 1, n + 2 — ~ Wq + (Oq — 0 . 

Thus our postulate (14) is actually identically fulfilled for all w’s and v*s. 

Concerning the matrix elements same calculation that led to 

(13) gives for i * n, fc « n + V, V + 0. 


H», n + V - ^ (“ 0 ^ - “nl®!, n + -knX^l. n + v • • (15) 

On account of the factors q^t and qun + p all members of the sum again 
vanish, unless ^ » n 7 1 and simultaneously v » 2. But then the 

first factor vanishes. For we have in these two oases, by (9), that 

^nl^U n + »' * ^ni n + i®n + l, n T 2 “ 

Accordingly all Hn, n + r’s become zero for any w's whatsoever and 
i' % 0 . We may also express this by saying that H is a diagonal matrix. 
But this simultaneously implies that all elements of the matri{rjJi.^e 
constcmt with respect to the time. For the dependence on time, given m 
our expression ( 2 ) by , of course vanishes for i «■ fc, since, by (la), 
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niijg becomes equal to.O. Our proof that H is a diagonal matrix thus 
simultaneously involves the proof of the energy law. 

Further, we must convince ourselves that the initially introduced 
“ energy parameters " E<, B*, may be identified with the elements 
Hjbfc of the energy matrix. The following verification must here suffice. 
By (la) and (9b) we have 

- B* = = (* - 

But, by (13), 'H-ii - Hjyfc has the same value. From the differences of 
the B’s we may now pass on to the E's themselves, which we normalise 
with respect to an additive constant (so far left undetermined) by using 
(13) and setting 

E„ =. Hnn ^{n + i)h'^l .... (16) 

But this is exactly the wave-mechanical proper value of eqn, (7a) § 3. 
The woiA)e-mchanicaL proper values and the quantum-mechanical diagonal 
members of the energy matrix a/re identical (in this example and also 
generally), In contrast, however, with the older quantum theory of the 
oscillator with its “ whole ” quantum numbers there is the repeatedly 
emphasised distinction of ** half ’’-quantum numbers. 

Which of the two methods is the simpler ^ that of wave-mechanics, 
which is analytical, or that of quantum mechanics, which is algebraic ? 
If we leave out of account the fact that analysis is our familiar weapon, 
we must say that the algebraic method of quantum mechanics uses 
fundamentally more elementary operations; calculating with a finite 
number of discrete elements is easier, in principle, than calculating with 
a continuum. On the other hand, when dealing with problems involving 
several degrees of freedom the indices in the calculations with matrices 
swell to such a number that it is difficult to keep a clear view and the 
formulae become unmanageable. In general, moreover, difficulties arise, 
such as have been overcome in only the most recent accounts by Hilbert 
and Weyl.'*^ In actual fact the most important problems (Kepler motion, 
Zeeman effect. Stark effect) were first fully solved only by means of 
virave-meohanics. The state of affairs is much the same as in the theory 
of functions, where the specifically elementary methods of Weierstrass 
are more cumbersome than the infinitesimal methods of Cauchy and 

* We are referring to the so-called symmetrising ” of the agg^ates in p and q 
that oooor in the Hamiltonian function. Since in ols^cal mechanics, from which the 
Hamiltonian function was taken over,* products such as pq and ^ denote the same, 
whereas in quantum mechanics they do not, the method adopted in quantum 
mechanics is to replace ^ by the symmetrical and therefore one-valued expression : 
Mw A corresponding method may be defined for any powers of^ and also 

{or any arbitrary functions. In the case of the oscillator, for which the Hamiltonian 
function (8) contains only the squares of p and q which are, of course, in themselves 
•ymmetrioal, this difficulty did not occur. 
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Eiemann. We may perhaps express this by saying that the method of 
matrices has the advantage of being simpler in principle, but wave- 
mechanics is simpler in practice and keeps the problem under clearer 
survey. 

We further ask : which of the two methods approaches completion the 
more closely? Here too we must give quantum mechanics the preference, 
for it has given us not only the proper values of the oscillator, but con- 
currently, by a uniform method, also the selection rules [eqn. (9) and (9a)] 
and the amplitudes of emission [eqn. (11a) or (12)]. This proves quantum 
mechanics to be a really sufficient, logically complete method of calculation 
and so distinguishes itself essentially from the earlier quantum theory, in 
which, in order to arrive at statements about intensities, we had to enlist 
the aid of assumptions which accorded with the correspondence principle ; 
these assumptions had come from a realm quite different from that of 
quanta. * The wave-mechanics that we have so far developed does not go 
beyond the old quantum theory, in that it furnishes us with the proper 
values and proper functions but says nothing about intensities. We shall, 
however, see in the next section that it is able to match this advantage of 
quantum mechanics. The correct standpoint is to recognise the rival 
nature of Jhese two methods which give identical results, and to see in 
them a reflection of the two rival methods of optics, that of light-quanta 
and that of waves. 

As stated at the beginning of this section the matrix q represents the 
transition from one state to another accompanied by the emission of radia- 
tion. We are, however, also deeply interested in the states themselves^ 
concerning which we can get considerable knowledge by experimental 
means, such as, by the method of Gerlach and Stem. In classical 
mechanics and electrodynamics there is no antithesis between states and 
transitions. The oscillator radiates classically according to the measure 
of its present state. Quantum mechanics, the premises of which link up 
closely with classical mechanics, associates the emission with the transitions 
q^jf. For the states themselves quantum mechanics is left only with the 
diagonal elements But these vanish by eqn. (9a). Concerning these 
states quantum mechanics makes only the assertion (true in itself but not 
sufficient) that they are radiationless. In this respect it would be at a 
disadvantage compared with wave-mechanics, which through the proper 
function provides us with a detailed description of the states. But we 
shall see in § 6 that in this respect also the two methods can exist side by 
side. The description of the states by means of matrices is, indeed, a little 
more cumbersome than that given by the proper functions, but in essence 
is equivalent to it. 

Finally we must touch on a general epistemological point. The avowed 
object of Heisenberg’s first paper on quantum mechanics was to 
a method “ which would be based exclusively on relationships between 
essentially observable quantities,” Ideas such as “the position of the 
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electron, the time of revolution, the form of the orbit ** were to be excluded 
from the discussion. This limitation to what is directly observable is 
ultimately based on Mach’s philosophy and, directly inspired by Mach, 
led three decades ago to the propagation of the so-called theory 
of “Energetics,” which sought to recognise only quantities of energy 
as physically given and observable quantities. But to this theory of 
Energetics there could be opposed the very fruitful kinetic theory of gases» 
in which the positions and velocities of gas molecules, although they 
cannot be observed individually, could not be dispensed with as phase- 
quantities. In the same way we may oppose to Heisenberg’s view-point 
wave-mechanics, of which the proper functions can be individually con- 
trolled by experiment just as little as the individual electronic orbits 
of Bohr’s theory. Doubtless the philosophic starting-point played a 
considerable part in the success of Heisenberg’s reasoning. But we 
regard the real merit of quantum mechanics as consisting not in this 
intentional restriction to observable quantities, but in the uniform fusion 
of classical assumptions with the requirements of the quantum theory. 
The limitation to a discontinuous net of values of the co-ordinates and 
momenta, and p,jk’8, which we particularly emphasised above, has 
been given up by Heisenberg himself in the later elaboration of his theory 
(cf. Ch. II, § 9, concerning the “ Law of Uncertainty ”). 

S 5. Oompletion of Wave-mechanics. Frequency Condition. Questions 
of Intensity 

Whereas the quantum condition (1) in § 1 could be replaced and 
formulated more precisely in wave-mechanics by means of a simple 
postulate of continuity, we have so far not been able to fit the frequency 
condition, equation (2) of § 1, into wave-mechanics. To accomplish this, 
it is necessary to extend the spatial wave-equation into a “ time-equation.” 
As a preliminary to this we shall treat de Broglie’s problem of a point- 
mass moving under no forces (cf. the end of § 1). 

De Broglie assigns to every system with energy E or the equivalent 
mass m a vibration number v by means of Einstein’s double equation 

E ** Tnc^ ^ hv (1) 

Of the two assertions contained in it the first is the law of inertia of energy 
(I, Chap. Vni, p. 464), the second is Einstein’s photo-electric equation 
(I, Chap. I, p. 46) in a form simplified in principle. We extend our plane 
wave, eqfa. (14) of § 1 of this chapter, into a vibration phenomenon in 
time by using the complex expression 

U =» 

Since, according to (1), a> » ^irv » 27rE/A, this signifies that we supple- 
nie] 3 ^t.^ur previous spatial wave-function ij/ by converting it into a 
s^e-time event 

( 3 ) 
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By setting the exponent of (2), the “phase” of the wave, equal to a 
constant and differentiating with respect to we obtain the “phase- 
velocity,” which as in eqn. (5), § 1, we shall call a : 


dx CD 

dt ic 


. ( 4 ) 


If we insert in this the value of cd from (1), <d « 2^ « ^Tmc^jh and use 
for the value of h that obtained from eqn. (15) of § 1, we get 



. ( 5 ) 


Since v < c, it follows from this that a > c. 

Thus the 'phase of the de Broglie waves is propagated with a velocity 
greater than that of light. 

Whereas we just now referred to § 1, that is, to Schrodinger’s wave- 
equation, de Broglie derives eqn. (5) in a very general way from a Lorentz- 
transformation between the reference system moving with the point-mass 
and the system of the observer. 

We shall now show that v plays the part of a group-velocity for our 
wave-phenomenon (2). If we call this group-velocity 6, we assert that 

tj = 6, ah ^ c^ . . . • (6) 

For defining the group-velocity we have, as a counterpart to eqn. (4), 



As group-velocity is usually explained in a rather specialised and unsatis- 
factory way, and as we shall come across it often in the sequel, we here 
give a method of deriving it based on very general assumptions. Instead 
of using the single wave (2) we start out from the wave-group 

J*0 - e 

that is, we imagine a continuous series of single waves superposed on 
each other and of amplitude kdh^ in which we suppose A and «d to vary 
continuously with h in some way. But we shall call such a series a 
“ group ” only if the wave-numbers contained in it are sufficiently near 
one another ; we have indicated this in the choice of the limits of integra- 
tion ± c. We re-write the exponent of e in the following form : 

lex — (tit ICqX — CDq^ -f* (Ic ”■ ICf^X — (co *— (Uq)^. 

This gives us 

U « ** "0*), 

{ ifeo + < 

. . . (8) 

to - f 
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We now look for such points x, for which the “ mean amplitude |C1 of 
the group ” (not, as previously, the phase) has a constant value. Since 
X and t occur only in the exponent of (8) we must set 


that is, 


(A; - h^x - (o) - = const. 

dx <0 — 
dt h “ 


But for a sufficiently narrow group this quotient has a limiting value 
independent of k and depending only on k^y namely 


dx _ ^ ^ /dta\ 

S “ \dlc)k^ko 

This proves equation (7). 

b gives us the velocity with which the mean amplitude 1C| of the group 
is propagated* The propagation of the mean phase or, respectively, of the 
phase of the mean point Ajq, cd^ of the group is different from this and is 
given by eqn. (4), as before. 

From our expression (7) we easily arrive by means of the relation 

(0 a -Y" at the formulas usually given for the group-velocity, namely 
A 

= . . . . (7a) 


or to the form used by de Broglie : 


1 

6 



• (7b) 


but formula (7) is obviously simpler and, on account of its analogy with 
formula (4), more instructive. 

We have next to prove equation (6). By (1) we have 


0) «=s 2ir 


E 



(9a) 


The dots signify that to the term written down there is to be added a 
constant term which denotes the rest-mass, and also further correction 
terms which take into account the relativity variation of mass. On the 
other hand, we have, by § 1 (15) of this chapter, 


k ^ 


mv 


From (9a) and (9b) we form 

dia a 

From this it follows that 


, 2Trm j 2irTO , 

d(o sa —j^vdVf dk *« -j^dv. 


dk 


• (9b) 


• (9o) 


which was to be proved. 
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In this method of deriving the formula our result seems to be only 
an approximation for small velocities, since in eqns. (9a) and (9b) we have 
neglected the variation of mass with velocity. Actually, however, eqn. (9c) 
is correct in the form in which it is written. This is at once recognised 
if we follow de Broglie and use relativity from the very outset. 

We take this opportunity of stating that in other respects de Broglie’s 
original method has been abandoned in the later developments of his 
theory and he himself no longer maintains it.* De Broglie originally 
allowed the wave-function to have an infinity which served in a way as 
the material nucleus of the wave-system. In this manner one would 
lose the mathematical uniqueness which permeates Schrodinger’s later 
theory. We regard de Broglie’s theory, as does Schrodinger hinaself, in 
the light of an important precursor of wave-mechanics but not its final 
form. 

The fact that the group-velocity h is less than the velocity c of light, 
becoming proportionately smaller as the phase- velocity a becomes greater, 
in itself shows that the dispersion of the de Broglie waves is normal. For, 
since b<^a, eqn. (7a) states that dajdX'^O. Consequently the inequality 

S<» (1°) 


holds for the refractive index n ~ c/a as is the case with visible light for 
bodies that disperse normally. Thei expression of n » c/a as a function of 
the de Broglie wave-length is by eqn. (5) of this section and eqn. (16) of § 1 


V h 

c mck 


(lOa) 


More general significance attaches to the fact that the velocity v of 
our point-mass does not correspond to the propagation of a monochromatic 
wave but to that of a wave-group. It is not the monochromatic wave 
that is the physical picture of the moving point-mass, but the wave-group, 
or, as we also say, the wave-packet. 

We now pass on from the point-mass under no forces to the general 
problem of w|ive-mechanics. Here we likewise supplement the spatially 
defined Schrodinger i/^-function and expand it according to the assumption 
(3) into a space-time function which we shall call u : 

« = ( 11 ) 

We here interpret E as the energy parameter that occurs in the differential 
equation of the ^-function and we take E in its rationally normalised form 
(cf. footnote, p. 1). We have therefore to include in E not only the 
kinetic and potential energy of the state in question but also the rest 
energy {Buh-energie) contained in the masses, which is represented in the 
case of the individual point-mass by Eq For only when E is 

regarded in this way is there any sense in the definition of the vi l^rati on 
number v in eqn.' (1). It need hardly be mentioned that the mfetor 

* Of* the introduction to his book on wave-mechanics published this year. 
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of 2rrit in the exponent of eqn. (11) denotes this particular vibration 
number v. 

From the remarks just made about the way in which E has been 
normalised it follows that V must be normalised in the same way. So we 
may write V more clearly as 

V = Eo + U, Eo - . . . (12) 

where U denotes the “energy of position*' calculated in the ordinary 
way. 

The question now arises whether we can re-write Schrodinger’s equa- 
tion for i// in the form of a “ time-equation.” We shajl have to postulate 
this in accordance with the optical analogy in § 1. For then the w-equation 
(6) which contains the time was the primary and physical datum ; the 
spatial ^-equation (6) arose out of it only when the monochromatic 
assumption (5a) had been added. But this time-equation may contain, as 
in the optical case, only general matter-constants and no special- constants 
defining state. Our parameter E, which is a characteristic value 
(Eigenwert), is a state-constant (Zustands-komiante), since it varies in 
passing from one characteristic state (Eigenzustand) to another. It must 
not therefore occv/r in the required time-equation. Or, expressed in other 
words, the purpose of passing over to the time-equation is to eliminate the 
parameter E out of the wave-equation. We write Schrodinger’s equation 
in the form (11) of § 1, but remark that everything that follows also 
applies to the problems of many electrons (of many bodies), for example,* 
in eqn. (12) of § 1. So we start, say, from 

h? 

~ 8rr^ ^<lf + Vf = Eij, . . . {12a) 


and observe that in virtue of the assumption (11) this equation is 
identical with the time-equation 


h"^ ^ -XT Si ()w 

- oZF" Aw -i- Vw * . 

of^m • 27rt 

We couple with (18) the conjugate equation 

' h^ .. .. . h ^u* 


by defining as 




Aw* + Yu* 


2iri U 


I 


2irt- 


(13) 

(13a) 




and assume if/* as the conjugate imaginary to Of course if, as 

in the example of the oscillator, f is real. In other oases, however 
(cf. the Zeemann effect, § 1), ^ is essentially complex. 

, JSsm would bring us to our goal : to eliminate E out of the wave- 
equation and to introduce the time into this equation instead. But the 
result does not quite meet our expectations. For, following on from (5) 
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of § 1 we wished to obtain a “ vibration-equation/' in which the “ ac- 

celeration ” ^ would occur. Instead of this we have in (13) and (13a) 

differential equations of the type of the “ diffusion equation,” into which 
bu bu* 

the velocities ^ and ^ enter respectively. It is true that in this 

case the diffusion involves imaginary “ diffusion-coefficients ” and hence 
it is not a question of an exponential decrease with the time, such as is 
usually characteristic of diffusion phenomena, but with a phenomenon 
periodic in time, such as we assumed in (11) and (11a). Conversely we 
may remark that a vibration-equation with imaginary propagation would 
entail a fading away in time, that is, would exhibit the character of 
diffusion. 

At present eqns. (13) and (13a) are, by their derivation, fully 
equivalent to the eqn. (12a) which does not involve the time, and we 
have so far not gone a step beyond eqn. (12a) in setting them up. To 
make an advance we postulate that the eqns. (13) and (13a) are still to 
hold if the problem depends on the time in a different way from that of 
eqn. (11) ; if, for example, V also contains the time explicitly. Thus we 
assert that in eqns. (13) and (13a) we have the general “time-equations” 
of (non-relativistic) wave-mechanics, which are valid in all cases where 
the external forces allow themselves to be described by a potential 
V(a;i, ^1, ... t)» They regulate not only the individual proper vibra- 

tion but also, when appropriately excited, a complex of proper vibrations. 

For what immediately follows we shall find the assumptions (11) and 
(11a) rather more fruitful than the differential eqns. (13) and (13a). For 
these assumptipns lead us to the completion of wave-mechanics mentioned 
as a sub-title of this section. 

We first recall Green’s theorem in its simplest form (for an extensive 
generalisation we refer to § 9) : 

- vAM)(iT = . . (14) 

where u and v are arbitrary continuous functions in the volume, denoted 
by dr, over which the integration is to be performed ; da is an element 
of surface of this volume. In the case of one point-mass dr is a three- 
dimensional element of space, in the case of seveitl point-masses it is a 
multi-dimensional element of space. If we set w = that is, 

equal to two proper functions that belong to our wave-equation (12a), and 
have the proper values En, E^, we may allow the surface a to move to 
infinity without ever encountering a singularity. The integral^ on the 
right then vanishes, so long as u and v themselves vanish with sul^qient 
rapidity, as is always the case with discrete characteristic values. t>n 
the left-hand side Au and Av become proportional to (En - V)^n ftud. 
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(Bto - respectively, and from (14) we get (the V term going out) 
(E„I - Bn)|t/'ni/'mdT « 0. 

If the E’s are all different from one another and if m w, the integral 
must vanish. This is the condition of orthogonality of the proper 
functions, For w =« w the integral does not, of course, vanish. We set 
it equal to 1 and so normalise the proper function, whose definition 
hitherto contained an undetermined multiplying constant. This gives us 
the general condition of normalisationy which differs from the occasionally 
mentioned special normalisations (cf., for example, eqn. (12a) in § 2). 
Making use of the “ unit matrix " (6a) in § 4 we embrace the conditions 
of orthogonality and normalisation in the one formula : 

^^n^mdr = ( 15 ) 

If ijf is complex we shall take the reality of 8nm into consideration by 
writing in place of (15) 

^^nimdr - ^ij/m^ndr « 8nm • • (15a.) 

and, in particular, forn - w 

Lnfndr = 1 (15b) 


By (11) and (11a) the relation 


|ttntt*,dT=il (15c) 


then also holds. 

It is at this point that the essential physical hypothesis of Schrodinger’s 
theory enters, which first allows a comparison between theory and experi- 
ment : the positive quantity 


P - uu\ (16) 


continuously distributed throughout all spaces is to denote a density ; when 
multiplied by m, it is to denote the density of mass ; when multiplied 
by e the density of charge, (if our point-mass is an electron). This asserts 
t^t we get the correct electrodynamic actions (forces and emission of 
radiation) by calculating as if the charge of the electron is continuously 
distributed with the density ep in space. We shall discuss a possible 
physical meaning of this somewhat unattractive hypothesis later (§ 8). 
Here we shall straightway draw inferences from it. 
is a density^ then 
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is the “ moment ” of this distribution of density with respect to the 
co-ordinate q. 

Thus M, when multiplied by e, denotes the electric moment^ for 
example, for g « £C, it denotes the a;-component of the electric moment 
of our distribution of charge. Now we know that the amount and 
polarisation of the emitted radiation is determined electrodynamically by 
calculating the time rate of change of the electric moment eM. Hence 
in the part of M that varies with the time we have a measure of emission. 

But we must first take up a more general and more formal standpoint. 
For we must speak not only of one state and of the corresponding 
density p, but also of the transition from one state n to another m and of 
the “ density ” corresponding to this transition. 

pnm “ .... * (18) 


In a manner formally analogous with (17) we form the “moment" 
associated with this transition : 

Mnm = jspnmdr =» . . . (19) 

In making these generalisations we, of course, lose sight of the original 
sense of the ideas “ density " and “ moment,’* so that these terms now 
serve only as guides to the analytical definitions contained in (18) 
and (19) 

In (19) we substitute the expression of u given by (11), by applying it 
to two different proper functions n and m. We get 

= .... ( 20 ) 

2nm = I q'l'n'Pmdr .... (21) 

We call this quantity qnm lihe “ matrix element " of the co-ordinate q and 
so hint at its origin in the matrix-calculus. In the next section we shall 
show that the system of quantities qnm introduced in (21) is identical with 
the q-matrix treated in § 4. 

We first consider the individual state by setting m^ n. Then, clearly, 
(18) becomes identical with (16) and (20) with (17). The density p and 
the moment M are in this case constant in time and the emission of 
radiation is nil. The proper states (the stationary orbits of the old theory) 
are radiationless. 

We next consider the transition n-^w. The density pnm and the 
moment are then variable in time. The vibration number of the 
moment and hence also of the emitted radiation is, by (20), 


V =3 


Ew - 

h 


. ( 22 ) 


Here we have Bohr's frequency condition, which (cf, the beginning of this 
section), like the quantum condition, fits into wave-mechanics. We do 
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not pretend in this way to have derived the frequency condition, say 
on the basis of classical mechanics. For we had already included it 
essentially in the assumption (11) which expresses the dependence of the 
individual state on time. But it is important that we have now a scheme 
of calculation, moulded on the lines of the olaspical theory, which enables 
us to form judgments about the detailsrof the radiation emitted, its polarisa- 
tion and its intensity. For we conclude from (21) that if qnm vanishes 
for certain members n and m and for a certain co-ordinate direction, for 
example, have a rule of polarisation : the transition n w yields 

no radiation corresponding to a vibration in the rc-direction. 

If for given values of n and m qnm vanishes for every choice Of 
q{q =3 X, y, z), then the transition w ->m is radiationless. We interpret 
this as meaning that this transition is forbidden. This gives us a 
selection rule. 

If qp,m differs from zero, we regard \qnm\ as a measure of the intensity 
for the transition in question and for the direction of polarisation. The 
\j/nS and ij/m*^ are, of course, to be imagined normalised in the sense of 
the general condition (15). 

What holds for the transition s ->w also holds for the transition 
m w. By (22) the latter transition is characterised by the quantity 


conjugate to qnm- 




Qnm - j* q\l/mf*n dr = qnm * 

• • (23) 

so that 




|St»n| = \^nm\ • 

• • (24) 


Our measure of intensity depends in a symmetrical way on the initial state 
n and the final state m — a very remarkable law which reflects itself in the 
summation rules of Burger and Dorgelo (Atombau, Chap. VIII, § 5). 

The fact coutained in eqn. (23) means in the language of § 4, eqn. (3a), 
that the matrix of the q's is Hermitean. 

In introducing the pseudo-moment Mnn» and the matrix element 
qtifin we have left the original ground of wave-mechanics. Schrodinger, 
to whom we owe the representation given in (21) of the g-matrix, has 
attempted to account for their introduction by adapting idiem to his 
original ideas. He assumes that in the transition both proper 

states n and m are to coexist in certain proportions which may be 
measured by the coefficients Cn and Ct»r The state due to their super- 
position is then represented by 

2 **„ * t 

u* ^ cl^le” A + cl^^|rl^e “■ A ** 
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and we get from the original definition of density in (16) : 


ini,. 


uu* « CnCn^n^n + 


+ CfljCn ^ 




(25) 


Thus this density is composed of parts that are constant in time — ^these 
do not interest us — and of two parts varying with time, that have the 
common vibration number (22). 

Sohrodinger then forms the moment of the density distribution (26) 
by the original rule (17) : 

M = CnCn^q^nihidT + (26) 


Here R denotes “Real part of” (that is half the sum of the complex 
quantity which it precedes and its conjugate) and qnm denotes the 
matrix element defined in (21) ; introduced in this way appears 
as a quantity which is characteristic for the state arising out of the super- 
position of the two proper vibrations. The further deductions regarding 
polarisation and intensity of emission are then the same as above. 

We have chosen an abstract and formal representation of the rules of 
emission in preference to this apparently more picturesque * {anschaulich) 
introduction of qnm for the following reason. 

The assumption for u, which led to (25) and (26), contains the arbitrary 
coefficients Cn, Cm- These must reasonably be interpreted as excitation in- 
tensities {Anregungsstdrhen) of the states n and m. It is clear that the 
emitted intensity depends on the number of atoms in which the initial 
state n is excited, that is, on the coefficient Cn. But by eqn. (26) it would 
also depend on the coefficient Cmt that is, on the number of atoms in 
which the final state is realised. This seems meaningless and contradicts 
the results of experiments, for example, those in which the energy of 
electrons is transferred to atoms or molecules by collision {Elektronemtoss), 
It surely is not true that for Cm — 0, that is when the final state is not 
excited, the intensity of the transition w m must vanish. Rather, there 
are “ spontaneous ” transitions also to non-excited states. We are there- 
fore compelled to regard the necessity for introducing indefinite co- 
efficients Cn, Cm, as a weak point in Schrodinger's representation of 
questions of intensity. 

A really satisfactory treatment of these questions can be expected only 
when radiation has been fixed into the foundations of the new theory.t 
Following Sohrodinger (and also Heisenberg) we have considered it 
sufficient to derive the radiation externally, as it were, from the moment 

p^j-^dopted from H. P. Biggs, Wave Mechanice, p. 16, footnote (Oxford Uniyeisity- 

important paper by P. A. M. Dime, Pioc. Roy. Soc., 114 248, in 
quite diSeieUt methods, the spontaneous transitions hare 
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M or Our only basis for this is the general correspondence with 

classical electrodynamics. 

§ 6. Intensities in the case of Oscillators and Botators 

A. The Linea/r Harmonic Oscillator 
We can now supplement our wave-mechanical treatment in § 3, A, 
so far that it becomes of equal value with the quantum-mechanical 
treatment in § 4. 

Since in the case of the linear oscillator we have only one co-ordinate 
q » rr, we write Xnm iu plaoQ oi so that by eqn. (21) of the preceding 
section (the 0’s are real) 


^nm — I Xilfn\f/fndx 


( 1 ) 


Instead of x we use the more convenient dimensionless co-ordinate ( 
from eqn. (5a) in § 3. 


i = JCLX, 


We then get 


27rm(i>^ 

‘ F 


CtXnm '• 




( 2 ) 

( 8 ) 


We show that fnm differs from zero only if m ^ n ± 1. 

With this purpose in view we recall the analytical representation of 
the proper functions 0^. By eqn. (8) in g 3 we have 

■ • • • .W 

Hn(f) denotes the Hermitean polynomial of the degree, which was 
defined in § 3 by the recurrence formulae of its coefficients. Nn is a 
normalising factor which is to be chosen so that 0 satisfies the general 
condition of normalisation (15) in § 5. Consequently [cf. (4) and (2)] 

N?f^*Hn2(f)e-fW « = Vi (5) 

J — to J— OP J— 00 

We next assume that 

n<^m 

and write in place of (3) 

+ . . . ( 6 ) 

in which we have set 

Gn + x(f)-fHn(f). 

Thus Gn + 1 is a polynomial of the (n + l)^ degree. But we can build 
up any polynomial of the {n + degree out of the successive poly- 
nomials H in the form 

n+l 

. ... m 



§ 6. Intensities in the case of Oscillators and Rotators 49 

just as well as out of the successive powers f®, . , . f" + ^ The 
coefficients Cp are to be taken from it in such a way that all powers, 
from ?» + Ho i®, are set equal to each other. Some of the coefficients Cp 
can vanish (for example, in our case all CpS with an even v vanish if n is 
even). We insert the form (7) in (6) and get 

= . . . ( 8 ) 

0 J - 00 


But from the condition of orthogonality (15) of the preceding section 
every term of this series vanishes, with the possible exception of the last 
one, namely in the case 

m = n + 1 (9) 

In this case we have, on account of (5) 

i«.n + i = %^0« + lv/S • . • . (10) 

The converse case 

w < w 


is dealt with by interchanging m and n. In place of (9) we thus find for 
the condition that inm i^B<y not vanish : 


n » 

w + 1, that is, wi = n - 1, 

. . (9a) 

and in place of (10) 

, Nn /- 

f n» n - 1 vr Cn ^ a . 

iNn — 1 

. (10a) 

Only the trivial case 

m ^ n 


remains, in which 

f + 00 "" 



o 

II 

8 

1 

II 

J 

. (10b) 


since is even, that is, f is odd in f. 

This proves the selection rule for the harmonic oscillator. We find as 
in § 4, taking into account the reflections at the end of § 5 : all transitions 
cure forbidden with the exception of m^n ± 1. 

Passing on to questions of intensity we have to calculate the co- 
efficients Cn + 1 and Cn by means of (10) and (10a). Let On be the 
coefficient of the highest power in Hn. A comparison of the powers 
+ Hn both sides of (7) at once shows that 

fln =• Cn + lOn + 1, 

that is, 


+ 1 “ “ « • • • • 

«n+ 1 “n 

To calculate the On's we require a formal representation of Her^ite’s 
polynomiala 
you IT.— 4 
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We now assert (the proof is given just below) that 

H„(i) = (- .... (12) 

This method of representation shows that the highest coefficient a», 
which is obtained by successive differentiation of e “ is 

On - 2« (13) 

It also shows that the integral 

.... (14) 

J — CO 

which occurs in (5) has the value 

X = \ Jtt (16) 

This is proved as follows : if we substitute for one of the two factors 
H in (14) the form (12), we get 

I /Infi — f 2 


and by integrating by parts n times, noticing that all derivatives of 
vanish at the limits i = ± go , 




If, as before, we insert 
we get 


Hnf = + . . ♦ 

f +oo 

e “ df « ocnW ! Jir, 


and hence, on account of (13), a; = 2»*n I Vtt, which was to be proved. 

We have yet to add the proof that the polynomials H introduced in 
eqn. (12) satisfy eqn. (6) of § 3. Taking (7) of § 3 into consideration we 
may write this equation in the form 

2fH; + 2nHn - 0 . . . . (16) 

The following simple proof may also be applied to other cases (spherical 
harmonics, Laguerre polynomials). We set 

(16a) 

and form 

By successive differentiation it follows from the formula for such 
difi^rentiation in the case of a product that 

-«(« + *)- - - 2(n + l)ii<") . . (17) 
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But by (12) 
and so we get 

(- + - 2iHn) 

(- 1)V" + ') = - 4fH^ + 


(4i2 - 2)H„). 


* 


If we substitute these expressions in (17) we get (16), which we wished 
to prove. 

The value of the normalising factor now follows out of eqns. (14), 
(15), and (5), and is found to be 

i2”n!V-=Voc. N„=(2"n!^^)"‘ . . (18) 

And so 


Further, it follows from (13) and (11) that 
« Cn = h 

By (10a) we therefore have 



To return to bur original measure of intensity Xn, m we use eqn. (3) 
with m = n - 1 and take eqn. (2) into account. We find 

V2“a = • . - (19) 

and, of course, simultaneously 

lh(n+l) .-Q . 

n+ 1 = In + i, n - y 4^^" • ' • W 


But these values are identical with the values |<?n,n - 1| and \qn, n + 1| in 
eqn. (12), § 4. In the same way our eqn. (10b) which we may also write 
in the form 

iCn, n = 0 (19b) 

is identical with eqn. (9a) of § 4, with i « fc = w. 

We thus demonstrate in our example what was generally established 
by Bchrodinger* and Eckart,t namely that the methods of quantum 
mechanics and wave-mechanics lead to the same results not only for the 
energy vakies and the proper values but also for the intensities. 


*E. Sohrddinger, On the Relation between the Quantum Mechanics of Heisen* 
mrg, Born, and Jordan, and that of Sohrddinger, pp. 45-61 of Collected Papers, 
Blackie & Son, Ltd. The original German paper is Ann. d. Phys., 79, 784, 1926. 

f 0. Eokart, Operator G^culua and the Solution of the Equations of Quantum 
Dynamics. Phys. Rev., 28, 711, 1926. 
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We now fill in a gap which was left at the end of § 4. It seemed 
there as if quantum mechanics could grasp the transitions but not the 
states of the oscillator. The states are first described in quantum 
mechanics by the diagonal elements qn, n of the matrix, which vanish in 
the case of the oscillator. In wave-mechanics these elements denote the 
“moments of the first order” of the charge distribution But in 
wave-mechanics we may also form the “ moments of higher order,” for 
example 

= . . . (19c) 

This quadratic moment and all other moments of even order do not 
vanish. Correspondingly, the diagonal elements of the matrix of all even 
powers of q do not vanish. The totality of these moments can exactly 
serve to characterise the state in question in the language of quantum 
mechanics. [By a famous theorem due to Stieltjes any arbitrary dis- 
tribution of masses 0(a;) can be uniquely determined by the totality of 
their moments.] For example, we find for the integral in (19c) by the 
simple method given at the beginning of this section 

where Cn denotes the coeflQcient of in the expansion of Gn + 2 = 
in terms of the polynomials H„. This coefficient may easily be 
calculated from the highest coefficients of the polynomials Hn, Hn + and 
It is obvious that this analytical method of calculating the 
quadratic moment is much simpler than the corresponding calculation of 
me matrix calculus. It is also clear that the description of a state by 
means of a single continuous function of state (phase function) ^ gives 
a clearer view than the description by means of the infinite series of 
moments to which quantum mechanics leads. 

B. The Botator in Space 

Let the co-ordinates of the rotator be 6 and as in § 3, B; the 
rectangular co-ordinates of the rotating point-mass — which we shall call 
f , 1 ;, { and at once connect them as complex variables — are then expressed 
as follows : 

( + jrj ^ a sin Be^^f f = a cos ^ . . . (20) 

We have written j for ± i in order to distinguish the indefiniteness of 
sign that occurs here from one that occurs later. The proper functions are 

: ■ 

The “associated spherical harmonics” are taken as normalised in 
the usual way, namely in accordance with the eqns. (X2) and (12a) of § 2. 
On the other hand we take our 0 as normalised in a rational way “ to 
unity,” according to eqn. (15b), § 5, on account of which we added the 
normalising factors N#, in (21). We determine N# and in such a 
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way that we normalise the Pg^’s and the separately to unity, that is, 
we not only demand that 



j M ^ 0 do d<h . 

• (22) 

but also that 

= NJ, a: = 008 e . 

• (23) 

and 




1 = 27r . 

. {23a) 


The conditions of orthogonality require [cf. (15a) in § 5, where now 
the simple indices n and m are to be replaced by the double indices m, fi 
and m', /a'] that 



, n'd(r = 0 , ' 


except when /a = /x' and at the same time m = m\ For /a /a' this 
equation, in virtue of the integral over 0, is fulfilled ; for /a =» /a' it 
requires that 

j == 0, m 4: m' . . (24) 


It must be particularly emphasised that we do not need to prove this 
equation by means of special calculations with spherical harmonics, but 
that it follows immediately from the general theorem of the previous 
section on the orthogonality of proper functions. 

To calculate the normalising factor Nj we must have a formula to 
express the Pg^’s. The following is best suited to our purpose : 




from which, by (12) of § 2, it follows that 


2”^ I + ^ 


, (25) 


(25a) 


It is immediately clear that (25) fulfils the normalising condition (12a) in 
*^§2, but we must also show that (25) satisfies the differential -eqn. (2) of 
§ 2, which, with y « P,», runs in our present symbols : 

(1 - x^)y" - 2xy' + m{m + l)y « 0 . ' . (26b) 

Similarly as in (16a), we set w « (a?* - 1)’". By a single differentiation 
we get 


{x^ - l)tt' « 2waw( 
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and by sucoessive differentiation m + 1 times 

(flj® - + 2) ^ 2(m + l)xu^^ + 1) + m(m + 

=5 + 1) + 2w(wi + 

If we collect terms and write = y, by (25), then (26b) actually 
results. 

To calculate the integral that occurs in (23), that is, the square of the 
normalising factor N^, we form, by (25a) 


in which 


xt 2 If'*’ ^ 

“ 2‘^”‘(w IpJ _ ,^^+^dx”^ + 

Am + M 

= (1 - - i)”*: 


• (27) 


the highest term in G is axl^ + with 

a = (- l)'‘2m(2m - 1) 1) = (- (28) 

By successive integration by parts we get from (27) 

^ ! y - 1)’”'^® • • (27“) 

[The factors 1 ± a; that occur just suffice to make the terms without 
integral signs vanish.] 

Now 

" Vr~'!c^dx - I - l)">->da! 

1 f + ^ d , „ _ , 1 

“ - ff™ - 1 = - 2m^vi - 3m - 1 

satisfies the following recurrence formula : 

_ 2m 


On account of « 2 it follows from this formiAa that 


_ 1 sm - 2)(2»t - 4) ■ ■ ■ 2 (2-m !)* 

9" ^ (2»H-l)(2m-l)(2»»-8) . . . 3-^“( ^-p^)! 

and hence from (27a) and (28) that 

„ 2 (w + ,t) I 

* 2nn- 1 (w - /i) I • • • ; (®0) 

and, in particular, for /* -• 0 we get the well-known formula 


N* - 

• 2W-I- 1 


(80a) 
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The total normalising factor, which is equal to the product of and 
N* and is to be denoted by Nm, ^ is giren, by eqns. (30) and (23a), by 


4ir ( ro + ^) I 
“ 2to + 1 (to - /*) 1 • 


• (31) 


We now come to the question of intensity and polarisation in the 
case of the rotator. The basis is again given by the matrix elements 
of the co-ordinates, namely of the rectangular co-ordinates (20). 
Logically, we should now write these with four elements : 

m'n' and (f + my- 

But we easily show that the former and the latter differ from zero only if 
ft' =3 /x or ft' = ft ± 1, respectively . . (32) 

so that after the respective value of ft' has been inserted we may adopt 
the abbreviated notation 

(mm' • • • (/a' = /a) and (f + . . . (/ = /t ± 1), (32a) 

in which the two values ft' = ft ± 1 may be associated with both signs of J. 

The proof of (32) consists in the fact that the matrix elements for 
? or f + jrj contain the following integrals of ^ respectively : 

1% ± <((* - or ± - >-'>* 64 . 

They do not vanish only if 

ft — ft' = 0 or ft — ft'«=i±l 

respectively, and then their value is 27r. This proves the selection 
rule (32). 

But this has simultaneously furnished us with a “ rule of polarisation " 
in the following way. The case ft' « ft corresponds to a vibration 
parallel to the f-axis (a variable electric moment M in this direction, 
of. § 5) : the case ft' = ft ± 1 denotes a right-handed or left-handed 
circularly polarised vij^ration in the ^-plane (corresponding to an 
electric moment in this plane variable in direction but not in magnitude), 
Moreover, we must remark that the {-axis can be empirically dis- 
tinguished from the other directions only if it is physically distinguished, 
for example by a magnetic field. Our rule of polarisation would accord- 
ingly come into action only in the case of the Zeeman effect, which, 
however, for the rotator consisting of the diatomic molecule, as realised 
in band spectra, becomes so small that so far it has not been observed. 
For the rest, our present rule of polarisation is identical with that 
which applies to the normal Zeeman effect of the electron (I, Chap. V, 
§ 6, p. 294). Of. also the treatment of the Zeeman effect by Wave- 
Mechanics in § 10. 
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We come to the selectioir rule for the w’s and show that it runs 

wi' = m±l.‘ . . (33) 

To do this we must actually work out the quantities and 
Beplaoing the integrals over ^ by Stt, we obtain by (20) and (21) 

ss 2'7rflJ, n + ]_(^ + “ 2iraK (33a) 

J - [ cos 0 Pjjj ^08 $) PJJ^/(cos 6) sin 6 dd ] 

K « j sin ^ (cos 6) (cos 6) sin 0 dS j 

^ We insert the variable x » cos ^ in J and K, and note that by (25a) 
the Pi’s are equal to (1 - a;2)W2 multiplied by a polynomial of the 
,(m - /i)^^ degree in x, which we shall call Pi - ^ * further, we introduce 
two polynomi^s F and G, of degree indicated by the lower index. Thus 
we set ^ 

ps,(co8d)«(i I 

8indP:;5fcV8^) “ (1 - [ (34) 

This leads to the expressions 

. J - J ^ P . p;;. _ ,(1 - x^dx, »“ J ^ G . PT,. _ ,(1 - x^dx (35) 


The somewhat artificial definition of G in (34) is due to the fact that 
in the integral K we had to extract the factor 1 - x^ raised to the 
power indicated by the upper index of the preceding P. 

We can now use exactly the same line of argument as under A ih 
•eqn. (6), Build up F and G from the- polynomials P, instead of from the 
successive powers of x, thus : 

to ' — ^-+*1 to ' — fi + l 

pi ^ c,p;;, G= d,p; . (35a) 

0 0 

and assume 


TO> w'. 


By substituting (35a) in (35) the condition of orthogonality (24) shows 
as that J = K = 0 unless 

m' « m - 1. 

This proves one part of our selection rule (33). At the same time we 
have, on account of the normalising condition (23), 


, - M XT2 

2ir »»»•#*» 




* Similar to the notation used by B. Heine, Bandbuch d&r KugelfunkiUmM. 

Chap. IV, -y-/ ♦ 
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and hence by ' (33a) 

t W| w — 1 






K 


a (36) 

- 1, M i 1 


From (34) and (35a), however, if ^ denotes the coefficient of the highest 
power in PJJi _ namely in consequ^ce of (25a) : . 


(2w) I ♦ 

Pm, II- 
Pm - 1, M ^ 

“2m-r 

J ^ Pm ^U^±l -.(wi - /i-l)(m-» *1 

= 2m - 1 ' * 2m - 1 


(36a) 


If we substitute from (36a) and (31) in (36), calculation ghres 


m — 

+ JV)m, m - 
"t JV)m,, m — 


I - 


{m + ii)(m - /») 


(2m + IXta 


1) 


-V' 




(m - /X - l)(m - fi) 
\2m + l)(2m - 1)‘ 

{m + fi - l)]m + /!) ' 
(2m + l)(2m - 1) ’ 


(/*' = /*) 

• • {p =*^ + 1)» 


•(/*' = /*- !)• 


(37) 


"With the converse assumption 

m<.rn/ 

we find for the condition that J and K should not vanish by inter- 
changing m and m' 

m' - m + 1 

as the second part of our selection rule (33). The expressions (37) then 
become changed in that m, m + 1 now take the place of m - 1, m. 

To make the construction of the formulse (37) intelligible we shall 
divide the transitions in question into “parallel," “anti-parallel," and 
“ neutral " transitions {gleichsinnig, gegensinnig und neutral), analogously 
to AUmhau, p. 580. A transition is to be called parallel when both 
numbers m and fi change in the same sense, for example, m m - 1 
and ^ yx - 1 ; they are to be called anti-parallel when their values 
move in opposite directions, for example, m -> m - 1 and /a -> /x + 1 ; 
a neutral transition occurs when p. remains unaltered. The transitions 
m m - 1 in (37) are then respectively ; neutral, anti-parallel and 
parallel. Just as in I, Chap. VI, p. 367, the jjarallel transitions are 
“strong," the anti-parallel “weak," and the neutral “medium" (less 
strong). In our formulae (37) this is expressed in the fact that in 
the strong transition (third row) + fi, in the weak transition 
(second row) ^ p, - il and in the medium transition (first row), 
+ /*,-/* occur under the root sign. 
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Since the individual /n-components, on account of their insufficient 
resolution) do not interest us, we shall sum up over all the fis, taking 
the sum for the intensities and not for the amplitudes, with due regard 
to the fact that the proper states distinguished by the values of fi must 
be considered as incoherent among themselves. Thus we sum up the 
squares of { and of the absolute values (Normen) of f + jrj. In performing 
this summation it is convenient to let go from - m to + m * and then, 
strictly speaking, | /a | should be written for fi in the upper index of the 
spherical harmonics and in the formulae (37). 

By the formula 

^|h2=.|V+1)(2to+1) . . . (38) 

— m 


we get from (37) that 

+ m 

- /i.3 

2^ ” “ 2 (2m + 1)(2 ot - 1) ~ 3™ 

— m 

and, taking together the two formulae (37) for i + jr}: 


(38a) 


+ m 




The sum + of (38a) and (38b) gives 




(38b) 


(39) 


J is the total intensity Which is observed for the transition wi w - 1, 
that is, of a definite line in the spectrum of our rotator. In the same 
way we should obtain for the transition m + 1 -»■ m, which gives rise to 
another line of the spectrum : 

^ J = w + 1 . • . . . (39a) 


The sum of (39) and (39a) gives 2w + 1. 2m + 1 is the “weight” of 
the state m (Atombau, Chap. YIII, § 5, p. 651), that is, the number of 
different states (/x = - mtofi» +m) that belong to the same m, or 
we may also express the same thing by saying the number of spherical 
harmoi^ios (cf. § 2, p. 13) that have the same lower index m. The 


* OaJoulating \?ith negative /t’s means nothing more than that e - is to be 
oonsideied equally with e + Later on, the simplifioation efieoted by counting up 
the negative /tt’s as well will again be found useful. 

fThe reason for counting only one half of (88b) and not the full amoimt, as might 
suggest itself by (87) on account of the two po^bilities of transition u + 1 ->• /u and 
/K - 1 -*> is that of the two circular vibrations in the (t^-plane, in each case only half 
the ihtensity is observed if, for example, the line of vision lies in the (-i^-plane. 
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appearance of the weight 2m + 1 in the sum of the intensities of all 
transitions is in agreement with the summation rules of Burger and 
Dorgelo {Atombau, Chap. VIII, § 5). Our formul® (39) and (39a) have 
been derived by Fowler* for the somewhat more general case of the 
rotation-vibration spectrum by means of the correspondence principle, 
and have been extended by Honl and London t to the band-spectra with 
zero branches, whereas our treatment is restricted to the case of the pure 
rotation spectrum. We wish to point out again, however, that our treat- 
ment on the basis of wave-mechanics renders superfluous the introduction 
of the classical theory, by way of the correspondence principle, even in 
questions relating to intensity. 

The oscillating rotator would naturally follow on the rotator at this 
point. We investigated its proper values in § 3, D. Its spectrum forms 
the type of the rotation vibration spectra just mentioned. But the 
investigation of its intensity conditions would diverge only little from 
those appertaining to the rigid oscillator, so that we may omit the 
discussion here and refer to the detailed investigation of Fues.t 

§ 7. The Kepler Problem 

We now come to the central problem of wave-mechanics — the problem 
of the hydrogen atom. This formed the test of the method of wave- 
mechanics in the first paper on the subject by Schrodinger, published in 
1926. In comparing it with the working out of the hydrogen atom by 
quantum-mechanical methods, carried out by Pauli § at the same time, 
the superiority of wave-mechanics as regards mathematical simplicity and 
clearness becomes manifest. We hope in the sequel to enhance the 
lucidity of treatment still further. 

A. Proper Values and Proper Functions. Discrete and Continuous 
Spectrum 

The potential energy between an electron and a nucleus carrying a 
charge Zs is, if normalised in the usual way (V = 0 for r - oo ), 



The wave equation (11) of § 1 becomes, if E is similarly normalised, 



We treat the equation in spcdial polar co-ordinates r, B, and assume a 
solution in the form 

0 « EPr (cos .... (2) 

* R. H. Fowler, PhU. Mag., 4B. 1272 (1926). 
t H. H6nl and F. London, Zeiteohr. f. Phys., 33, 808 (1925). 
t B. Fues, Ann. d. Phys., 81, 281 (1926). 

§ W. PauU, jr., ZdtBohr. f. Phys., sk (1926). 
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E is a function of r alone. As the lower index of the spherical harmonic 
P We have chosen I, for reasons connected with the mapping out of 
spectra (instead of the w in § 2 and the m in § 6), I must be an integer 
^ 0 and m must likewise be an integer, in order that (2) may represent 
a proper function (cf. § 2). If we use the differential equation of spherical 
harmonics in the form (1 ft), § 2 with the proper value A, of eqn. (11), § 2, 
and derive the expression A0 from eqn. (1) § 2, then we get for K the 
differential equation : 


dr'^ r dr 


(a + 2® + ^)e = 0 . 


• ( 3 ) 


where, for brevity, we have written 




E, B ^ 


4:Tr^m 


C = - ?(i + 1) 


(3a) 


We distinguish between the two cases 

E 0 and E >• 0. 


(a) E < 0, Corresponding to the Elliptic Orbits of the Earlier Theory 

To take account simultaneously of the sign and dimensions of A 
we set 


A « 



• (^) 


and determine the asymptotic behaviour of E by omitting all terms in 
1 1 . 

- and in (3). We obtain 


^E 


E,*= e±^K 


Of these two asymptotic solutions we can use only that which vanishes at 
infinity. We introduce the dimensionless quantity 


p«2~ = 2V~A.r, O^p^QO . . . (4a) 

that is, we write our asymptotic solution as 
E = 


Corresponding to this, we make the general assumption 


E = (5) 

Multiplying eqn. (3) by r^^ji and expressing it in terms of p (dashes denote 
differentiations with respect to p) 


Prom (6) we calculate 


V-Ap / / 


■ ( 6 ) 


B' - «-'»(«’ - iv). R" - -v' + 
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Substituting in (6), we get the differential equation for v : 

The only singular point of this equation situated in finite regions is the 
limiting point p — 0 : by criterion (5) of § 2 it is a pole. We therefore 
make the assumption 

V =* fi^w, .... (7a) 

0 , 1 . 2 . . . 

To find the characteristic exponent y, we substitute (7a) in (7) and look 
for the factor of af^py “"2. It is 

y(y - 1) + 2y - l{l + 1) == y(y + 1) “ l{l + 1) . (7b) 

Equated to zero, it gives the two values y = I and y = - Z - 1, of which, 
however, we can use only the first if our solution is to be a proper function 
of the problem. So we replace (7a) by 

V Z= p^w OLvp^ + ^ . . . . (7c) 

0 , 1 , 2 . . . 

On. substitution in (7) the factors of all powers of p must vanish. This 
gives a recurrence formula for the coefficients a„, namely, one consisting 
of two Tuembm. For we get from the factor of p" + ^ ~ ^ 


{{y^l + l){v + 2) + 2 (k + 1 + 1) - l(l + l)}a, + ,] 

= + I ■ 

We now wish to arrange that w becomes a polynomial, that is that the 
series (7c) ceases, say, at 

v *» Wr . . . . • (9) 


in which the notation Ur may suggest radial quantum number.' 
accomplish this by making the factor of a„ in (8) zero for v = 
setting 

==«Wr+^ + l = n. 

A 


We 
nr by 

(9a) 


whereupon obviously all the later coefficients vanish for v > Wr, 
symbol n is to hint at the principal quantum number.*' From (9s 
now get, by squaring, 

2 


The 
) we 


But in view of the meaning of A and B in (3a) this is the Bal/mr term 
and includes the correct definition of the Bydberg constant : 


27r277lS*Z* 

hV 


■ (10) 


Thus the discrete spectrum of the hydrogen problem has been found. 
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We have next to make some observations about the significance 
of our definition of 1. The old principal quantum number n was com- 
posed, according to eqn. (9a), of two positive integers Wr and Z, both of 
which could assume all values between zero and infinity ; nr, as already 
mentioned, corresponds to the radial quantum, I is our present 
“ azimuthal quantum,** such that Z + 1 equals our earlier number k. 
Thus for h wave-mechanics gives all the positive integers errcepZ zero. If 
we interpret h in the sense of the old ideas of orbits, this means that the 
“ pendulum orbits ’* {Pendelbahnen) k — 0, in executing which the electron 
would come infinitely near the nucleus, are excluded in the new theory 
quite automatically as being incompatible with the “boundary condi- 
tions.” Foi* the old quantum theory the reason for the exclusion of = 0 
offered an essentially insoluble problem,* for the exclusion of pendulum 
orbits in the case of the relativistic Kepler problem and of the Stark effect 
led to difficulties in the case of the Zeeman effect, according to the adiabatic 
principle (cf, Atombau, Chap. V, p. 405), where the corresponding orbits 
cannot be logically excluded. Particular disagreement was found to 
occur in the case of crossed electric and magnetic fields. Wave-mechanics 
overcomes these difficulties in the simplest fashion by not yielding those 
states which would correspond to the pendulum orbits. They do not 
come into consideration at all and so cannot conflict with the adiabatic* 
principle. We may also point out that an appropriate representation of 
the facts offered by the anomalous Zeeman effect compelled us even in 
Atombm, Chap. VIII, to adopt measures which correspond exactly to the 
introduction of Z == ik - 1 which has its logical foundation in wave- 
meohanios.t 

Further, we see that in the sense of the definition on p. 18, the Kepler 
problem is degenerate, for to the proper function with the quantum 
number n there correspond all proper functions 

0 “ Rnr(Pn)Pr(c08 6 ) 0 *”^, 

where for the present we denote the degree of E by the lower index tv. 
jNow the quantum numbers n, Z, m, are bound together by the following 
relationships | : 

Z ^ w - 1, 1 w I g Z, 

as may be seen directly from the definition of Pf and from eqn. (9a) ; by 

♦ See particular the remarks by W. Pauli in Vol. XXm of the Handbuoh 
Phyrik (Geiger-Soheel), especially pp. 159 et sea. and 164. 

iVorinAtcmbau, p. 687, eqn. (5), we de^ed Ja^k^ 1, and saw in eqn. (18), 

L 6S2, that the Land4 jT'formula, if the symmetry of its structure is not to be 
itro^, demands the use of the ja in place of k. We shall of course in future drop 
the rather unfortunately chosen symbol ja and write I instead. 

tOonoeming the possibility of m having the negative sign see footnote, p. 58. In 
the sequel we shall as a rule calculate on the assumption that m falMa all vidues Itoih 
-Zto-f-Z* 
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(9a) Ur is determined by I, if n is known. So for one and the same n we 
have the following number of proper functions : 

n-l fl n-l 

^ ^ m « ^ (2! + 1) = . . (10a) 

i-o i-0 

that is, every proper value k (w® - lyfold degenerate. 

We wish to study the proper functions belonging to the proper values 
(10) more closely. By (5) and (7c) their radial component is 
R « .w . 

where is a polynomial of degree nr. Although this polynomial is com- 
pletely determined by the recurrence formula (8) (except for a multiplying 
constant), we shall set up the differential equation for w. Por this 
purpose we calculate from (7o) 

, y . I \ n i( n l(l ~ 1) \ 

V « p^\^ + -wj, V - — -U)j^ 

and by substituting in (7) and reducing simply with the help of (9a) we 

get 

pw” + [2(1 + 1) ~ p]w' + (n - Z - \)w « 0 . . (11) 

We have already encountered this equation in § 3, eqn. (21b). As 
worked out there, it arises through successive differentiation from the 
differential equation of the “ Laguerre polynomial ” 

xy" + {I - x)y ky ^ 0 . . . (12) 

For if we denote the # differential quotient of y by then 

xw” + {i + 1 - x)w' + (k i)u) ^ 0 . . . (12a) 

holds. Comparison with (11) shows that in our case 
i =» 2Z + 1, A; =3 w + Z, x ^ p. 

Denoting the Laguerre polynomial as usual by L, its degree by th e 
lower index and the number of successive differentiations by the upper 
index, we write 

«» - Lf+V'w. E = . . (13) 

Nr stands for a normalising factor that we shall presently calculate. 
Accordingly, the degree of w is 

W + Z — (2Z +1)=*»W— Z— l=»7Zr 
in agreement with (9) and (9a). 

Next we shall derive a method of representing the Laguerre poly- 
nomials which is convenient for our purpose. We assert that if we 
again denote the degree by k 

l4(®) (14) 

To prove this we set w « - * 

By differentiating once with respect to a; we get 

rctt* (fe - x)% 
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and from this by differentiating (k + 1) times and applying thfe product 
rule 

+ 2) + (A; + i)u(h + D « (fc - x)u(^ + d _ (jfc + (i4a) 

If we now set Lu ^ y and, linking up with (14), * and work 

out 

+ 1) « (^’ - y)e - ®, + *) = {y" - 2y' + y)e ~ * 

we get by substitution in (14a) 


x{y" - 2y’ + y) + {k + l)(y' - y) (k - x)(y ^ y) ^ {k + l)y 
and this is in fact identical with (12). 

By (13) the corresponding formula for our polynomial w is 


d^i + i f 


dn + l 

pP — (fM + ip - P' 


’) 


(16) 


We now write down the condition of orthogonality for any two proper 
functions i/^nim and i/^n'Z'w' according to eqn. (15a), § 5 : 



when n ^ n\l = V and m = in 
simultaneously. 


Since by § 6, B this condition is already fulfilled by the and B- 
components of the ^’s, unless w « m' and I = I* simultaneously, in order 
to find the additional condition for the r-component we must set m' ^ m 
and V ^l. We get (by definition, E is real) as the radial condition of 
orthogonality 

= 0, n’ 4= » . . . (16) 

Finally, for n' ^ n,V ^ I and m = m we get from eqn. (15b) of § 5 a 
normalising condition for the functions E. Taking into account the method 
of representing E in (13) and the changed notation for the quantum 
number, we get for it 

(17) 

+ . . . (17a) 


(17) determines the normalising factor N^; the factor 



which arises 


through the transition (4a) from r top is due to thq, circumstance that our 
normalising condition refers to the variable r while we have obviously to 
effect ohr integration in the variable p. 

To calculate J we express one of the two factors L as a differential 
quotient and combine the other with the power of p into a whole function G. 


-i: 


G« 


+ » + »• 




G« + , + , - (»*'' + - op« + « + » + + > + . 


(17b) 


J 
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Integrating {21 + 1) -times by parts and again writing down only the 
highest powers of p we obtain (the factors e ~ ^ and p 2 (i+i) make the terms 
not under the integral sign vanish) 

J =. + * + > + 6p» + < - a(2i + l)(n + I + 1)^" + ' +. . .}e-‘‘Ln^.idp, 

that is, if we use the form (14) for Ln ; 


n + l + i 




+ [» - «(JJ + I)(« + I + !)>•♦ ' + . . • '< -)ip- 

Integrating by parts (n + Z)-times more we get 

( - 1)” + =» a(n -f Z 4- 1) ! I p” + ^ + ’e ~ ^rfp 

+ {6 - a{2l + l)(n + I + l)}(n + Z) ! p” + ^<5 - ^dp 


(17c) 


while all the later terms of the expansion vanish in the integration by parts. 
(17c) is equivalent to 

( ~ = a[{n 4 Z + 1 ) !]2 + {6 - a{2l 4 l)(n 4 I 4 l)}[(n 4 1) I]* (l7d) 


By (17b) and (14) the values of a and b are 


a 


(- 1 ) 


in + 1 . 


(n 4 Z) 1 
n - Z - 1) 1 


b 


= (- 1)^ + ^-^^ 4 Z) 


(n - Z ~ 2) ! 


Substituting in (17d) we get 

^ 2n[{n 4 Z) l]^ 

_ Z - 1) I 

This determines our normalising factor Nf. For by (17) 

^ /2\»(w-Z-l)I 

NJ“Vro/2n[(n4Z)I]«' * ’ 


(18) 


(18a) 


(6) E > 0, Corresponding to the Hyperbolic Orbits of the Earlier Theory 


We now set 


+ 


and get asymptotically by (3) 

m E 

3r^ 


0, B » e ± 


• (19) 


It is not possible to make a choice between these two soktions, as 
neither becomes infinite for r » 00 (indeed, they both vanish, as a more 
accurate estimate will show). This already shows the greater manifold 
of solutions compared with the case (a) and expresses itself in the form of 
a eonHmms sdiution. Analogously to (a) we now set 

VOL. 6 ^ 
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p = 2r/ro «■ 2 JAr, E « « 

E' s= e ± R" “ 6 
and find for v the differential equation 

which is analogous to (7). The assumption (7a) gives, as before, y « i as 
the only possible characteristic exponent at the zero point. But the 
“ poljmomial method ” now fails on account of the imaginary coefficients 
in the differential equation. Nor would it lead to the desired end, since 
a polynomial, when multiplied by e ± would become infinite for p = ao . 
If we actually insert the assumption (7c) in (21) and equate the coefficients 
of p' + ^ ” Ho zero, we get the recurrence formula 

{(v + Z + l)(v + Z) + 2(1/ + Z + 1) - Z(Z + l)}a, + A 

=* I + «> + z + 1) - I ■ 

If we wished to force the series to end, we would obtain an 
B 

imaginary value for — which would contradict our present assumption 
VA 

about A and E, respectively. Consequently A and hence also E remains 
indetemdnate. We now have a continv/ous spectrum of proper values 
E > 0, which follows continuously on the limit of E - 0 of the discrete 
spectrum. 

It is a particularly beautiful feature of Schrodinger’s theory — and 
surprising from the mathematical point of view — that it connects the 
continuous spectrum by an uniform analytical process with the line- 
spectrum of hydrogen. The older theory (cf. Atomhau, Chap. IX, § 7) 
required special though quite plausible physical assumptions to achieve 
this. 

By (20) the radial component E of the proper function now becomes 
00 ® 

E = 0,/)' + * + oy + » . . (23) 

0 0 

The a^’s are here to be calculated from (22) ; the fact that the coefficients 
in the se<^nd term of the summation are conjugate is directly clear by 
(22), if we choose to be real and equal in both terms. The appearance 
of the infinite series in (23) introduces no difficulty, and cannot affect the 
postulate that the proper function must remain finite for p « oo . For 
we saw above that the two asymptotic particular solutions of E remain 
finite for r » <x> ; but the particular solution implied in (28) which is finite 
at the zero point is linearly composed of these two* The present case is 
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different from that treated under (a), in which one of the two asymptotic 
particular solutions went to oo like e + 

It is easy to estimate the asymptotic behaviour of E to a second 
approximation. For if we set 


R « oe ± (23a) 

and treat a, according to method given in eqns. (13c) of § 2, as a slowly 
variable quantity, we get from (3) the asymptotic differential equation 


with the abbreviation 


da I ip 

— q- d s= (j 

(ip p 


/3 = Bro = 


B 


VA 

and obtain from it by integration 

log a = - (1 + p) log p + const. 

const. . ^ 

a = e ± 


. (23b) 


So we see : infinity is, indeed, an essential singularity for the proper 
function E, but if we move towards this point along the real axis, E 
certainly does not become infinite ; rather it approaches the value zero 
with decreasing oscillations, as already remarked above. 

Reverting to the original variable r we write the two asymptotic 
solutions contained in (23a and b) in the form 

p 

R = -e ± , (24) 


which is usual for a spherical wave (moving outwards or inwards). In it 
we have set 

k = a =• filogr . . . . (24a) 

C is a complex constant, a a slowly variable real quantity. 

We shall require this method of representation later in a more 
rigorous form to explain the photo-electric effect. 

We have here limited ourselves to prove the existence of the continuous 
spectrum and of its proper functions. This proof, in spite of its elementary 
character, seems to us convincing. We have not needed the more ad- 
vanced analytical devices which Scbrodinger calls into action for the con- 
tinuous and the line spectrum, namely complex integrals and Laplace’s 
differential equation. But we shall explain these methods in Note I. at 
the end of the book. 


B. Two- and One- Dimensioned Kepler Problem 


If we treat eqn. (1) in plane co-ordinates r, <^, that is, eet 

— "h 
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we write the solution in the form 

0 « 


I is an integer, E a function of r alone. We get as the differential 
equation for E 


dm 

dr^ r dr 


(a.2^^.)b = 0 


(25) 


A and B have the same meaning as in (3a), but C is equal to - 

In the case B < 0 we introduce the constant by means of (4) and 
the variable p by means of (4a). Since the asymptotic behaviour of (26) 
is the same as that of (3), too, is defined by the earlier eqn. (6). In 
place of (7) we then get as the differential equation for v 


V + 


/I i\ . ^ r/ ® 

a m 


1 

1 


With the assumption (7a) we find as the characteristic equation for the 
zero point : y (y - 1) + y - = 0, and from this we get again y = + Z. 

The recurrence formula comes out as 


the factor oi Oy^i having the same form as in the earlier recurrence 
formula (8). If the expansion is to cease at the term v = Wr, we must 
now set 


B 


+ Z + ^, 


from which we calculate 


B 


^TT^me^Z^ 

wrnrw 


(26) 


The form of the Balmer term, including the Eydberg constant, thus 
comes out correctly also in the case of the plane Kepler problem ; but the 
quantum number in the denominator is half -integral and not integral. 
Experiment, however, demands integral values. From this we conclude 
as has already been stated in § 3, C : whereas in the older theory 
(I, Chap. IV, M 1 and 7) two, one, or three dimensions could be used at 
will in the Kepler problem, we must use the full number of dimensions, 
three, in treating the problem by wave-mechanics. We must not avoid 
degenerate problems, as was formerly advised by Bohr, but must seek the 
highest degree of degeneracy, that is, here, the three-dimensional problem, 
in applying wave-mechanics and also quantum-mechanics. 

It is interesting also to consider the one-dimensional Kepler problem. 
By this we mean the assumption of one co-ordinate in the wave-equation, 
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for example, the angular co-ordinate (corresponding to the circular 
orbit of the older theory * Eqn. (1) then assumes the form 



Its solution, periodic in </>, is 

if; 

if we take n as integral and make it subject to the condition 



We are troubled with the indefinite denominator r. We can eliminate 
it by making use of the rule of the older quantum theory that the mean 
value of the potential energy is equal to twice the total energy. We shall 
elucidate in Chap. II, § 9, what this rule signifies in wave-mechanics and 
on what it is based. In our case, for which r is constant, it states simply 
that 


r 


2E, 


2E* 


If we substitute this in (27), we get 




that is, 




(28) 


This is again the Balmer term, and in this case n is integral. We thus 
find the same remarkable change from integral to half-integral and back 
again to integral quantum numbers in passing from one dimension to two 
and three dimensions, as we found earlier in § 3, C, for the oscillator, and 
likewise for the rotator. 


C. Ntmerical and Graphical Eepresentations of Proper Functions, Meaning 
of the Quantum Numbers in Wave-Mechanics, Comparison with the 
Ea/rlier Ideas involving Orbits, Spherical and Axial Symmei/ry of the 
Charge Cloud, 

We next give a tabular summary of the proper functions of the Kepler 
problem in the case of discrete states. As a preliminary step we represent 
in Fig. 5 the series of Laguerre polynomials ; the expressions given in the 
figure follow directly from (14). The general formula is 

Iin(») = ( - !)’»(«” - ^x" ~ > + . . .{_i)nnl) (39) 


* We might also introduce elliptio oo-ordinates and, as an analogy to the periodic 
elliptic orbit, work out a solution of the wave-equation which depends periodically on 
one of the two elliptio co-ordinates. 
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To ejcplain Table 1 on p. 71, we further remark that in the ex- 



Fig. 6.— The Laguerre polynomials ; 


pression of the spherical har- 
monic I — 0 makes w = 0, since 
we always have 

I m I ^ Z, 

and that it follows from w = 1 
that Z = 0 and Wr = 0, since, by 
(9a), the relation 

I + Tlr - n - 1 


Lo«l. 

Lj = -a; + 1. 

Lj = 05“ - 4a; + 2. 

Lg « -a;» + 9a;“ - ISa: + 6. 


In the figure and have been 
multiplied by the factors J and , 

6(1 + (v/b) 

which have been chosen thus in order that 
the principal maxima (or minima) of L.^ 
and L3 become equal to ± 1. 


holds. 

We then calculate the length 
Tq defined by (4). By taking (3a) 
and (10) into consideration we get 


r 


2 

0 


^0 


87r% ’ 27r^m6^Z^’ 


n 

• Z 


an 

T 


(30) 


Here a is the radius of the first Bohr circle in the older theory of the . 
hydrogen atom (cf. I, Chap. IV, § 3, eqn. 7), and so a/Z is the correspond- 
ing radius for a nucleus with charge Ze. So our reflections based on 
the theory of functions, in particular our method of asymptotic approxi- 
mation, which led to the definition of the quantity r^, point directly to 
this orbital radius a. 

If we measure r in units of the radius a/Z, that is, set 


our definition (4a) for the variable p becomes 

^ ^ 2 
^ ^ n a n 


(30a) 


. (30b) 


Concerning the values of PJ'* we refer to Pig. 2, § 2, and concerning the 
expressions for B to eqns, (13) and (18a). For example, for n » 1 and 
Z a 0 we have ^ 


BNr 




Z\8/2 




On account of the choice of sign in the case of Nr we can always arrange 
that 0, for example, becomes positive for r 0. The value of ^ in 
the last column hvit one of the table then follows from eqn. (2). The 
last column contains the usual spectroscopic notation of terms and the 


Table 
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allocation to the shells of the fully occupied atom (of. Atombm^ Chap. 
IV, p, 280, Table XVIII), which we express in Bohr^s notation. The 
fact that according to this last column in many instances two different 
shells correspond to om hydrogen state is due to our not having hitherto 
taken into account the differentiation of state due to the “spinning 
electron." 


In Fig. 6 we represent graphically the radial part of the proper 



function 0. The following re- 
lation of great generality is 
shown here: the number of 
zero points between the limiting 
points s =* 0 and s « oo is 
exactly equal to the radial 
quantum number nr. The 
curves K, + Ljjj and 
Mjy + My in Fig. 6 have no 
zero point ; by our Table they 
correspond to the case nr « 0. 
In the case of Lj and also in 
that of Mji + Mjji there is one 
zero point ; for then, by our 
Table, Wr « 1, and the zero 
points in question lie at s « 2 
and 5 = 6 respectively. At 
Mj, two zero points occur, 
corresponding to Wr = 2 ; ac- 
cording to the Table they are 
given by 2s^ - 18s + 27 « 0 
and so lie at s = f(3 ± V3). 

This leads to a simple wave- 


Fig. 6. 


mechanical interpretation of 


The curves represent the normalised radial part 
of multiplied by the factor 

- ^l^e factor n makes the ordinates 

of the curves L have twice the value that they 
are entitled to have according to normalisation, 
and makes the curves M correspondingly appear 
three times higher. 


the quantum numbers ; indeed, 
not only in the case of the 
radial co-ordinate and of the 
Kepler problem but in all cases 
where, using the polynomial 
method, we can apply the 
following definition by forcibly 
breaking off an expansion in 


series, that is, by the degree of the resulting polynomial: quantum 
numbers denote the numbers of nodes in the proper function that lie between 
the limiting points for the co-ordinate in question. This brings to mind the 
analogy of a vibrating string in which the ordinal number of an overtone is 
likewise measured by the number of nodes that lie between the fixed ends 
of the string. 
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According to 0. Perron the proof may be carried out as follows. Let 
Po, Pj, . . . Pn be a system of orthogonal polynomials belonging to the 
interval (a, b) and of degree 0, 1, ... n, such that for every m<nYre 
have 

£p4®)P„(%(a!)(i® = 0 .... (31) 

Here p denotes an arbitrary “ weight-f unction ” which does not vanish for 
a and may be taken e.g. as positive ; the Ps can, indeed, be re- 

garded as defined by (31 ), in which case the numerical factor would have to 
be fixed by a corresponding normalising condition. Let us now assume that 
Pn has only v < w roots ajj, , Xy between a and b, and let us form 

gy{x) = (a; - x^){x - (Tg) ... (a; - a^^) 

Then gfv(a;)Pn(a;) is a function of uniform sign in the interval a to b, and 
the inequality 

jV(®)Pn(®)p(®)<ia! + 0 . . . . (31a) 

certainly holds. On the other hand gy may be compounded linearly from 
the polynomials Pq, Pj, . . . P^ : 

’V 

gy(x) =S ^ C^Pji. 

0 

Hence by (31) the integral in (31a) would have to become egital to zero. 
Consequently v < n is impossible. 

V « n leads to no contradiction, as then one member of the sum 
contains the normalising condition in place of the condition for orthogon- 
ality. Since v > w is excluded by the fundamental theorem of algebra, it 
necessarily follows that every polynomial Pn of an orthogonal system has 
exactly n zero points between a and h. If in accordance with our above 
remarks we identify the degree n of the polynomial with the quantum 
number, this number becomes equal to the number of zero points of the 
polynomial or, as we said before, equal to the number of “ nodes." 

Eeverting to the Kepler problem we add that the weight-function p 
just used has the significance 

in the case of our derived Laguerre polynomial, eqn. (13), as can be seen 
from the differential eqn, (11). ' Our theorem also holds, of course, for the 
azimuthal quantum number Z, which in the case of » 0 specifies the 
degree of the Legendre polynomial P. The fact that this polynomial has 
exactly I zero points between cos ^ - 1 and -f 1 has long been known 

and manifests itself in Fig. 1 of p. 12 : P^ cos 6 vanishes OTwe, 
Pf » I cos^ ^ ^ vanishes twice. In the case m ^ 0 the degree of the 

polynomial belonging to PP (we called it Pp. ^ in § 6) becomes equal to 
I m. Hence the function Pj » sin 6 that occurs in our table has no 
zero point within the interval under consideration. 
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From the proper functions 0 we pass on to the associated charge 
densities which we originally defined in eqn. (16) of § 5. We first 
deal with the general symmetry of this distribution of charge. We then 
see that in the case of the S-terms, that is, for I » 0, the distribution is 
spherically symmetrical, that is, independent of B and ; in the case of 
the P, D . . . terms, that is, for i > 0, no matter whether w « 0 or > 0, 
the distribution becomes axially symmetrical about the polar axis 0 « 0, 
which however is only mathematically distinguished. Concerning the 
last remark we must add that it rests on the particular form 
which expresses the dependence on and in which becomes in- 
dependent of In the case of the more general assumption * 
a fi + ^ e ^ 



Fiq. 7.— Graphical representation of the distribution of charge in the various 
proper states. The function s’F' is plotted as the ordinate, F having the same value 
as in Fig. 6. The L-curves accordingly have their ordinates multiplied four times, the 
M-curves theirs nine times (cf. the remarks attached to Fig. 6). 

the axial symmetry is obviously replaced by an axial periodicity. Further 
we must note that the position of the polar axis (when no magnetic field 
is acting) is physically indefinite, so that the symmetry or periodicity in 
question can occur about any axis in space. This clearly corresponds 
to the spatially indefinite orientation of the orbital planes in the earlier 
theory. 

In Fig. 7,t however, we shall not plot the charge-density itself, but in 

* On account of the normalisation the constants a and b h*ere introduced are bound 
by the condition 

t These curves, like those in Fig. 6, are in the main taken from a paper by L. Pauling, 
Proo. Boy. Soo., 114, 181 (1927). 
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each case the charge integrated over the spherical surface of radius s 
[eqn. (30a)], namely 


P “ 


N 


(32) 


The resulting curves are instructive in several respects. Firstly, they 
illustrate how far the “charge-cloud” (Ladungswolke) into which the 
electronic charge e becomes merged according to Schrodinger (cf. also § 8), 
extends itself. The fact that p vanishes for s = 0 whereas ^ itself had a 
maximum there in several of the curves of Fig. 6, is, of course, due to the 
factor §2 in (32). Starting from s = 0, p either increases directly to a 
maximum or first passes through some smaller maxima to a principal 
maximum^ after which it decreases exponentially as far as infinite values 
of the abscissa. 

We compare this distribution of charge with the shells of the corre- 
sponding njfc-orbits of the older theory. According to the new view these 
shells are by no means thin, sharply defined shells, but very much 
widened regions of continuous space charge, which may even be sub- 
divided regions. But for each of these distributions of charge we may 
define a sphere of mean radius Sm such that it divides the total charge 
into two equal parts. The corresponding ordinate of the charge-distribu- 
tion is exhibited in the figure and in each case lies near the principal 
maximum. If we call this for brevity the radius of the shell, we see 
that the radius of the K-shell is the smallest, the two radii of the L-shell 
are greater, and those of the M-shell are greatest, quite in accord with 
the earlier ideas. 

There is a still further correspondence between the earlier ideas and our 
present view. To illustrate this the dimensions of the hydrogen orbits 
according to the older theory are shown in the figure, namely for the ^ 
K and Lj shells (circular orbits) : they are marked off along the 
a;-axis as dark lines and extend from s *= 0 to the value of s that corre- 
sponds to the circular radius in question. We see that the dimensions of 
the paths of the earlier theory coincide in the main with those of the present 
charge-distribution. 


D. Motion of the Nucleus 

Hitherto we have treated the Kepler problem as a one-body problem. 
We now pass on to the two-body problem. We may deal with it very 
quickly by referring to § 3, E. We start out, as in § 3, E, from the 
partial differential equation (23) in the phase space of six dimensions, 
namely in the space of the co-ordinates of the electron and 
of the nucleus, and build up from them the co-ordinates f lyf of the centre 
of inertia and the relative co-ordinates xyz. The wave-function ^ of the 
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whole problem splits up into the wave-function 0 of the “ relative motion ’* 
and X of the “ motion of the centre of inertia " : 

- ^(xyz)x{iriih 

X ^ Xi - X 2 , . . , {m + M)f = mxi + Majj, 

in which we have called the masses of the electron and the nucleus, as 
usual, m and M. The differential equations (27) and (26) of § 3 hold for 
ijt and X, the significance of the potential energy V being correspondingly 
altered. We write the equation (24) defining the “ resultant mass ft in 
our present nomenclature thus 

111 _ mM __ w i 

^“M + m~l + w/M’ 

Bqn. (26) of § 3 now, too, possesses the continuous spectrum there 
described (cf. also the end of § 1), corresponding to the indefiniteness of 
the motion of the centre of inertia, or the arbitrariness in the choice of 
the system of reference. On the other hand, eqn. (27) of § 3 is identical 
with our eqn. (1) of the present section, except that m is replaced by ft 
and B by B - Ee (Bt = energy of the motion of translation). Conse- 
quently, everything that we have derived about proper values and proper 
functions can be taken over from the one-body problem and applied to 
the two-body problem. In particular, the spectral equation (10) remains 
in force, except that m is replaced by fi. The Eydberg constant B accord- 
ingly now has the value 

•K « -p- - p(l + ^/M) 

It is unnecessary here to do more than point out the beautiful way in 
which this formula has been confirmed spectroscopically (by the small 
distances separating the Balmer and the Pickering lines, I, Chap., TV, 
p. 222). The new theory accounts just as well for this and by means of 
the same formulse as the old theory. But what are we to say about the 
assertion on p. 223 (of the same chapter) that the differences between 
the lines /namely of the Balmer and Pickering series) give us definite 
information to the effect that in our intra-atomic planetary system the law 
concerning the persistence of the common centre of gravity remains in 
force"? Can we still maintain this assertion? For we have pow no 
^planetary system, no concentrated masses or charges, still less in the 
case of the nucleus than in that of the electron (cf. below). Yet there 
can be no doubt that our result rests on the law of the persistence of the 
centre of inertia of mechan cs. It retains its place also in micro-mechanics, 
even if it does not here refer to point-masses but to mean values (of. 
Chap. II, § 9). It is not the certainty of mathematical statements but 
only the vividness of the mental pictures {AiMchmlkhkeit der Vorttelltmg) 


} • 
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that becomes weakened in micro-mechanics as compared with macro- 
mechanics. 

We shall now answer the question as to what “ charge-cloud ” is to be 
ascribed to the nucleus in the two-bodies problem ; the charge-cloud of 
the electron relative to the nucleus will remain essentially the same as in 
the one-body problem. W e shall seize this opportunity to explain the rule * 
given by Schrodinger for defining in the case of several point charges the 
charge distribution to be ascribed to each individually. This rule, 
specialised for our two-bodies problem, runs : keep the co-ordinates 
of the nucleus fixed and integrate the absolute value of the proper function 
'if over all possible co-ordinates x-^y^z^ of the electron. Multiplying the 
result by e, we get the density p.^ of the charge-cloud of the nucleus at the 
point x^yfy By eqn. (33) this gives in our case 

P‘2 — ^ 

= e • • • (35) 

Instead of iCj , . . we may now introduce a; = ajj - ajg as the variable of 
integration, where, by (33), 

m 

C “ Xk) “f* ' TurX) ... 

^ ^ m + M ’ 

So if we neglect the ratio f hence also x becomes independent 

of the variables of integration x,y^z. In place of (35) we may therefore write 

Pi = «lx(^> V, 

But the integral that remains in this is equal to unity by the normalising 
condition, and we therefore get 

Pi = «lx(^- V, 

Now, we had x =* except for a constant (cf. E, § 3), thus | x I “ const. 
Accordingly also ~ const. 

The oh^ge-cloud of the nucleus is uniformly distributed over the whole 
of space to an infinite distance, and of course with the density zero, since 
we must postulate 

jpAa = «• 

In essence this asserts nothing more than that in the absence of 
external fields every point of space is equally probable as the centre of 
inertia of an atom. If the atom is enclosed in a cavity (Hohlraum), the 
remarks at the conclusion of E, § 3, must be observed ; the density of the 
charge-doud of the nucleus becomes finite but is nevertheless still 
appreciably constant in the whole of the cavity. 

E. The Selection Buies for the Kepler Problem 
. The quantities qn, m [“ matrix elements,” eqn. (21), § 5], which lead to 
the selection rules, must now be written with six indices. Combining 

* Sdtxddinger, Collected Papers on Wave Meohanios, Quantisation as a Problem of 
Proper Values, Part IV, 2 and 7 (Blaokle & Son, Ltd.). 
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the oo-ordinates into complex quantities as in § 6 and calling them ^ 7 ;^, 
we obtain 

n'Vm' = 
inlmf n'Vm' “ 

The (^, </>)-components of these quantities agree exactly with the 
corresponding quantities in the case of the rotator in B, § 6 , except for the 
symbols of the quantum numbers (we now feel the compulsion to write 
I, m instead of the earlier m, /x as we must adapt our present notation to 
the requirements of series spectra, whereas the earlier symbols were 
chosen to meet the needs of band spectra). Consequently^ we can take 
over the selection rules for our present quantum numbers Z, m directly 
from the previous section, eqns. (33) and (32). Only the following transit 
tions are allowed : 

. . (37) m . . (37a) 

xw ± 1 

(37) is the selection rule for the azimuthal quantum number, which governs 
the whole theory of series spectra ; (37a) is the selection rule for the 
equatorial or magnetic quantum number, which becomes effective when the 
lines are resolved magnetically. 

We then come to the radial component [r] ; this is the same in both 
eqns. (36), namely 

■ ■ ■ <“< 

in which, by (37), V can only have the two values V = I ±1 and in which 
we now have to denote the normalising factor Nr, used earlier, by or 
Nn 7 ». The question is whether there is also a selection rule for this 
radial component, which limits the transitions of the radial quantum 
number rir or, what is the same thing, limits the ‘'principal quantum 
number " n. We know that this is not the case, as otherwise there 
would be no series spectra. But we must endeavour to understand this 
from the form of the expression (38). 

By (80b) the arguments of Kni and themselves depend on n and 
n\ respectively ; for they are 

2 2 ' 

- * and -,8 respectively, where * — 25r/a. 


r sin 
r cos 


(36) 


Written more fully, and with due regard to the notation of (13), (38) 
becomes- 


M-O.. C.^,„i(|)‘g)‘(|)' 


-(s4)f 


ds\ 


S 


. (38a) 
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We shall now endeavour to apply the simple argument of § 6, A, by com- 
paring the integral S with the condition of orthogonality of the radial 
proper functions. By (16), the same variable of integration s being used, 
this condition is 

in which the “ weight-function ” p(s) has the significance 

p(s) .... (38c) 

For this purpose we combine the first two factors under the integral sign 
in S, after splitting off the factor + 2 , to a polynomial G (of degree n' - 1) 
and write S as follows : 

8 = |"G(s)Lf + ‘(^s)p(»)ds . . . (38d) 

Of course we can now also develop G in terms of the polynomials L : 

n'— I 

G= .... (39) 

0 

But the condition of orthogonality fails us, as it no longer enables us to 
carry out the integration (38d). 

For if, as a result of the comparison with (38b), we make v -h 21 + 1 
^ n + I, that IB, n ^ V -h I -h 1, p becomes dependent on v, whereas in 
(38d) p is to have the same value (38c) for all members of the sum (39). 
Consequently the condition of orthogonality does not here lead to the cal- 
culation of [r] and, in particular, gives rise to no selection rule for the radial 
quantum number. 


F. Questions of Intensity. Lyman and Balmer Series 


The circumstances just described also increase the difficulty of cal- 
culating intensities generally. We therefore restrict ourselves to the 
simplest cases. 

{a) In the Lyman series the final state is w =5 1 , and hence certainly 
i *» 0. In the initial state n' is arbitrary, but by (37) V certainly *» 1 . So 
we have 


= Lj(2») - - 1 [eqn. (29)], 


• m 


If we choose 2 s/n' *■ a; as a new variable of integration and, from now on, 
omit the dash from w' then, by (38a), we have 




n+ I 


(40a) 
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To perform this integration we use a special device. In the exponential 
function we temporarily replace \(n + 1 ) by an arbitrary number a and 
write 

( 2 ) Jo ^ 


S : 


Integrating by parts three times, in which process we may omit the 
terms independent of the integral sign, as they will drop out of them- 
selves in the following differentiations with respect to a, we get, taking 
(14) into account : 

81 = e - “*L„ + ,(x)dx = c - <» “ 'e “ *) 

Further integrations by parts lead to 

poo 

= a^(a - 1)“ + M 

Introducing ?/ = ota; as a new variable of integration, 


fa - + 1 r* 

Si — jo « " "r + = 
and so, by (40b) 


(g - 1)» + 


--(» + !)!, 


Q /”V/ , A {«-!)’* + ■ 

8 = -y(n + l)!^^. A = L^_ 


(40c) 


We next differentiate A successively with respect to a. After three 
differentiations the factor 

(n -f 1 ) ! 

(n -■ 2)'l 

may be extracted. Four differentiations give 

l\n-i 

(^+ l)l" 


(n + l)n(n - 1 ) = 
irentiationf 

Aiv ^ 

^ (n - 2) 1 " a« 
if we now write for a its value i{n + 1 ), 


(n + 2 - 4a) ; 


Aiv « - 2«n 


and so, by (40o), 


(n + 1) ! (w - 1)^ - » 

(w - 2) ! (/I + 1)» + » 


S - + 2 w«^ 


[jn+l) tp(n - l)n ~3 


(w - 2) ! (w -f- 1)** + * ‘ 

In our case (for which we set n » 1, 2 » 0 and n' » n, T » 1) the 
quantity C in ( 88 a) becomes 

C = 


N„oN«,AZy -W 


'aV[(w + 1)1]2(« - l)n -« 




Hence by (38a) 


1 1 
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To calculate the N’s we must use eqn. (18a). For n « 1, Z « 0 we 
also have w « 0 and = a/Z by (30). So that for the final term we get 






If we restrict ourselves to the {-component of the emission (the f- and 
i;-components must yield the same final result), then, on account of the 
selection rule (37a), we must also set m = 0 for the initial term. Eqn. 
(18a) then gives 

_L = i/zy (”-2)! 

Nn 1 


Consequently 


^ ^ _ 4^" V A” “ ^ ^ 

Ni, 0 N„, 1 \aj Min + 1) ! n^{n -t- 1) I 


Substituting in (41), 




{n - 1)« - ^ 
{n - 2) I (« + If + 5 


(41a) 


By the second eqn. (36) this expression is yet to be multiplied by the 

factor [64^]^, which, by § 6, comes out as -i. 

v3 

To obtain a measure of the intensity we must remember that our 
matrix elements {, i, rj signify electric moments M«, My with the 
time factor e^, where w is the frequency of the corresponding spectral 
line. The intensity observed in any particular direction, for example the 
positive direction of z, is calculated from the total moment M by 
differentiating twice with respect to t (cf., for example, I, Chap. I, p. 26, 
eqn. (2)) in accordance with the formula 

^ _ Mil Bin=^ 9 ^ M| + M® ^ 2M* ^ 

47rC^ 4irc* 47rc’* 27rC^ 

6 denotes the angle between the vector St and the direction of observa- 
tion z. 

Now, for the line of the Lyman series 


2irC 


16)r*c*E* “ 


We therefore get for the intensity * 

2Mw + l)!(w- !)»"-» 
“ w2 (n - 2)1 (n -h 1)"* + “ 
or, written more simply, 

T(n - 1)»”-^ 


ni^ri + 1)*” + ^ 


(42) 


* We have cancelled the universal factor hi order to get into agreement 

with Pauli’s result (of. next footnote and Schrddi^er’s CoiUeeted Papers, p. 101). 

VOI. II.— 6 
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Asymptotically for w oo this gives 



as can also be deduced from the correspondence principle for any 
arbitrary series. 

(6) In the Balmer series the final state is w =» 2 and Z « 0 or 1. In 
the first case the selection rules (37) give Z' = 1 for the initial state, in 
the second case V can = 2 or 0. So we have three possibilities which 
have already been kept distinct in I, p. 336, and have been characterised 
by the series notation : principal series, diffuse series (first subsidiary 
series), sharp series (second subsidiary series) : 


n 2, Z = 0 
w' >► 2, Z' = 1 
np 2s 
Principal series. 


w = 2, Z = 1 
w' > 2, Z' = 2 

2p 

Diffuse series. 


w «= 2, Z == 1 
w' > 2, Z' =» 0 
ns -> 2p 
Sharp series. 


Here, too, the intensities may be calculated by the method used for the 
Lyman series, but the working is a little more cumbersome. 

We shall only quote the results. 


1. Principal series 

2. Diffuse series 

3. Sharp series 


j _ 29(n» - l)in - 2)8" 

* n(n + 2)8^* + 8 
2^‘^w(n8 - l)(n - 2)8" - * 
^ ~ ^+"2)8^^^ 

^ 2'^n{n - 2)8" - 8 

3(n + 2)8" + 8- 


As the sum of all three series, which alone is observed in the case of 
hydrogen, one gets 
Total intensity 


1. + 2. + 3. 


J 


27(w - 2)8" ~ 8 
n{n + 2)8" + * 


(15w^ - 32w8 + 16). 


The formulas for the intensity of the lines in the Lyman and the 
summed Balmer series were first calculated by W. Pauli and communi- 
cated by Schrodinger together with a general method of representing 
the corresponding matrix elements as series. Sugiura t has extended the 


calculation to the Paschen series 


Ki - !)■ 


The component series of 


the Balmer lines and a great number of higher series have been 
calculated by A. Kupper.l A knowledge of the component series is 
necessai^ for making a comparison with the observed series of the 
alkalies. This comparison comes out very favourably in the case of the 
absorption measurements of the principal series carried out by Trumpy,§ 


* Collided Papent QuanUiotion and Proper Values, 1X1, p. 101. 
t Joum. de phys., s^rie 6. 8, IIS (1927) ; ZS. f. Phys., 44. 190 (1927). 
:tDiBB. Mtlnohen, Ann. d. Phys., 86. 511 (1928). 

8 Za 1 Phys., 42, 827 (1927 ) ; 44, 575 (1927). 
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if the various alkalies are rationally allocated to the different hydrogen 
series (Li to the Balmer series, Na to the Paschen series, K to the 
Brackett series, and so forth). On the other hand, the emission flame 
spectra measured by Miss Bleeker * do not agree at all with the theory, 
nor do the hydrogen series themselves, which seem particularly sensitive 
to the conditions of excitation.t 

§ 8. Statistical View of the Continuous Charge-cloud. Complete and In- 
complete Shells. Magnetic Moments. Spatial Quantising. Physical 
Applications (Sphere of Action in ColUsions, Supposed Double Eefrac- 
tion in a Magnetic Field, Lattice Forces) 

A. Statistical View of the Continuous Charge-cloud 

We refuse from the outset to take literally the charge-cloud to which 
Schrodinger’s theory leads. Eather we shall retain the well-founded 
view that the electron is point-like in form or at any rate is a configuration 
of sub-atomic dimensions. We are led to this belief by all experiments 
with cathode rays, their passage through metallic films, and the in- 
divisibility of the electronic charge. A theoretical factor also enters, which 
is furnished by the Schrodinger theory itself : in the assumption of the 
wave-equation every electron is treated as a point in the phase space 
and calculations are made with definite co-ordinates that is, 

the electron is not treated as a continuous region. For example, in the 
Kepler problem we set the potential energy between the nucleus and the 
electron proportional to + 2 /^ + z^) in the wave-equation, and we 
thus give the nucleus the definite co-ordinates 0, 0, 0, and the electron 
the likewise discrete co-ordinates x,y,z. If deductions from the wave- 
equation lead to an apparently opposite result, no literal meaning can be 
attached to it. 

Consequently the charge-cloud can have only a statistical meaning. 
Giving up the idea of individual orbits we regard the charge-cloud as the 
sum-total of possible paths of the electron and imagine the average time 
of stay of the electron in each individual position as determined by the 
charge-density at that point. This statistical view, first given a logical 
basis in the papers of Born,! was placed on broader foundations by Pauli, § 
Jordan, II Heisenberg,** Dirac, tt London, !! and others. §§ According to 
them the quantum theory is rooted in the very fact that the measurement 

* According to results kindly communicated to the author by letter. 

t Herzberg, Ann. d. Phys. , 85, 565 (1927) ; cf. also L. Omstein, Physikal. Zeitschr., 
28,688(1927). 

:M. Born, Zeitschr. £. Phys., 38, 803 (1926), 40, 167 (1927J. 

§Of. the quotation in Jordan’s paper, Zeitschr. f. Phys., 40, 811 (1927). 

HE Jordan, Zeitschr. f. Phys., 87, 876 (1926); 40, 809 (1927); 41, 797 (1927) ; 44, 

^ ** Heisenberg, Zeitschr. f. Phys., 40, 501 (1927) ; 43, 172 (1927). 

ttP. A. M. Dirac, Proc. Boy. Soo. (A), 118, 621 (1927). 

tt:F. London, Zeitschr. f. Piws., 40, 198 (1926). 

§SM. Bom, W. Heisenberg, P. Jordan, Zeitschr. f. Phys., 36, 557 (1926). 



84 Chapter I. Introduction to Wave-Mechanics 

of physical quantities is essentially characterised by a lack of precision, in 
that the accuracy of measurement of one of two canonically conjugate 
quantities is conditioned by that of the other (Heisenberg's Uncertainty 
Eelation, Ungemuigkeitsrelation). In applying this idea to Schrodinger’s 
theory the energy and the time co-ordinate are to be regarded as these 
two special quantities. In the proper states the energy is sharply deter- 
mined ; this makes the determination of the time impossible and the idea 
of orbits traversed in time falls out of the picture. Only the average time 
spent by the electron at every point, that is, the density of the charge- 
cloud, allows itself to be determined. 

It is quite in conformity with the sense of these general theories that 
the 0-function is itself a mathematical auxiliary quantity {Hilfsgrdsse) and 
that it is only its Norm * (multiplied by e) that has a real physical mean- 
ing, namely the density of charge p. The 0-function corresponds to what 
Jordan calls the “ probability-amplitude ” in contradistinction to the real 
probability, which is defined as the modulus of the probability-amplitude 
and is generally complex. Simple differential equations do not, however, 
hold for the moduli but for their linear factors, the amplitudes ; — all this 
is analogous to the state of affairs in Schrodinger’s theory. 

We wish to go beyond this and although with less certainty point out 
a closer analogy, namely one which emerges from the relationships in the 
electromagnetic field : here the physical, that is, measurable quantities 
are the components of the energy-potential-tensor, that is, quadratic 
functions of the field intensities. Simple differential equations, namely 
those of Maxwell, do not, however, hold for the tensor components but 
for their linear factors, the intensities. These field intensities may also 
be regarded as mathematical auxiliary quantities introduced for calculat- 
ing the actual physical relationships between the energy and the motion. 

When we called the wave-mechanical density of charge a statistical 
mean of the electronic orbits previously used we did not imply that this 
mean is to be taken in the ordinary way. In wave-mechanics there is 
a finite density of charge, although only small, far outside the region of 
the earlier orbits, that is, in a region where ordinary statistics would lead 
to a zero value. Thus a new sort of statistics is involved which, indeed, 
is related to but not identical with the ordinary statistics of the orbits of 
classical mechanics. 

B. Symmetry of the Charge’Distrihution^ in Particular in the Case of 
Complete Shells 

,When dealing with the Kepler motion, § 7, C, we emphasised that the 
S terms,' that is, the states with i « 0, behave as if endowed with spherical 
symmetry, but the P and D terms {I > 0) behave as if they are only axially 
symmetrical. This symmetry not only simplifies the applications of the 
theory but; indeed, plays the decisive part in representing the physical 
facts (of. the examples treated under E and F). 

*Seep. 84. 
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What holds for the hydrogen atom may be applied qualitatively 
to the more complicated atoms. In them, too, the S terms are 
sph&ricaUy symmetrical For if, following Atombau, Chap. VII, § 4, we 
imagine the dissimilarity of such atoms to hydrogen as produced by a 
centrally-symmetrical but non-Goulombian supplementary field, which 
represents the action of the atomic core on the series electron, this field 
can disturb the course of the qualitative values of the proper functions but 
not their central or axial symmetry. In other words, the inner central 
field will affect the radial component of the proper function but not the 
angular component PJ'^(cos 0) 

The spherical symmetry of the S-terms is immediately obvious in the 
case of the alkalies, where there is only one valency electron in a state for 
which Z = 0 ; the same is true of the alkaline earths with their two valency 
electrons in the same state and quite generally for any S tenn due to the 
superposition of only spherically-symmetrical states {I = 0). The fact 
that a spherically-symmetrical state results from the superposition of 
states that belong individually to Z > 0, so long as the resultant Z is zero 
(namely, the group quantum number Z, see below, under D ; Z «= 0 is the 
general definition of the S term), cannot be proved here. 

Further, according to A, Unsold,* spherical symmetry is realised in the 
case of all complete shells (j — 0). What a complete shell is can be fully 
explained only by Pauli’s t Exclusion Principle {Verhot), which was not 
known when the fourth edition of AUmhau appeared, but which has since 
become of pre-eminent importance in all questions of atomic physics, in 
particular for the theory of the periodic system. It states that in the case 
in which several electrons occur each well-defined state can be realised by 
at most one electron. A state is said to be well defined when it is character- 
ised by four quantum numbers. We best choose as this quartet of 
quantum numbers 

71, Z, m and w,. • * 

The first three correspond to the three degrees of freedom of the electron 
in the hydrogen atom, such as we have hitherto taken into consider- 
ation, namely its three co-ordinates r, ; and it is of no importance 
whether we choose the radial quantum number nr for the r-degree 
of freedom or, instead, the more usual principal quantum number 
w « Wr -t- Z + 1. But what does the fourth quantum number, which 
we have denoted by signify? What is its corresponding degree 
of freedom ? The answer J was not directly given by Pauli’s exclusion 
principle but its ground was prepared by it : this fourth degree of freedom 
lies in the electron itself, namely in the angular moment due to its spin, 
taken along the same axis as that to which the magnetic quantum number 
m (or expressed more fully mi) is referred. 

*M^nohener DiBsertation, 1927 ; Ann. d. Phys., 82* 855 (1927). 

t Zeiteohr. f. Phys., 31, 766 (1926). 

i Hypothesis of Z^udsmit and Uhlenbeok, Physioa 5, 266 (1925). 



86 Chapter I. Introduction to Wave-Mechanics 

If we further add that the number mg is to be capable * only of the two 
values m, « ± we may define the conception of a complete shell thus : 
it is formed by electrons of aU those states m, mg which far given values of 
n and I are possible according to PaMs exclusion principle. The number 
of these electrons is 2(2Z + 1), in which the factor 2 arises from the two 
possibilities for whereas the factor 22 + 1 corresponds to the sum-total 
of integral values of m that result from the condition - Z g w g + Z.t 
We write down a first approximation to the proper function ^ and the 
density of charge p for any one of these electrons, that is we neglect 
the mutual action of the electrons among themselves (but assume the 
action of the inner central field to be taken up in the radial component E) 
and we also neglect a component which corresponds to the moment of 
momentum due to the spin ; 

E Pr(oos d) E2 [Pr(cos^)]2 

■^-N, N, N*- 

Here E and are dependent on n and Z but independent of m. We also 
assume that E does not appreciably depend on the fourth quantum 

number mg. ^The same then holds of N^, whereas is, as we know, 

equal to that is, it is constant. If we now sum up for the 2(2Z + 1) 
electrons of the complete shell, we obtain, omitting all factors independent 
of w, 

+ 1 

I'”’ 

The notation Pj”** here indicates that of course Pf”' — The 

density obtained by summation in this way is at the same time the 
density of charge that corresponds to the shell, to the same degree of 
approximation as that caused by neglecting the mutual action between 
the electrons. We assert that this density is independent of that is, that 
it is spherically symmetrical. \ 

The proof is based on a theorem of spherical harmonics which has 
long been known, namely, the addition theorem of spherical harmonics : 
if 6, <l> and $\ are two points on the unit sphere and @ their spherical 
distance, such that 

cos ® cos 6 cos + sin 9 sin cos 

^ This is the hypothesis of Goudsmit and Uhtenbeck ; the magnetic moment of the 
electron becomes ^ual to a Bohr mameton. An explanation of the magnitude of the 
meohanioaland magnetic moment of me electron will come quite naturally out of Dirao^s 
theory (Ohap. II, § 10). 

t The use of negative values of m will be found very convenient in the sequel (of. 
Note 1, p. 68). 

$ IJnsdld pit.) starts from the theory of perturbations in proving ’the i^erioal 

symmetry. The simpler method of directly superoosing the densities, used in me t^, 
was indicated early by the author in the Physik. Zeitsohr., 28, 288 (1927). 
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then 

+ 1 

Pi (cos @) = (cos ^)P|^I (cos ey'^^ - (2) 

-I 

If in this expression we set 6 aa and then cos 0 becomes equal 

to 1 and we get 

■ ■ -W 

But by § 6, eqn. (30), the right side is identical with our sum in (1) 

except for the factor — ; by eqn. (12a) of § 2 the left side of (2a) is equal 

to”!. Hence we see that our distribution of charge (1) is in fact inde- 
pendent of By that is, spherically symmetrical. 

The symmetrical form of (2) is generally distorted by writing 

P^ (cos 0) = Pf (cos 6) Pi (cos O') 

+ 2 ^ (oos 6) Pr (cos 6') 009 j 

The advantage we gain by using negative w’s and the exponential forms 
becomes obvious by comparing (2) and (3). We can give our eqn. (2) an 
even more symmetrical form if we pass from the conventionally normalised 
PJ^’s to the rationally normalised functions, that is, those divided by 
N « NtfN^, which we shall call nj”. (2) then shows itself to be 
equivalent to ^ ^ 

n, (cos ®) n,(i) = ^ nf (cos &)■ ny* (cos - ♦’> . (i) 

-I 

In this form the addition theorem comes out directly as a special case 
of a general theorem concerning a method of development in terms of 
proper functions, as A. Unsold (loc. cit,) asserts, with reference to a 
lecture given by the author. Instead of this we may also prove eqn. (2) 
as follows. The left side of (2) is a spherical harmonic of degree 
symmetrical in By <t> and B\ and continuous over the whole surface of 
the sphere, that is, it is a solution of the partial differential ^n. (lb) in § 2. 
The most general form of such a solution is given by the right side of (2), 
if we leave the numerical coefficient undetermined in each term : we 
call it and we must have c ^ The c«»*s may now be succes- 
sively determined thus. As in (2a) we set ^ m and obtain, 

quite analogously, 

+ i 

5^Cm[Pr(*)?-l. a -cose . . . (5) 
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If we make a; » 1, all P^'s vanish for | to | > 0 on account of the factor 
sin’’* d « (1 - and we get 

cim? “ Co 1, 

as it should be by eqn. (2) or (3). By taking the term with Cq in (6) 
over to the right and dividing by 1 - we get from eqn. (6) [cf. (26a) 
of § 6] 

2 c , [ p ;(*)]2 + . . . » = p ;( i ) + . . . 


in which the terms not written down vanish for a; = 1 (the factor 2 is 
due to TO s* ± 1). If we again make a; = 1, it follows that 


' 2P;(1) l{l + 1)’ 

cf. the expression (25) in § 6. But this agrees with the coefiBcient 
1^ - — jyj in (2). And so on. Eqn. (2) may therefore be regarded as 
proved in this way. 


We now understand how much this spherical symmetry influences all 
considerations about the mutual action of complete shells. For a com- 
parison we call to mind the model of the 8-shell developed by G. N. Lewis, 
namely the static octet. On account of its regular cubical arrangement 
this also has a high degree of symmetry such that the dipole and quadru- 
pole moment of its charge-distribution vanishes. But there remain higher 
multipole moments, whose action some writers for a time wished to 
adduce to explain the forces in crystal lattices (cf. § 8, F). In opposition 
to this, however, our theorem states that for every kind of complete shells 
(stable molecules also in general possess complete shells) the multipole 
moments of any order vanish to a first approximation (that is, iflwe 
neglect the mutual action of the electrons). 


C. The Iimmplete Shells and their Magnetic Moments 
We may regard the closed shells, like the former cube of electrons, as 
electrostatic systems : on account of their spherical symmetry there is no 
favoured direction for a possible flow of the charge. The case is different 
with the incomplete shells ; like the former electronic orbits, these may 
be compared with systems of stationary currents. The reason for this 
is given by a relation which Schrodinger * interprets as the equation of 
continuity of electricity and uses for a general definition of the components 
of current. 

Following Schrodinger we start out from the “ time-equations ’* <(13) 
and (13a) of § 5 which we write 


"bu 

Yt 

'hu* ' 

bt 


h 


!. / StT^TO \ 

• 

Jhf Sir^TO A 


( 6 ) 
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We multiply the first equation by u* the second by u and add, observing 
that the member in V cancels, 


- wAw*) 


(6a) 


To rewrite the right side in another form we recall the formal relation of 
Green’s theorem : for any two functions u and u* we have 






” 'fix'’ ^'iix) 


u*Au - u^u* =s div(tt* grad u - u grad u*), 
and so by (6a) 

^(mw*) + div(w grad u* - u* grad w) = 0 . • (7) 

This relation has the form of the hydrodynamic equation of continuity. 
Just as we identified euu* with the charge density />, we shall set 

® “ m "" u) . . . (8) 

equal'to the current density (corresponding to the hydrodynamic density 
of momentum pv). Just as the equation of continuity asserts the con- 
servation of mass in space and time, our e multiplied by eqn. (7) guarantees 
the conservation of charge in space and time : the charge p only alters 
according as it is brought up or conveyed away by the current. As 
Sohrodinger emphasises, eqn. (7) at the same time guarantees the persist- 
ence of the normalisation. For if we integrate (7) throughout space, the 
second member vanishes ; the second then asserts the independence of the 

quantity ^uu^dr from time ; we were therefore justified in normalising it 

generally to unity. 

The above refiections hold so far only for one electron. To be able to 
apply them to a system of several electrons, for example, to a shell ol 
electrons, we recall the transition in § 1 from the wave-equation (11) for 
one electron to eqn. (12) for several particles. This transition can be 
applied to the above time-equations (6); the eqn. (7), which results 
^ from (6) remains preserved in form, but the symbol dw now applies to 
the co-ordinates x^, ya, Za of aU particles (if the masses of the particles 
differ, the factor m must obviously be distinguished by an index a and 
must be written after the symbol dw). Thus the conservation of charge 
so far occurs in multi-dimensional phase-space; S is similarly defin^ 
multi-dimensionally, in accordance with the generalised meaning of the 
gradient.” We can at once, however, arrive at a three-dimensional 
equation of conservation for the charge of a single particle if we integrate 
with reeq^ect to the co-ordinates of the others. All members of the 
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expression under div that refer to the co-ordinates of these other particles 
vanish ; the eqns. (7) and (8) and the signs div^ grad again hold in the 
original three-dimensional sense if we take and u grad u* and so forth 
to stand for the quantities integrated in the manner indicated. In this 
way we explain the rule already given earlier (§ 7, D) for determining the 
distribution of charge to be attributed to the individual particle and 
extend it by simultaneously determining the corresponding current flow S. 

Just as in § 5, besides speaking of the density p of one state we also 
spoke of the density pnm the transition between the two states n and w, 
so here besides defining the current S that belongs to one state w, we also - 
define a current Snw which is calculated from two states n and m and hence 
belongs to the transition m^n. For this purpose we attach to u in the 
first eqn. (6) the index n, and to u* in the second equation the index m. 
We multiply the first equation by wJi, the second by and get instead 
of (6a) 

and hence, by Greenes theorem, in place of (7) 

^ ft ' 

div {Un grad ul, - Jt* grad w„) = 0. 

This signifies an equation of continuity for the density 

Pnm “ 

Consequently we are justified in regarding the quantity 
e h 

^ 

as a generalised “ current-density.” 

The quantities S *= Snn defined in (8) form the diagonal elements of 
the ” current matrix ” Sn»», that is, a two-dimensional table of quantities, 
whose individual elements are allocated to the transitions (and those of 
the diagonal to the states themselves). 

The current S as also Snm will also have to be regarded as statistical 
quantities : S denotes the probable value of the charge which in unit 
time flows in the direction of the vector S through a unit surface placed 
at right angles to this direction. 

We first apply eqn. (8) to the Kepler problem of one electron in a 
stationary state. For good reason, to be given later, we keep to our 
praotioS of writing the ^-function in the complex form with the factor 
For we see from the general form of the expression (8) that the 
component of S for every co-ordinate, on which ^ depends in a real way, 

e h 

must vanish. For 8 is, but for the factor ~ -g-, the imaginary part of 

m >a7r 

^ grad and the latter is zero unless the differentiation is effected with 
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respect to a co-ordinate which t)oour8 as an imaginary in if/. Let us take, 
for example, the co-ordinates r and 6 in the case of the Kepler problem. 
Here we have 


Thus, 


0 = B.Pr(co8 0)e*«<^, u* ^ 

1^* = E . PJ" (cos e)e - gradr = grad* = ^ 


'dvi* 


U 


r.dK 


jV = R^[pr(cosd)r 


«S = TV(ooad4pr(co8d), 


both of which expressions are real. Hence it follows from (8) that 

Sr ~ S« = 0. 


The state of affairs is different, however, for the <^-direction. 
have 


u grad^ w* 


^ r sin d 'dcf) 
r sin 6 


r sin^ 


For this we 


and by (8) 


e h m|0|‘^ 
ft 27r r sin B 


• (9) 


in which we write ft for the electronic mass in order not to conflict with 
the quantum number m. 

Hence, unless m happens to be equal to zero, the result is a stationary 
circular current about the polar axis ^ = 0, wherever the charge | tji |* 
occurs, that is, really throughout infinite space. 

From the current we pass on to its magnetic moment M, whose axis 
is of course the direction ^ 0. We calculate it according to the rule : 

magnetic moment = current strength (in e.m.u.) times the surface en- 
closed by the current. Corresponding to the specific current is the 

current strength S^do- per “ cross-section ” da (normal to ^), or - S^do- in 

c 

e.m.u. The surface enclosed by the current is ttt* sin^ 6. The contribu- 
tion of da to the magnetic moment thus becomes 

dM = - ~ ^m\il/\hrr sin 0 da = - ~ j~w|0pdT, 


where dr =* Sttt sin 6 da signifies the volume of the circular tube formed by 
rotating da about the axis d « 0. Summing up all such contributions we 

get, on account of the normalising condition [ 1 0 pdr *=• 1, 

e h 
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Thus we get exactly m “Bohr magnetons” [of. I, eqn. 14 p. 249; the 
negative sign signalises the negative charge of the electron]. We agree 
with E. Fermi* in regarding this simple wave- mechanical explanation of 
a relationship demanded by the earlier quantum theory as a beautiful 
confirmation of Schrodinger's assumption (8). 

Before we discuss the general consequences of our result we must 
dispel a doubt that at once suggests itself. We obtained a current S 
differing from zero, as was emphasised, only from our form of ^ which 
was complex in But there is nothing to prevent our passing on to the 
real part of i/r and to write cos nuji or, more generally, cos (m<l> - a) in 
place of According to the above working we should then get =» 0* 
This apparent difficulty is to be explained as follows. Distinguishing our 
polar axis mathematically is only justified if this axis is also distinguished 
physically, for example, by a magnetic field applied in this direction. 
But the use of is then no longer arbitrary but necessary. For in the 
Zeeman effect the magnetic field differentiates the two directions of 
revolution of the electron (that is, the two assumptions and pro- 

cures for them different energy levels (proper values). Thus the above 
calculation is quite legitimate in the case of a magnetic field H and hence 
also in the case of passing to the limit H -» 0 (cf. I, Chap. IV, § 7, p. 242), 
in which the proper functions of the Zeeman effect merge into those of 
the Kepler problem, the direction of the magnetic field, however, remain- 
ing physically distinguished. The fact that wave-mechanic^ gives no 
electric current and no magnetic moment if we consider the degenerate 
Kepler problem, that is, if we do not consider it as a limiting case of a 
Zeeman problem and if we do not use the complex form then necessary 
of the proper function is no fault but rather a merit of wave-mechanics. 
Just as in the older theory the orbits could have any position in space in 
the absence of a magnetic field, so also the electric current of wave- 
mechanics has no definite orientation when no magnetic field is present. 
Since wave-mechanics always takes the statistical mean it can easily be 
understood that in the degenerate Kepler problem it arrives at the state- 
ment 

S = 0, M = 0. 

We can now answer the questions relating to current and magnetism 
in a complete or an incomplete shell. If we calculate to a first approxi- 
mation, that is, neglecting the interaction between the electrons consti- 
tuting the shell, then we may superpose the currents of these electrons 
just as under B we superposed their densities. We shall in fact see in the 
next section that the current and the density together form a higher entity 
(a “ four-vector ”). We also infer directly from (7) and the remarks that 
followed about multi-electronic systems that the superposition of currents 
occurs simultaneously with that of densities. But the magnetic moment 
is calculated from the currents. Consequently the magnetic moment is 

* Nature, December, 1926, p. 876. 
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also obtained by superposing the magnetic moments of the individual 
electronic states. Thus it follows from (10) that 

M = %m magnetons (11) 

Hence an incomplete shell is in general pa/ramagnetic ; (11) gives the 
component of the paramagnetic moment in the direction of the magnetic 
field. We see at the same time that the complete shell is non-magnstic (or, 
better, diamagnetic) ; for in this case, in virtue of Pauli’s exclusion principle, 
%m becomes equal to zero, since in such a shell m assumes in turn the 
22+1 integral values between — 2 and + 2. The last assertion still 
remains unaffected if besides the magnetism of the currents S (of the 
“ revolving electrons ”) we also include in our calculations the magnetism 
due to the rotation of the electrons themselves. For the latter contri- 
butions cancel in pairs since by Pauli’s principle the total number of 
electrons in a complete shell is 2(22 + 1) and for every electron with W/ 
and m, there is another with m and m, = - -J. 

D. Individual I and Group Quantum Number 2. Spatial Quantising 

The relationships described above may be simply epitomised as 
follows. In the case of one electron with a given 2 we interpret the 2 as a 
vector (moment of momentum of the revolution of 
the electron in the old sense or of the current in the 
present sense). The magnetic moment of the cur- 
rent in the direction of the ^f-axis is determined by 
the projection m of 2 on this axis. To the 22 + 1 
possible values of m, namely — I ^m ^ +2 there 
correspond 22+1 possible positions of 2, as repre- 
sented in Fig. 8, in which, of course, every posi- 
tion can be rotated about the 2 -axis on a cone. 

In this way we arrive at the analogy in wave- 
mechanics to the spatial quantising of Chap. II, 

§ 8 (Vol. I). The flow is, so to speak, latent until 
we direct it by means of an applied magnetic field 
and even then shows only the component of its 
moment in the direction of the axis of the magnetic spatiaJ quantising, 
field, that is, the projection m of the moment Magnetic quantum num- 
vector on this axis. Our figure goes a little, but 
not essentially, beyond the analytical facts of wave- 2=3, m»0, ±1, ±2, ±8. 
mechanics and summarises it in a convenient form. 

Besides 2 we shall now take into account the electron spin that is, 
in addition to mi (whidi we have hitherto denoted simply by m) we con- 
sider the magnetic quantum number m* which ± -J. The sUm of these 
two, w » m? + wif, is then no longer integral with the maximum values 
± 2, but half-integral with the maximum values ± (2+i) and ±(2~-t). 
The number of values of m is no longer 22 + 1 but 2(22 + 1) on account 
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of the additional possibility introduced by having the two values ± 
as we have already seen at the conclusion of the previous section 0. 
We divide this number into two groups of (2/ + 2) and (2/) values, 
respectively, and assign them to the two values 

; « Z + s » i ^ and y = |Z - s| = |Z - . . (12) 

respectively. 

Thus by taking into account the spin of the electron we arrive by 
means of wave-mechanics (or pseudo wave-mechanics) at the “inner 
quantum number “ j which played the principal part in systematising 
spectra in Chap. VIII, Vol. I. The new feature is that we now introduce 
this number for the individual electron itself, so that it occurs even for 
the H-atom, whereas we earlier believed it to be necessary only in dealing 
with the structure of multiplets. 

If we imagine Fig. 8 to be constructed with the half-integral num- 
bers y =3 Z ± ^ in place of the whole number /, then the corresponding 
m mi + mt follows j in becoming half-integral and there are 2y -f 1 of 
them for each of the two values of y, that is, as above indicated, there 
are 2i + 2 or 2Z of them respectively. In the case I = 0 (S-term) the 
negative value of the two y- values, j ^ of course drops out, as is 
indicated in (12) by the vertical lines. Thus the S-term shows itself to be 
simple and all other terms double, like the alkali terms. 

After Land4 had repeatedly called attention to the alkali-like character 
of the Bontgen terms and after the Bontgen terms (since 1916) had been 
recognised as being hydrogen-like, the alkali-like doublet character of 
hydrogen terms was generally recognised in 1926 simultaneously with 
the discovery of the spinning electron. This necessitated numbering the 
fine-structure levels with two quantum numbers j (half-integral) and I 
(integral) instead of, as earlier, with the one quantum number I + 1), 
As a result of this the selection rules become modified and we get certain 
weak but experimentally proved components of the fine structure, as well 
as of the anomalous Zeeman effect and of the Paschen-Back effect — all 
in agreement with what occurs in the case of the alkalies. We shall 
revert to these points in the next section. Here we wish to emphasise 
only that the systematic structure of spectra becomes beautifully com- 
pleted by the new classification of the hydrogen lines : the “ Alternation 
Law ” * (Wechselsatz, AUmbau, Chap. VHI, § 2, and I, Chap. VI, p. 380) 
now holds without exception down to the first elements of the periodic 
system ; lithium, which has a doublet spectrum, is followed by helium 
with singulet and triplet spectra and finally by hydrogen with a typical 
doublet spectrum. 

Wenow pass on from the individual electron to a groti^ ofeUctronSt but 
for the present we shall leave out of account the electronic spin. The 
electrons may have the same I or different Z’s and may belong to the 
same shell or to different shells (i.e. have the same or different n’s). 

* Tkm Lectures on Atomic Physios, A. Sommerfeld, p. 89 (Methuen & Co., Ltd.) 
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They will be referred to the same magnetic axis : their mutual action 
(so far as it is not included in the central field mentioned on p. 85) will 
be neglected as in § B and C of this section. The currents S then 
simply add up arithmetically, and hence also the magnetic quantum 
numbers m [see eqn. (11) in C]. Thus we obtain for the “ magnetic 
quantum number m of the group ” 



where the index v distinguishes the different electrons. If we now 
define the “ azimuthal quantum number 1 of the group ” as the positive 
maximum of the possible values of m (this is the same definition as, 
according to Fig. 8, holds for the individual ly in relation to the possible 
values of m,.), so we have for I the relation 

i = (14) 


The arrow signifies that we must compound the Z„’s vectorially, with the 
limitation that is to have only such positions with respect to the 
magnetic axis as make its projection on this axis integral (« m,.), in 
accordance with Fig. 8. Then we also get for the projection of I on this 
axis an integral value, namely the value of m from eqn. (13). Accord- 
ingly eqn. (14) is to express that I can assume all positive integral values 
that may be formed by addition or subtraction of the lyS : 

W ^ 2 ^ Anin (l^a) 


As an example, we consider two electrons with, say, 


Then, by (14a) 
thus 


- 1 , ^2 = 2 . 

+ 1^2 - ^ll» 

/ = 3 or 2 or 1. 


In spectroscopic nomenclature this means either an F-term (I =» 3), a 
D-term (Z » 2), or a P-term (l - 1). On account of the altered notation 
for the azimuthal quantum number Z = A; - 1 we now get the following 
Table 2 in place of the earlier Table 47 {Atomhau, p. 496), using capitals 
instead of small letters for the term-symbols (following an American 
suggestion) : 

TABLE 2. 


u 

0 

1 

2 

8 

4 

6 ... 

s- 

p- 

D- 

F- 

G- 

H- . . . Term 


This table states that in the case of several electrons it is not the 
azimuthal quantum number I of a single “ radiating electron” (“ Leucht- 
elektron ”), but the azimuthal group quantum number Z that is to deter- 
mine the symbol and character of the term. This is logical since, for 
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example, the number of magnetic separation terms and hence also the 
quantum weight of the term (cf. AUmbau, Chap. "Vin, p. 651), the electron 
spin being disregarded for the present, are given by the group quantum 
number 1. As a test we apply this to our example. The F-term has 
seven magnetic levels (w « ± 3, ± 2, ± 1, 0), the D-term five (w » ±2, 
± 1, 0), the P-term three (m = ±1, 0) ; in all there are fifteen levels. 
The same number results from combining all possible values of 
(namely three) with all possible values of (namely five). 

The preceding remarks are, of course, very incomplete. The arrange- 
ment of terms into a system can be described more exactly on the basis 
of the more accurate theory of the magnetic electron, which we shall 
develop in Chap. II, § 10. We shall then find that the “orbital moment 
of momentum” (Bahnimpids) of the individual electron is not equal 
to the azimuthal quantum number 2, that is, a constant, but that only the 
quantity which appears in the place of j occurs as the real constant of 
integration. In the case of several electrons the same would be true of 
the group quantum number I and the inner quantum number j which is 
related to it. Nevertheless the preceding rules give the lines along 
which the theory of spectra has developed and according to which we 
shall have to be guided in future in dealing with complicated spectra. 

E. Sphere of Action in Collisions. Supposed Double Refraction in the 
Magnetic Field 

As we have seen under B the charge p is spherically distributed in 
the case of S-terms (I — 0) and in the case of a complete shell {j « 0). 
The first case occurs in the ground state of the hydrogen atom and of the 
analogous alkalies. The second case occurs, for example, in the ground 
state of helium and mercury but also in the case of the molecules such 
as Hj, O 2 . Like the charge so also the fields of force of such atoms 
or molecules are spherically symmetrical. We must therefore conclude 
that collisions between atoms and molecules, since they are governed by 
the reactions of the fields of force, take place as in the classical kinetic 
theory of gases, that is, in the manner of isotropic spheres. 

In contradistinction to this the symmetry of earlier atomic models 
was not the symmetry of a sphere but that of a disc, for example, in the 
ground state of the hydrogen atom, where the dimensions of the atom in 
the plane of the revolving electron would at any rate have to be greater 
than in the perpendicular direction. 

In the Stem-Gerlach experiment we have a means of directing these 
supposed atom-discs parallel to each other. For if the paramagnetic 
moment (equal to one magneton in the case of the H-atom and of the 
alkalies in the ground state) were due to the revolving electron (in reality, 
it is due to the structure of the electron), the magnetic axis would have 
to be normal to the orbital plane and would have to set itself parallel or 
anti-parallel to the lines of force of the external magnetic field. This 
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adjustment has actually been proved to occur not only in the case of Ag 
and the alkalies (of. Atomhau, Chap. II, p. 146) but also in the case of the 
H-atom.* This phenomenon is also to be expected from the standpoint 
of wave-mechanics, as we saw in the preceding section, except that here 
it does not require the radius of action to be different in different 
directions, as on the older view. 

An experiment by E. Fraser t with the positive rays of hydrogen has 
a bearing on this. The H+-particles (protons) are surrounded by a 
spherically symmetrical field, according to the older theory, as well as 
according to wave-mechanics. Their presence would therefore weaken 
the chance of a decision between the truth of these theories, so an electric 
field was used to deflect them from entering into the actual region of 
experiment. The neutral H-particles fell on to a thermopile and were 
counted by means of the deflection produced in an attached galvanometer ; 
this was done with and without a magnetic field alternately, the magnetic 
lines of force being parallel to the direction of the positive ray. According 
to the older theory the collisions while the magnetic field was acting 
should occur more often and hence the galvanometer deflections should 
be less than when the field was off, as with the field on all H-atoms 
would present the whole face of their discs to the residual gas (Hg or 
argon), whereas with the field off only a fraction of the disc, depending 
on the accidental orientation of the atom, would come into action as a 
cross-section effective in collision (“ Stossqvsrschnitt ”), Experimentally, 
however, no difference showed itself in the deflections when the field was 
on or off. This agrees with the new theory, according to which the 
H-atom is spherically symmetrical and hence its effective cross-section 
in collisions is not influenced by the magnetic orientation. 

Even in his first fundamental notice about the theory of “ quantising 
of direction in a magnetic field " (“ Bichtungsquantelung im Magnetfelde ”) 
Stern t concluded on the basis of the atomic models then in favour, that 
the magnetic orientation of atoms would necessarily lead to double 
refraction which, if it existed, should already have manifested itself in 
numerous earlier experiments, for example, on sodium vapour. This 
double refraction would be expected to be independent of the strength of 
the magnetic field and to occur also at distances far removed from the 
places characterised by anomalous dispersion. In fact, if all atoms, for 
example, in Na-vapour are magnetically directed, and if a light-ray is 
transmitted perpendicularly to the magnetic lines of force, then on the 
view that the atomic symmetry is that of a disc the two electric com- 
ponents into which the natural vibration of light can be resolved would 
lie differently with respect to the atom ; the component parallel to the 
magnetic lines of force lies normall/y to the orbital plane, the other lies in 
the orbital plane. They would evoke different reactions in the valency 

* B. Wiedfl, Z^twhr. f. Phys., 41, 569 (1927). 

t Pxoo. Boy. Soo., U4. 212 (1927). % Zeitsohr. !. Phys., 7, 249 (1921). 

VOL, IL— 7 
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electron and hence would have different velocities of propagation. In 
other words, magnetic double refraction should occur, independent of the 
magnetic field strength. It has been proved by various experimenters 
that this is not so. The last and most accurate experiments were 
carried out by E. Fraser * and W. Schiitz t with a completely negative 
result. We already know how this is to be interpreted : this negative 
result does not deny the adjustment of atoms in a magnetic field, which 
has, indeed, been proved by Gerlach and Stem’s experiment, but it is 
evidence against the view that atoms have a disc-like symmetry ; in the 
spherically symmetrical structure of the Na-atom in the S-state this con- 
tradiction does not occur. 

F. The Forces in Crystal Lattices 

If we imagine a polar crystal, for example, Na, Cl, to be built up of 
ions of both signs, then Coulomhian attractions are exerted between 

neighbouring atoms. The 
crystal would collapse into 
itself, if there were not also 
repulsions to balance these 
attractions. It was formerly 
believed that such repulsions 
could be derived from the cube 
conception [Atomhau^ Chap. 
Ill, p. 187). But this deriva- 
tion was unsatisfactory as it 
assumed that the cubes were 
placed parallel to each other. 
Moreover, the multipole 
moments used in it do not 
exist at all, according to wave-mechanics (cf. the end of § 8 B), since 
all the ions that come into question here consist of complete shells and 
have therefore spherical symmetry. The cube idea must be dropped, not 
because it is static — so is the charge-cloud of the complete shells, accord- 
ing to wave-mechanics — but because it has too little symmetry. 

On the other hand, the idea of the continuous charge-cloud accounts 
without artificial assumptions for the repulsive forces and their actual 
magnitude. But we shall not take as our example Na Cl, in which the 
cation Na + and the anion Cl ~ are approximately equal in size (Na + is 
smaller than neon, because its electron shell is contracted owing to its 
having excess of one in the nuclear charge, whereas Cl *" is somewhat 
larger than argon, since its outer electronic shell is extended owing to its 
defect of nuclear charge compared with argon), but we shall assume the 



Phil. Mag., 1, 886 (1926). 


t Zeitiohr. f. Phya, ^ 868 (1926). 
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cation to be a point or at any rate very small compared with the anion ; 
so we ’shall think of, say, Li Cl (the K-shell of Li+ is smaller even than 
that of He). 

• In Fig. 9 we represent diagrammatically the extended charge-cloud of 
the anion as results, for -example, in the case of Cl “ from the super- 
position of the charge-clouds of the K-, L-, M-electrons and we follow the 
cation (proton or in our case Li-ion) while it penetrates into this charge- 
cloud. Let the Cl-nucleus with its charge of -f 17 elementary units be at 
the origin of co-ordinates ; the charge-cloud represents in all the charge 
- 18. When the proton is at a great distance from the Cl-nucleus 
the charge-cloud is very thin (the proton here experiences the Coulomb 

attraction ^ which corresponds to the difference of charge 18 - 17 = 1. 

In the figure this attraction is drawn as a broken curve, not only for 
great distances from the nucleus but also by extrapolation for small 
distances, where it represents only a part of the action of the forces. 

For when r is diminished the parts of the charge-cloud that lie outside 
the sphere of radius r drop out of the calculation, since a spherical shell 
carrying a charge distributed with spherical symmetry exerts no 
Coulomb force on a point inside it. Hence the attraction is diminished. 
Instead of this we can also say that a repulsion becomes superposed on 

the Coulomb attraction i ; this repulsion is represented in the figure by 

the continuous curve. For great distances of r it is small, like the 
density of the charge-cloud, but it increases as r decreases; in our 
17 . ■ . . . 

case it increases to the amount ^ in the immediate vicinity of the nucleus. 

Thus the repulsion finally outweighs the attraction and there is a distance 
Tq corresponding to the point of intersection P of the broken and the con- 
tinuous curve, where the repulsion and attraction balance. This is the 
position of equilibrium of the proton or of the Li+-ion in the charge- 
cloud of the anion. More extended cations such as Na + will also find 
a similar position of equilibrium. 

A. Unsold * shows that this meets the facts by using as an approxima- 
tion in the vicinity of r =■ Tq a power of r “ According to Born and 
Land6’s cube conception n should equal 5 for an ion with an outer L-shell 
and for a point-like cation. The wave-mechanical explanation, however, 
gives a value for n that increases systematically with Tq and in parts 
exceeds 5 and in other parts falls below 5. The values obtained by 
observation do the same, as can be seen from the crystal lattices ori 
according to E. Mecke, from band-spectra. 


Zeitsohr. f. Phys., 43 , 568 (1927). 
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§ 9. Balatiyistic Generalisations. The Principle of Variation. Applica- 
tion to the Kepler Problem i 

Nowadays we must demand of every mathematical-physical method 
that it satisfy the principle of relativity. In our case we may regard this 
.as^ nsferring particularly to the postulate of invariance with respect to 
Liorentz transformations, since gravitational forces play no part in atomic 
events. The general principle of relativity therefore becomes restricted 
in our oases practically to the special theory of relativity. 

Further, in extending wave-mechanics relativistically we shall deal only 
with the one-electron problem, not for reasons of simplicity but chiefly 
because the relativistic formulation of the many-electrons problem still 
seems to offer unresolved difficulties. 

We shall proceed by first formally generalising the form of the wave- 
equation so far used : later we shall give a method of derivation in the 
sense of the optical analogy of § 1. 

It is particularly important that at this juncture we shall learn how 
to fit magnetic forces (more generally, forces without potential) into the 
wave-equation. 

, A. The Belativistic Form of the Wave-equation 

Instead of the co-ordinates x, y, z, t hitherto used, we now take the 
space-time co-ordinates 

a?! = jr, ajg « y, = z, x^ = ict, 

* In them eqn. (13) § 5 becomes 


o 

s: ijm^c 87r%(jT7 n 

• • • ( 1 ) 

in which we have written mg (the rest mass of the electron) in place of 
the previous m. 

To represent the electromagnetic field acting on the electron we use 
the “ four-potential " (Viererpotential) whose components Oj, . . , we 
shall define^ in terms of the usual vector potential A and the scalar 
potential 

♦i- <I>^ - • • (2) 

where oc is the fine-structure constant of I, eqn. (9), p. 213, so that 

oc 2ir e 
e he 

Between and the potential energy V included in (1) [<^ is referred to 
the charge 1, V to the charge e] there is the relation 

•- V - Bo, Bo - (8) 

* Tha factor here inaertad will be found useful lateri 
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In actual fact the value V « = proper energy is that corresponding to 

the value « 0 (field-free electron). From (2) and (3) it follows that 

( 8 ») 

We also mention the well-known subsidiary condition 

4 

Div = 0 . . . (3b) 

1 

which has to be imposed on A and when they are introduced, in 
order to make their definition unambiguous (eindeutig). 

If we substitute (3a) in (1) and use the abbreviation 


+ - 0 . 


We simplify the following calculations by introducing the differentia- 
tion symbol 

= (5») 

suggested by the factor of 2A. 

This symbol is to be used not only for A: =» 4 but also for A; =* 1, 2, 3. 
If, as in the problems so far considered, A « 0, fit, of course, becomes 
identical with with A; =» 1 , 2, 3. Our eqn. ( 6 ) referred only to such 
problems. We remain in agreement with it if we re-write it in the form 


It 

+ 2A(04 - A)|w = 0 . 


So far we have not gone beyond our initial equation ( 1 ), nor have 
we yet attained our goal, namely to achieve symmetry in the four 
co-ordmates, ajj . . . aJ 4 , as is demanded by the principle of relativity. 
To do this we must modify ( 6 ) by terms that vanish when c oo , or, 
as we may also say, by terms that are small compared with E^. We 
first note that since u depends on the time in the manner expressed in 
eqn. ( 11 ), § 5, we have 

— „ ^ ^ aEp 


Since further E^ [cf. (3)], we also have 
. _ . ^ aEn , , ,, , ^ a 


I ^4 K ^4 ‘ 

Hence we may also set 2 A O 4 +'A. 


aEo . « A 

i.e. 04 *-^ A. 


( 6 a) 
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If we substitute this in (6), then 
8 

4 - 0 / - = 0 

or 

4 

{2n|-A^}« = 0 . . . . (7) 

The symmetry required by relativity has now been fully attained ; what 
we have added to the original form of the wave-equation are only such 
correction terms as vanish in passing to the limit c -> oo. 

We could carry the symmetry of eqn. (7) a step further hypothetically 
by writing A « and taking as a symbol of differentiation with 
respect to a fifth co-ordinate Then the five-dimensional wave- 
equation 

4 

^n|M = 0 (7a) 

0 

would arise out of (7). A five-dimensional formulation of the theory of 
relativity was first suggested by Kaluza and carried a stage farther by 
Einstein t and 0. Klein.t 

We return to the four-dimensional form (7) and easily convince 
ourselves that the quantity Clu behaves like a four- vector. The fact that 
this is true of the second component of QUi namely [cf. (6a)] is clear, 
since 4> was defined as a four-vector and w is a scalar quantity. But 
the first component 

also behaves like a four-vector, and is, indeed, like a vector contra- 
variant to the co-ordinate vector. However, in the special theory of 
relativity it is not necessary to distinguish between covariant and contra- 
variant vectors (between parallel and orthogonal projection). Since then 
tlu transforms itself like a four- vector, %Qlu is invariant and « if 

we take 0^ as standing for an operator formed from any orthogonally 
transformed co-ordinates and the corresponding potential com- 
ponents 

We effect the operations prescribed in (7) and write 





* Th. Kaluza, Sitzucgsber. d. PieusB. Akad., 1921, p. 966. 
f A. Einstein, 1927, pp. 28 and 26. 
tt, Klein, Zs. f. Phys., 896, 1926. 
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In summing with respect to the fc-values the member containing 
drops out on account of the condition (3b) and we get, in view of (4), 

1*1 1 
We consider two special cases : 

(a) An electrostatic field, ih&i is,4>j = = $3 = 0, e^<^^ - ia(V - E^) 

= iaU, where U is independent of t and is normalised in the usual way 
(U 0 at oo). By introducing ^ in place of w, which is possible here, 
by setting 

. -Jit 


we get from (8) after a simple reduction 
4,r2 




( 9 ) 


(b) A magnetic field (A + 0) in addition to an arbitrary electric field 
which may or may not depend on the time. We shall consider a more 
special case than (8) by neglecting the relativity correction terms. 

We have then to complete eqn. (1) by adding those terms of (8) which 
contain A, i.e. the terms 


2ia 


a2 


^(A grad u) - A% 


= -^(A grad v) - 


4^, 


We shall strike out the term with since even when the strongest 
magnetic fields are used (as was done by Kapitza) the quadratic effects 
here allowed for are inappreciable. On the other hand, we shall have to 
retain the first term although it has c in the denominator and so 
apparently vanishes for c oo, because e/c is the charge, measured in 
e.m.u., which now takes the place of the e previously measured in e.s.u. 
Thus we have to add this first term to eqn. (1) and, remembering that 
V « Eq + U, we get • 




Wm. 


- t “( E , + X ])«=.0 


( 10 ) 


We cannot here pass on to a spatial ^-equation ; rather, it is characteristic 
of the magnetic effect that it produces a relationship involving space and 
time (of. the Larmor precession). 
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B. The Optical Analogy in the Belativistic Case 

We revert to the beginning of § 1. There (3) was the classical 
equation of energy, (4) the Hamiltonian equation. In place of it we now 
write the relativistic form of the energy equation and the corresponding 
Hamiltonian differential equation. By I, note 16, p. 607, the energy 
equation is, if we use Cartesian space co-ordinates instead of plane polar 

co-ordinates and an arbitrary U instead of the potential energy 11*=* 

of the Kepler problem ; 




where E = + W denotes the total energy. By I, eqn. (11), p. 607, 


A,S = - Vf - Bo^] . (12) 

The arguments of § 1, which there led to (5) and (7) apply here without 
change. Thus the right-hand side of (12) can now be regarded as the 
“ square of the refractive index.*’ From eqn. (6) in § 1 we therefore get, 
taking into account the meaning of Ajq in eqn. (10), § 1, 

M + tJp - U)-^ - = 0 . . . (13) 


This has brought us to our eqn. (9) again, the relativistic equation of 
energy for the case A = 0. In the same way we could have derived the 
general eqn. (8) from the optical analogy, if we had started out from the 
general form of Hamilton’s principle {Atombau, eqn. (68), p. 801), which 
takes into consideration the vector potential A. 


^ C. The Belativistic Four-current 

We take the term four-current * as meaning the vectorial composition 
of the specific electric current and the specific electric charge, namely 

S “ (S*, Sy, S^, icp) .... (14) 

We calculate it from Green’s theorem, as in § 8, 0. To illustrate the 
cogency of this procedure it is advisable first to consider any arbitrary 
linear partial differential expression of the second order and the function 
adjoint to it (adjungiert). 

Let A, B, ... F be arbitrary functions of, say, two independent 
variables x and y\ these functions are to be such that they can be 

* This tenn, introduced by M. von Laue for the electrodynamio vector p-, ip 

having four components is better than the term four-density previously introduced by 
the author. The actual, dimensionally correct four-current is obtained by multiplying 
this eiq)ression by o, that is, it is given by (pT, icp). Our above definition in eqn. ( 14 ) 
oorreqwnds with this. 
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differentiated sufficiently often for our purpose. The most general linear 
differential expression for the dependent variable u is ■ 






Jiu 






(15) 


We multiply it by a second dependent variable v and transform the 
product, term by term, by replacing the differentiations of u by those of v. 
For example we get 


or also 


c ( . c)7A 

- 

-'l - 

x) t)£i;V 




'bAv 


'bxj 


7iAv\ 


3^(Ad) 


- iK‘) - 


‘ Si(”® 5 i) 


'du 

'dy '(ix 
'd ( 'd'Bv\ 

"byy 'dx ) ^xby 


vB. 






"dx^y ^y 


vB 


'^u\ Dw ()Bi 
dxj ^x ^y 


<) / ^'d'uk 'd I 7iBv\ ‘b'^(Bv) 


By summation we get 

.L(^)-«M(.) = ^|* + ^| = aiyS. . . (16) 

with the abbreviations 



M is the differential expression adjoint to L. If M « L, the expression 
is called self-adjoint {selbstadjungiert). The conditions for this are, as 
may easily be seen by working out (17), 


bx 'dy 


’ bx ^ by 


E 


bx^ bxby by'^ bx by J 


(19) 


This case occurs, for example, in the potential expression L(w) ■■ Aw, 
where A«C»»1, B«iD«E=»F«0 and S « z? grad w - w grad v. 
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By integrating (16) over an arbitrary region o- of the a;-^-plane having 
the boundary s we get the generalised form of Green* s theorem : * 


- wM(i;)}d(r = |Snd« . . . (20) 


where S„ signifies the normal component (reckoned positive in the 
outward direction) of the vector S along the bounding curve s. 

The above remarks were intended to show above all how intimately 
the vector S is connected with the differential expressions L and M. 

If we now apply the same process to our four-dimensional case, we 
get by (5a) 


that is, 




1>xt 


V^lkU = - + 5^(W'y) 


( 21 ) 


Here Oj denotes ^ the symbol of differentiation conjugate t to 

Qk‘ By substituting QjbW for u in (21) and, in the same equation, ex- 
changing u for V and 0;^ for til we get 


vQIu = - QknO*v + ^(vOifcw) 


(21a) 


From (21a) we get by subtraction 

vOfw - uQ*v =1 ~ uU^v) . . . (21b) 

We sum up over h from 1 to 4, add the term k^uv with a positive and 
a negative sign to the left side and multiply by a constant y, which we 
shall dispose of presently. We get 

- A> - - A>} = Div S . . (22) 

S* =3 y{vD,iU - -wfliU} 


* For the application of this theorem to the general theory of problems in boundary 
values {unique solutions, representation in Green's functions), cf. Ens^kl. d. Math. 
Wise. li, A, 7o, article by Sommerfelda 

t In the sense that and are to be regarded as real. For ft « 4, only the form 
of n^, not the numerical value, is conjugate to 0.^. 
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Eqn, (22) states : the expression U{v) adjoint to our differential expres- 
sion (7) 

LW = .... ( 22 b) 

is the expression 

M(®) = 

conjugate to L. Ifu satisfies the equation L — 0, then v ^ u* satisfies the 
adjoint equation L*(w*) = 0. At the same time the equation of continuity 

Div S = 0 with S* = 2i4>jbWW*| . (23) 

holds. 

We shall choose the constant y so that if the relativity-corrections be 
neglected, and for a dependence on time of the form 

u \f/e ^ , u* = ij/^e ... (23a) 

the fourth component of S becomes, in accordance with (14), 

S 4 s=s icp = ice[l;\l/* .... (24) 
Now, on account of (23a), we have 

and, on the other hand, on account of (3a) 

ii*^uu* = ^(E„ - V)^* = - . . (23o) 


But U Eq and E E^. Consequently (23c) is to be neglected in 
comparison vsith (23b). If in (23b) we replace E by E^ = which 
is allowed to the same degree of approximation, the postulate (24), in 
which we substitute for S 4 from (23) and (23b), yields 

^irmaC , - . , » 

y — 


that is, 


e ih 

^ ” Wy 47r 


Thus the final definition of the four-current is 


. (24a) 




e h { 'bu* ^bu 
Wq ^Tciybxk ^ bxk 


- 2i<I>jbWW*} 


. (25) 


The first three components merge directly into the current S, eqn. ( 8 ) of 

A , 

§ 8 , defined earlier, if the term in *■ a~ is neglected, as it obviously 

vanishes for 0 oo on account of the f^tor a. Through our choice of 
y we have arranged that the fourth component becomes ip for c oo . 
We may therefore say that our earlier definitions of current and density 
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Are ebown to he juBti&ed hy our relativistic generalisation, as they are 
combined together into the one entity four-current and are intimately 
connected with the wave-equation. 

/• 

D. ThA Principle of Va/riation 
We start from the two eqns. (21a) and form from them 


In view of the notation in (22 b, c) we write for this 

vh{u) + A = Div PI 
t4M(«)) + A = Div QJ * 


Here 


A = SOttAOj-y + A.hiv .... (27) 

a bilinear form in the quantities n, ’buj'dxk on the one hand and of the 
quantities v, 'bvj'bxk on the other. P and Q are four-vectors 

P - vQu, Q = .... (27a) 

which are related to the four-vector S in (22a) as follows 

S=.y(P-Q) . . . . (27b) 

To recognise the general significance of these relationships, it is advis- 
able once again to consider an arbitrary linear differential expression L, 
for example, in two variables x, y. That is, we start from eqn. (15) and 
obtain, after multiplication by v and transforming once (not, as above, 
twice) in the sense of “ integration by parts,” 

vL(u) -i- A = div P 

'duAkv ()Bv\ 'du/liBv 'dCv\ f'd'Dv \ 

^ + -w) ^ yyux + ‘ [ (28) 

P, = .(Ag + Bg + Du), P, = .(Bg + eg + E«) 

In the same way, by starting from the adjoint expression M(tJ), eqn. (17), 
we get (applying ** integration by parts ” in the case only to the first three 
summands) 

vM.{v) + A * div Q 

7)(Bt?) 1- . (28a) 

"bx by 

A is here a bilinear expression in w, v and their derivatives, which is 
simultaneously associated with the two differential expressions L and M. 
If M n L, we have the self-adjoint case, and A becomes symmetrical in 
u and 1 ?. Por, on account of (19), we can then write 


■ 'S— } 
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“■ 005 ^05 \^a5 liy ly 'dx) oy ^ 


^'buv ^Ttuv 


Fuv 


(29) 


At the same time, as can also be shown from (19), Q(w, v) * P(ij, u). 

Integrate (28) and (28a) over a closed region o- in the a5-^-plane with 
the boundary s and the external normal n. By Gauss’s theorem we 
have 

li;L(w)dcr + jAdcr = jPnds j 

• . . (30) 

\u'M.{v)d<T + lAdtr = IQnds 

This pair of equations represents a second form of the generalised Green 
theorem and constitutes the counterpart to the first form contained in (20). 
If L is self-adjoint, this pair of equations reduces to one statement ; for ex- 
ample, in the case of thfe equation of potential A»C = 1, B = D = E«F = 0, 
to the well-known equation 


J 




Fa'**- 


or, respectively, the equation resulting from exchanging u and v in it. 

We now form the variation of, say, the first of the two eqns. (30), 
varying u and v in the interior of the region of integration by arbitrary 
(continuous and sufficiently small) amounts but keeping' « and v 

as also their first derivatives constant at the edge. We obtain 


sJa^o- =» - j*8vL(w)<fo' — j*vL(8w)d(7 


(31) 


We transform the second integral on the right by means of eqn. (20). If 
in (20) we replace u by Bu and take into account that S, accord^g to its 
definition in eqn. (16), vanishes at the boundary on account of Bu » 0, it 
follows from (20) that 

j*t?L(8w)do’ =* |8wM(v)(io-. 

Substitution in (31) gives 


sjAdo- « - |3vL(w)(i<r — |8wM(t5)ef(r . 


(32) 


The variation of the second eqn. (30) leads to the same result. 

From (32) it follows : the variation postulate 

sjAda = 0 (38) 

entails, on account of the arbitrariness of Bu and the fulfilment of the 
two differential equations 

L(w)«0, M(v)«0 (33a) 
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in the whole interior of the region of integration. The state of affairs 
resembles that of classical mechanics, where the Hamiltonian variation 
principle 

h^Adt = 0, A =» Lagrange’s function = Ekin ~ Epot 

is equivalent to the differential equations of mechanics. 

The application of this variation principle to wave-mechanics now 
presents itself at once. If the eqns. (26a) are integrated over a four- 
dimensional region dr with the three-dimensional surface element da, we 
get the “ second form of Green’s theorem ” 


vL(u)dT + 
^^M(v)dT -t- 


Adr = 
Adr = 



(34) 


The “ first form of Green’s theorem ” which results from the integration 
of (22) (in which the factor y may be set equal to 1), would run 

|dL(«)<«t - jMM(v)dT = js„(J<r . . . (34a) 

Variation is then performed on the first (or the second) of eqns. (34) by 
varying u by Bu and v by Bv, but keeping fixed the limits u v, of the region 
of integration and their first derivatives. This gives 

= — j'8t?L(w)(ir - j'vL(8%)dT . . (34b) 

By eqn. (34a), however, we have, if u is replaced by kt, which causes the 
right-band side to vanish 




vL{Su)dT « jSt^M(v)dT. 


Hence it follows from (34b) that 

sjAdr ~ j8t)L('M)dT - ^kiyL{v)dT . 


(36) 


On account of the arbitrariness of St? the postulate 

8|A(Jr = 0 ..... (36) 

is equivalent to the two differential equations 

L(w) - 0, M(v) == L>*) » 0. 

Sohrodinger^ calls A the “Lagrange function of wave-mechanics.” 

As Gordon first pointed out (see the conclusion of this section), the 


* CoUectid The Energy-Momtnktm Theorem for Material Waves, p. 180. 
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components of the four-current may be obtained by differentiating with 
respect to 4». For, by (22a) and (27), 


Si; = iy 




(37) 


The advantage of the variation principle consists, as in ordinary 
mechanics, in the fact that it is independent of the special choice of co- 
ordinates. That is why it will be useful to us in § 11 in transforming the 
wave-equation into arbitrary curvilinear co-ordinates. The variation 
principle has also a practical value for numerical calculations ; cf. the end 
of this section. 

Schrodinger placed at the head of his first paper the more special 
variation principle 

Sjijr-O. A.(|)’+(«)%(g)'-»5^(W-U).- (88) 


in which dr indicates integration over infinite ^/tree-dimensional space. 
We easily convince ourselves that this form of the variation principle 
comes out of (36) if we neglect the relativity corrections and pass to the 
simplest case for which A « 0, and hence [cf. (3b)] U is independent of t. 
Finally we can follow Schrodinger * and give the variation principle 
(38) the following more satisfactory form : 


+ ,38.) 


with the normalising condition 

=. 1 (38b) 

The notation H is to call to mind the “ Hamiltonian function ” of ordinary 
mechanics, that is the sum of the kinetic and potential energies, the first 
regarded as a function of the momenta p : 


H = T+U, T 




Our quantity H defined in (38a) arises from this, if we multiply each 
term by and if we replace 

(of. also Chap. II, § 9). 

By introducing a Lagrangian multiplier, called - W, say, we can 
combine (38a, b) in 

8f{H - W0S)iT - 0 . . . (38o) 


ColUeted Papm^ p. 2. 
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which is identical with (38) except for an irfelevant constant factor. The 
form (38a) of the variation principle is more satisfactory than (38), because 
the energy W does not occur in it but is determined as a multiplier by the 
process of variation itself. 

Starting out from (38a, b) and using a method due to Eitz, G. Kellner * 
hsw calculated the numerical value of the ground term of He and Li+. 
E. Hylleraast later obtained the ground term of helium by the same 
method but with increased accuracy ; his result differs from the experi- 
mental values by only one hundredth per cent., a sign that the methods of 
wave-mechanics are capable of dealing even with the many-electron 
problem. If we wished to treat the same problem analytically (by the 
theory of perturbations) by starting from the differential equation, instead 
of numerically by means of the variation principle, we should have to 
remain satisfied with a much lower degree of accuracy.! We shall revert 
to this point in Chap. II, § 8. 


B. The Belativisiic Kepler Problem 

Since in this case the potential energy is independent of t, we may 
take as our basis the wave-equation in the simple form (9) with 

r 


U = - 


The integration is performed exactly as in § 7. Assuming that 
ifr rs EPJ^ (cos 

we get for E the differential equation obtained earlier : 


^ 2 ^ 
df^ ^ r dr 


+ (a + 2? + = 0 


(39) 


but the constants A, B, C now have a different meaning from that in § 7 
Their present significance follows from the equation of definition [cf. (9)] 


A oB C 


wi 


;[(e ^ - E..] - 



from which we infer 

C - - + 1) + ^ (40) 


These are essentially the same values as in the older theory, I, eqns. (4a) 
p. 609, Note 16. We recognise this immediately if in (40) We set 

E =a Efl + W, Bq » . . (40a) 


*Zeit8ohr. f. Phyi., 44, 91 and 1^0 (1927). 
ilbid,, 48. 469 (19281. and 847 (1929). 
tBat oompan J. 0. Slater, Proo. Mat. Aoad., 13, 428 (1927). 
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for then we get 


A 

0 


47rVi(i + l)h:^ 
hA 47r2 


B ^ 






ZV\ 

c‘^ 


(40b) 


These equations differ from the older equations just mentioned only in the 
unimportant addition of the common factor ^rr^/h^ and in having ¥ 
replaced by l{l + 1), a matter of greater importance. Our present ex- 
pressions (40b), of course, merge into the values (3a) of § 7 when 
c 00 (except in having m in place of Wq and E instead of W, the latter 
corresponding to the normalisation of E and V there adopted). 

To integrate (39) we proceed as in § 7 and substitute from eqns. (4), 
(4a), and (5) 

A /. = 2-, E = e-pPc . . . (41) 

^0 ^0 


and we get for v the differential equation 

B 


V + 




(42) 


It differs from eqn. (7) of § 7 only in having instead of - l{l + 1) the 
quantity C, which differs from it by a correction member due to relativity. 
For by (40) 

C = - ?(i + 1) + a2Z2, 

where oc denotes the fine structure constant. To solve (42) we make the 
assumption 

« = pT^o,p- (43) 

as earlier in eqn. (7), § 7. 

y is here given by the characteristic equation [cf. (7b) of § 7] 

7(y -M) = - C = l(l -t-l) - a2Z2 
from which it follows that 


(r + iY - (z + if - a2Z2, 

+ . . . (44) 

The decisive step is now to set up the recurrence formula for the 
ooefi&oients a, in the expansion (43). Just as in eqn. (8), § 7, the factor 
of Op in the recurrence formula becomes 

, B 

If we equate it to zero for v » the sum in (43) becomes a polynomial 
of degree nr. Taking (44) into account we get 

« nr + + i . . (45) 


VOL. n.^ 
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But by (40) 


If we temporarily set 


B2 

A 




W 
E2 - 


we get by (45a) 

E2 - E^a 

w 






0^2 ^ ^ a2Z‘‘i 
^2 » E2 ” ^ ^2 * 


(46a) 

(46b) 


If we raise the last equation to the ( — ■J)^^ power and insert the value of 
we get [of. also (40a)] 


E. 


= 1 + 


m.c* 


/l + ] 

I [Wr + J(l + ^)2 > a2Z2 + if] 


We recognise the general structure of the fine-structure formula, as 
previously derived in I, Chap. VIII, § 2, eqn. (23), p. 472, or I, note 16, 
p. 608. But there are appreciable differences : in place of the earlier 
/f 2 aai (i 4 . 1)2 ■^0 now have (J> -i- under the root sign, and, in a certain 
sense, as a compensation for this the factor } appears outside the root 
sign. The effect of this compensation is to make the Balmer term come 
out correctly, that is, as in § 7 without the relativity correction : for, by 
(46) we get as a first approximation, when « 0, 


, Woc2a2Z2 Ei^Z2 

^ n2 "“”■712 

with 

^ Woc2a2 ^TT^m^e^ 

But the fine structure is wrongly represented by (46). For, by (45), 
(45b), and (46) we have as a second approximation 


=» w - 


1 a2Z2 


22 + f 


E/iZ2/', 


_ 1 

“ nV n(l + i) 

a^Zy n SNt 

i “ i)} ■ 


) 


. (47) 


If we calculate the frequency difference - AW/^ of the fine-structure 
components for Z ™ 0, 1 . . , w — 1 (n being kept fixed) we get 


for n 


Ba^Z * 

2* 


(4 - 


|Av 


for w « 8, 


fEa^Z* „ 

— (6 - 2) « SAvj 

Ea2ZS„ « 

— gj— (2 - f 
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for w « 4, -{ 


Ra^Z* 

-^(8 - I) « 16Av, 
Ea2Z^ 

- f) « 

Ra^Z* 

AAv3 


The Ai/, Avj, Avg, ... on the right-hand side denote the differences of 
wave-number which in I, Chap. VIII, pp. 478, 479, we calculated 
according to the old formula ; in particular, for Z = 1 Av is the well- 
known hydrogen doublet Avjj, eqn. (1) of I, p. 481. Thus the factors 
in front of Av, Av^ . . . express by how much the new formula differs 
from the old theory. Since the old formula is fully confirmed by experi- 
ment the new formula proves to be appreciably false. 

There is yet another objection * that can be urged against our calcula- 
tion. The S-state {I = 0) exhibits a peculiarity which we must regard 
as depriving this state of its existence. For, by eqn. (44), we have for 
I ^ 0 

y = Ji - a2Z‘^ - i = ^[(1 - 4a2Z2)i - 1] = - a2Z2 + . . . < 0. 

Hence by (43) v becomes oo for p = 0 (very slowly, on account of the 
exponent a2 « 5 . 10 “ but nevertheless cd ). Thus, according to our 
definition of proper functions, all states with I « 0 would, strictly speak- 
ing, be forbidden. 

It is profitable to compare graphically the energy levels here found 
with the true levels. We set Z = 1 and on the left of Fig. 10 we 
indicate the position of the unresolved Balmer terms v = R/w^ (without 
taking account of their absolute magnitude). Next to them we have 
drawn the correct fine structure according to Atombau, Chap. VI, p. 420, 
eqn. (6). We have on the one hand the “ relativity correction for circular 
orbits ” k ^ Uf which displaces the corresponding term (according to 
p. 421, Atombau) downwards by the amount 

1^ 

4 ' 

and on the other hand the “ separations ” (Aufspaltungen) Av, Av^, Av.^ . , . 
for n a 2, 3, . . . and kc^n. In the right-hand side of the figure we 
show how the position of these levels would be displaced by the new 
formula (47). The electron spin (or, as we may also say, the electron 
magnetim) must cancel this displacement and restore the levels to the 
positions occupied in the middle column of the diagram. We have used 
arrows to indicate how this restoration takes place: every level with 
/>0 separates into two parts and moves partly upwards and partly 

* We shall, however, see in Ohap. II, § 10, that this objection can be overcome by 

giving the ** boundary conditions *’ a broader basis. 
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downwards ; only the levels with / = 0 move owZ^ upwards. It is on 
this account that all levels except the uppermost in every fine>structure 
configuration are to be counted as double and belong to two neighbouring 
values of I, This brings us to a notation for the levels, which corresponds 


I Magnitudes of the terms. 



Fig. 10. 

without re- old relativ- new relativ- 
lativity. isHc form, istic form. 

Fine structure of the hydrogen terms. Only 
the elements of each term in Columns II 
and III have been drawn to scale; the 
distances in Column I and the relative 
measures of the different terms have been 
chosen arbitrarily. The new relativistic 
formula is wrong, as it does not take into 
account the “ electron spin.” The correct 
relativistic formula in Chap. II, § 10, will 
confbmi the levels of Column II. 


to the alkali character of the 
hydrogen spectrum emphasised 
in the previous section and which 
is made precise by the quantum 
number y there already introduced. 

We illustrate the further details 
in Fig. 11 that corresponds to the 
hydrogen line Ha. Those levels, 
which are in reality coincident, 
are separated a little in the figure. 
On the left is the notation accord- 
ing to the old theory, the quantum 
number h being used ; on the 
right is the new notation, which 
uses the numbers I and 
in which (cf. p. 93) ± allows us 
to discern the action of the elec- 
tron spin. Further, the term 
symbols s, p, d, which are custom- 
arily used in the spectra of the 
alkalies, have been added ; in front 
of these values (on the extreme 
left) are the values of the princi- 
pal quantum numbers n : the term 
symbols have also a suffix which 
should really be y, that is, half- 
integral but is here expressed in- 
tegrally as y + -J. 

The difference between the old 
and the new notation finds ex- 
pression in the number of allowed 
combinations. . According to the 
old notation there are three (cf. 
Atombau, Chap. VI, p. 432, and I, 
Chap. Vin, p. 485, not only for H, 
line but for all the Balmer lines). 


According to the new notation we have seven possible transitions in all, 
three of the character (pd), two each of the charactet (ps) or («p). These 
seven transitions actually occur in the alkali and Eontgen terms, and 
axe all different ; the notation of the resulting Eontgen lines (L-series) is 
indicated in the middle of the figure by means of the extended Moseley 
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notation which we used formerly ; below it is the Siegbahn notation (of. 
Atomhau, Chap. IV, p. 234), In the case of hydrogen, however, two 
pairs of these seven transitions become identical as they have the same 
initial and final levels ; they have been bracketed together in the figure at 
the bottom edge. There thus remain five fine-structure components for Ho 
and likewise for all the remaining Balmer lines. The two components 
that have been added, in comparison with the old theory, are indicated by 
arrows at the bottom of the figure. Although they are weak they have 
actually been found by Hansen * — without a knowledge of the new 
theory — by analysing his photometric photographs. 

The same is true of the other hydrogen series. The Lyman series^ which, 
according to the earlier theory was to consist of “strictly simple lines” 
(cf. I, Chap. VITI, p. 487) is, from the new 
point of view, a doublet series like the 
principal series of the alkalies. The 
Paschen series and the corresponding 
Fowler series of He+, with its famous 
line X « 4686, were earlier to consist 
of five lines (cf. I, p. 490) ; the new 
view, based on the similarity with the 
series of the alkalies, leads in all to 13 
components [namely, 3 + 3 + 3 + 2 + 2 
transitions of the character (d/), (pd), (dp), 

(sp) and (ps)] of which five pairs, how- 
ever, coincide, so that eight different com- 
ponents remain, that is, three more than 
according to the old theory: Paschen’s 
photographs I, Figs. 114a- 117, pp. 489- 
493, give, in part, direct evidence of these 
three components, as was first noticed by 
Goudsmit and Uhlenbeck, whereas earlier 
their appearance had to be ascribed to an incipient Stark effect, which 
was an unsatisfactory reason. 

The fact that in the photographs of Forsterling and Hansen the 
Balmer lines exhibit the Paschen-Back effect was mentioned on p. 94 as 
a convincing argument in favour of regarding the hydrogen spectrum as 
of the alkali type. 




n m (sp) fps) 1 




U K UU 


4 "j 








t ) 

Fig. 11.— -New quantum nota- 
tion for Ha and comparison with 
alkali and Bontgen terms. 


F. Historical and Critical Bemarks 

The jrelativistic generalisation of the wave-equation was given by 
Schrodinger in his fourth paper on “ Quantisation as a Problem of Proper 
Values ” and almost simultaneously found by various other authors, of 
whom we mention — 


Ann. d. Phys., 78, 658 (1926). 
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0. Klein, Zeitschr. f. Phys., 37, 896 (1926). 

V. Pock, ibid,, 38, 242 (1^6); 39, 226 (1926). 

J. Kudar, Ann. d. Phys., 81, 632 (1926). 

W. Gordon, Zeitschr. f. Phys., 40, 117 (1926). 

Th. de Bonder and H. van den Dungen, Comptes Eendus, July, 1926. 

The relativistic generalisation of the variation principle is developed 
in the papers by Gordon and Fock just quoted. The relativistic four- 
current, besides being defined by Gordon loc. cit., is also defined by 
Schrodinger (Collected Papers , p. 130). 

Also, the new view of the hydrogen spectrum was proposed by several 
physicists — 

S. Goudsmit and G. E. Uhlenbeck, Physica, 5, 266 (1925). 

J. C. Slater, Proc. Nat. Acad., 11, 732 (1925). 

A. Sommerfeld and A. Unsold, Zeitschr. f. Phys., 36, 259 (1926) ; 38, 
237 (1926). 

Finally, we must call attention to the fact that the most recent papers 
by Dirac, in the Proc. Roy. Soc. of February and March, 1928, have given 
the relativistic generalisation of the wave-equation a totally new aspect. 
Dirac shows that this problem is very intimately connected with the 
gyroscopic nature of the electron, and that the electron spin or the electron 
magnetism is a necessary analytical consequence of the relativistic wave- 
equation, when properly formulated. We shall go into this in the next 
chapter, and shall show in what points the theory developed in this 
section must be altered in order tp correspond with the new discoveries 
of Dirac. 

This discovery settles in an extremely satisfactory way the time-worn 
cpntroversy about the meaning of the relativistic fine structure. Originally 
derived from the relativity theory the fine-structure formula was claimed 
by various writers to be of magnetic origin. Millikan and Bowen * believed 
themselves compelled to conclude from the great amount of information 
gained by them about “ stripped atoms " that the “ splitting up of the 
levels must take place relativistically only in the case of hydrogen (He + 
and so forth), but in the case of the other atoms and the Rontgen spectra 
this separation was conditioned magnetically ; this made the identity of 
the formula which was valid in both cases appear to be due to chance. 
Through Dirac we now know that this identity is rooted in the nature of 
the electron magnetism. This electron magnetism is itself relativistic in 
Origin. Instead of an incomprehensible accident we see here the mani- 
festation of a deep-seated identity which must ultimately lead to a solu- 
tion of the problem of the electron itself, which includes such questions 
as : why do negative and positive electricity occur in elementary quanta, 
why is their mass unequal, what is their structure, how do they hold 
together ? 


Phil. Mag., 48, 928 (1925). 
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§ 10. The Zeeman Effect 


The normal Zeeman effect, as first theoretically explained by H. A. 
LorenVz occurs, according to our modern view, Only in the case of true 
singlet \lines. These are due to transitions between two states in each 
of whici^ the resultant electron spin s (cf. p. 86) compensates itself and 
become^ zero ; for example, parhelium with its two electrons spinning 
in opposite directions. The hydrogen lines for which we formerly con- 
jectured that the normal Zeeman, effect would occur do not belong to 
the singlets and in reality show the anomalous Zeeman effect of the 
alkalies (cf. § 9, E). Our present basis of wave-mechanics is sufficient to 
treat the wrmal Zeeman effect fully and without difficulty. But for the 
anomalous Zeeman effect it needs to be supplemented by the spin of the 
electron. 

The wave-mechanical treatment of the normal Zeeman effect is founded 
on eqn. (10) of § 9. This equation neglects the relativistic corrections, 
which are of no interest for the Zeeman effect, but it gives expression to 
the influence of the magnetic field by means of the term A grad u. In 
the case of a homogeneous magnetic field H parallel to the z axis we set, 
as in Atomhau, Note 7, p. 802, 


A* — — Ay — Ag « 

By the formula H » curl A we then get 

H* = Hy = 0, H, = H. 

From (1) we calculate 


(A grad u) 


H/ "du 
\v~ 


2 




y 


(1) 


( 2 ) 




But the expression in brackets on the right is equal to “ if we introduce 

Ofp 

polar co-ordinates r, $, <fi, as may easily be verified. So we also have 
(Agrad«)= 2 

and eqn. (10) in § 9 transforms into 


47rireH 'du ^ 

+ + • (3) 

To prevent confusion with the magnetic quantum number m we have 
written fi for To integrate this we set 


ifie 


^ « EPJ^(cos B)e^'^ 




The exponential form for the dependence on is necessary here, and 
is not merely dictated by considerations of convenience as in the Kepler 
problem for the case where no magnetic field is acting. For, on account 

of the term with ^ we should not be able to solve eqn. (3) at all by 
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separation of the variables, if we were to write m<^ instead of 

This remark is essential for the arguments in § 8, p. 92, which justified 
our calculation of the magnetic moment M. We here encounter lor the 
first time a case for which the complex form of ^ is conditioned by the 
nature of the problem. i 

If we substitute (4) in (3), we get as the differential equation for the 
dependence of on r and 6 • , 

+ . . (5) 


This equation becomes identical with eqn. (1) of § 7 if we make 

heH 


B' - — m ■ 

47r/otC 


Bo^B 


( 6 ) 


Consequently all the results of § 7 concerning the proper values B and the 
proper functions ij/ apply here : the presence of a magnetic field causes the 
states {Zustande) to differ only in the value of the energy ^ not in the form of 
the proper fitnctions. This is the wave-mechanical analogy to Larmor’s 
theorem. If we also introduce the Larmor precession (I, Chap. V, § 6, 
eqn. (2), p. 296) 

I B B. . 

= 

eqn. (6) becomes 

B' = + B + . . . (7) 


If, further, we introduce the circular frequency q> of the vibration 
represented by (4), by setting 


we get, by (7), 




E'< 


2ir 


w =* + E) + u)jm 


. ( 8 ) 


and the exponential functions in (4) combine to 


( 9 ) 


Accordingly, the state may be described as a circular vibratioUf which 
takes place around the direction of the magnetic lines of force. The phase 
of the vibration is id -h and hence the phase velocity, defined as in 
eqn. (4), § 6, is 


a 


di^ <i) 

dt m 


■ ( 10 ) 


Since | E | <^ B^ and taim is therefore so much the more ^ Eg, we get 
from (8) 
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and hence from (10) 

a -9.10*" see -1. 

m 

Thus the state runs round in the circle at an enormous rate ; the period 
of vibration is considerably smaller than that of hard Bontgen rays. This 
motion in the circle appears to stand in no relation to the classical Larmor 
precession. 

This has led Epstein * to conclude that the very simple and direct 
treatment of the Zeeman efifect just given is incorrect and must be 
supplanted by a more detailed discussion, in which the magnetically 
influenced atom must be combined with the current producing the 
magnetic field into one system, as was done by H. A. Lorentz. There is 
no doubt that Epstein’s method is instructive and well founded physically, 
but the following consideration + shows that our more direct method is 
justified. 

If we compare our expression (9) for the progressive circular wave 
with the expression (2) in § 5 for the progressive linear wave, we 
recognise that m takes the place of the earlier wave-number k. For, 
actually, m denotes the number of waves that fall within the angle 27r, just 
as k denotes the number of waves that occur in the length 27r. Thus if 
we wish to calculate the group velocity b that is associated with the 
phase velocity a, by (7) of § 5, we must form 

, d(D 


The differential quotient on the right is to be taken from eqn. (8), which, 
so to speak, gives the law of dispersion for our circular wave, that is, the 
dependence of frequency on the “ wave-number ” m. This yields, since 
Efl and E are independent of m. 


b = 


dia 


. ( 11 ) 


Thus whereas the phase velocity is immensely greats the group velocity coims 
out equal to the well-known slow angular velocity of the La/rmor precession. 
This evident and striking relationship with the Larmor precession not 
only accounts for the surprisingly high value of the phase velocity but 
serves as a subsequent justification of the preceding method. The con- 
ditions here are quite analogous to those which occur in the de Broglie 
waves : for then, by § 5, the wave-phase propagates itself with a velocity 


greater than that of light 


indigkdtt but the wave-group 


moves with only the velocity v of matter. It suggests itself immediately 
to draw inferences in the present case, too, from the group velocity to 1;he 
motion of matter, that is, to assume that the Larmor precession is now 


*Nat. Aoad. Washington, 12, 684, November, 1926. 

flam indebted for this to a lecture given in 1927 by E. U. Condon. 
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a%o to be interpreted as a circling motion of the electrons, as in classical 
mechanics. 

But we must point out an apparent contradiction. In eqn. (11) we 
differentiated with respect to the quantum number m, as if we were dealing 
with a continuously variable quantity, whereas by the postulate that ^ 
shall be single-valued, m is fixed as an integer. To resolve this con- 
tradiction we must refer to the general remarks at the beginning of § 8. 
We there stated ; if the energy is sharply defined as a profler value, the 
time co-ordinate of the electron becomes indefinite and the idea of an 
orbit becomes diffuse ; so we must give up the sharp definition of the 
energy. By eqn. (7) w occurs in the energy B'; by varying m con- 
tinuously, E' is also continuously varied. This is necessary if we are to 
be able to speak of a group velocity at all as the velocity of an electron in 
its orbit. We thus see that the apparently inadmissible differentiation 
with respect to m is connected with the Uncertainty Eelation mentioned 
in § 8, A (Ungenauigkeitsrelation). 

Moreover, this same difficulty occurs even in the rectilinear motion 
of the electron. Here, too, according to de Broglie, the velocity v of 
the electron is obtained by differentiating with respect to the wave- 
length X (or to its reciprocal, the wave-number k), X is capable of 
having continuous values so long as we consider the electron in un- 
limited space. But as soon as we imagine it enclosed in a cavity 
(Hohlraum), the X’s are in this case also fixed as discrete values, 
analogously to our w in the Zeeman effect. The allocation of the group 
velocity v to the electron wave here also then requires the rescinding of 
this restriction to fixed values and renders it necessary to ascribe to 
the wave-length X, just as to our m, sufficient play for a continuous series 
of values. 

We can now easily show that our wave-mechanical treatment of the 
normal Zeeman effect contains all the results that we derived in I, 
Chap. V, § 6, from the earlier theory. By eqn. (7) the additional energy 
AB due to the magnetic field, that is, the difference between E' and 
Bo + B is given by 

This is (if we disregard slight differences in notation) identical with I, 
eqn. (12), p. 299. By taking the difference between an initial state 1 and 
a final state 2, we obtain the magnetic change of wwoe-nwmber v by the 
frequency condition 

AEt — ABo w, — Wn 

A. » 

or, taking into consideration (6a) 

= .... ( 12 ) 

This is the same as the earlier equation (14) on p. 300 of Yol. I. 
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The superiority of the new method over the old manifests itself, 
however, in the fact that we now obtain also the rules of selection and 
polarisation from the same mathematical scheme as the energy values, 
knee the proper functions and the “ matrix elements ” of the co-ordinates, 
which are formed from them, are the same as those in the Kepler prob- 
lem when no magnetic field is acting, we can invoke eqn. (37a) of § 7, E, 
for the rule of selection for m. This states that only the transitions 


\m ± 1 

may occur with an intensity differing from zero. At the same time we 
can take the corresponding polarisations from g 6, B, p. 65. According 
to this, for a transition w -> m a vibration arises which is polarised linearly 
along the z-axis ( = that of the magnetic field), and for a transition ± 1 

a circular vibration occurs in each case in the plane perpendicular to the 
magnetic field. In the first case (linear polarisation) m^ - m^^^ 0 and by 
eqn. (12) Av = 0 ; in the second case (circular polarisation) - Wg® ± 1, 
and ‘so, by (12), 

In this way we have derived the normal Lorentz triplet, corresponding to 
I, eqn. (16), p. 300, and I, Fig. 81, p. 294. It is evident that if we now 
evaluate the matrix elements in question we also obtain the intensities of 
the three triplet-components, namely, in the case of transverse observa- 
tion, twice as great an intensity for the middle component as for either 
of the lateral components. 

Finally, we must point out again that the normal Zeeman effect is to 
be expected only under quite special conditions, and that even in the 
case of the H-atom the Zeeman effect that occurs is anomalous. 


§ 11. The Molecule as a Symmetrical Top 

In I, Chap. VII, p. 441, we distinguish between diatomic molecules^ 
whose moment of inertia about the line connecting the nuclei vanishes 
and which can therefore take up no moment of momentum about the axis, 
and molecular tops (Kreisel-Molekulen), whose ellipsoid of inertia is an 
ellipsoid of rotation and which can therefore have a spin-moment about 
the axis of symmetry. The latter correspond to the “ symmetrical tops ’* 
of ordinary mechanics, so long as we regard the configuration of atoms 
as rigid. The much more complicated problem of the unsymmetrical 
top (general ellipsoid of inertia) was only hinted at earlier (Atemhau, 
p. 744) and will not be treated in this volume either. 

The question of the quantising of the symmetrical molecular top has 
gained in interest since Victor Henri* discovered in formaldehyde 

* Nature, 118, 225 (1926). Viotor Henri and Svend Aage Sohou, Zeituhr. f. Phys., 
0,774,1928. 
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(CHgO) the case of a substance whose band spectra exhibit the unmis- 
takeable characteristics of both moments of inertia, namely C about the 
axis of the figure of the molecule and A about the equatorial axis. The 
quantum*formuIa for such molecules was derived earlier in I, Chap. 7, 
§ 6, eqn. (7), p. 443. The wave-mechanical method of derivation con- 
firms this formula but again with the characteristic difference that 
w(m + 1) takes the place of the of the earlier theory (where m ** the 
rotation quantum number for the total angular momentum). We do not 
here consider the oscillation terms of the band spectrum as we decided 
to treat the molecules as rigid bodies. 

We enter into this problem rather deeply, not only on account of its 
importance for the theory of band spectra, but also on account of the 
method involved. On the one hand, it gives us an opportunity of intro- 
ducing generalised co-ordinates, here the Eulerian angles, into the wave- 
equation ; on the other hand, it gives us an excellent example of the 
power of our “ polynomial method,” by means of which we shall simplify 
the calculation as compared with the other methods that have appeared.* 


A. The Wave Equation in Generalised Co-ordinates 


Just as in ordinary mechanics Hamilton's principle, so in wave- 
mechanics the variation principle of § 9, D, simplifies the introduction of 
generalised co-ordinates. As we are not here interested in relativity 
corrections we may use the simplified form (38a) of the variation 
principle. 

»As in (38a) we consider first the single point-mass and express its 
three rectilinear co-ordinates a;, y, z in terms of three generalised co- 
ordinates $j Xi or in general by q without specifying them any further. 
We then have 


a® W' 


iy 


7)<ii 

+ a^* + 


'’T _ ''Ya , 


in which the sufi&xes denote differentiations. Using the abbreviations 

1 ' 
+ ^yXv + ^«X»)- • • • 


* F. Reiohe, Zeitschr. f. Phys., 89, (1926) ; B. de L. Kronig and Babi, Phys. 

Bev., 29, 262 (1927) ; 0. Mannel^k, Phys. ^itsohr., 28^ 72 (1927) ; D. M. Dennison, 
Phys. Bev., 818 (1926), in which the method of matrices is used. Concerning 
questions of intensity, cf. Bademacher and Beiche, Zeitschr. f. Phys., 41, 458 (1927). 
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then have for the differential expression that occurs in eqn. (38a) 

■stCto) 

But the same coefficients [B6] [^x] • • • expression for 

the vis viva if we write it as a function of the generalised co-ordinates of 
position q and momenta p = p^, p*- For we have 

B = BxV + f^yij + BzZ \ 

X = + • • • 



and hence 

Tix 


5T ^ 


ST ST 


. ST ST sT 


According to the general definition of momentum co-ordinates (I, Chap. IV, 
§ 1, eqn. 5, p. 195) the left-hand sides of these equations are the rectilinear 
momenta p*, py, pz, and the differential quotients on the right are the 
momenta p^y If we substitute these terms in (4) we get 

® + XxPx + ^4’*) 

y “ + • • •) 


Hence, taking into account (1), we get 

T(3,P) = + »’ + **) 

= mf, + [xx]y?l+ • • •+2[ex]p*^x + • • • 

We actually have here, then, the same coefficients [BB] ... as in (2) 
and so we read out of (5) the following rule, already formulated on p. Ill, 
but now extended to generalised co-ordinates: the expression H in 
eqn. (38a), § 9, is formed by multiplying in turn each term of the 
Hamiltonian function of classical mechanics by ^ and replacing pk^ by 

h ^ 

%r bgk 

*We may remark parenthetically that a comparison of (S) and (i) exhibits the 
weU-toown fact that momenta trsnsform contravariantly with respect to the velocities. 
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Thu gwes the tramformed expression for E 



The variation principle of (38a, b), § 9 then runs, if as on p. Ill we 
call the Lagrange multiplier of the normalising condition - E, 

= 0 • • -( 7 ) 

Of course dr dxdydz must also be transformed correspondingly, that is, 
must be replaced by DdSdxdij/, abbreviated to Bdq, where D is the 
functional determinant of the transformation : 


D = 


xe ya Zb 
Vx ^x 


I y^ z^ 

The indices here denote differentiations, as above : 


^ and so forth 
od 


corresponding to the earlier 




W 
’ "dx 


. ( 8 ) 


Performing the variation in (7), we next get 


and after an integration by parts 

" l(i 1 S) ° 

The “ surface integrals ” resulting from the integration by parts have been 
omitted, as they can be made to vanish, if necessary, by the subsidiary 
condition 8^ « 0 “ at the boundary.” Since Bij/ is moreover arbitrary, the 
factor of 8^ in (9) must be equated to zero. This gives the tromfwmed 
wave-equation. In view of eqn, (5), in which p* must now of course be 
replaced by 
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Lt runs, explicitly 



It is self-adjoint [cf . the conditions * (19) in § 9] like every differential 
equation that arises from a variation principle. 

B. Application to Filler's Angles and to the Rotation of a Rigid Body 

The form of equation just obtained holds not only for the individual 
point-mass but equally well for a system of point-masses ; we have but 
to increase the number of co-ordinates, that is, to make them equal to the 
number of degrees of freedom of the system. We have already seen 
in eqn. (12), g 1, that in the case of several point-masses (distinguished by 
the index a), it was only necessary to replace in the wave-equa- 
tion by 



a 


From this it follows that in the variation principle, eqn. (38a), § 9, 
the expression 

ism + . . .1 

2wLv^®/ J 

must be replaced by a corresponding sum taken over a with m# in the 
denominator. But since, by (5), T can also be represented by an 
analogous sum, (6) and (10) remain unchanged in form, [86], • • • 

now of course signifying the coefficients of T(g^, p) for the whole point 
system. 

The point system of the rigid body has three degrees of freedom; 
Euler’s angles are three appropriate co-ordinates, and are usually called 
i/r, but as we have claimed ^ for the wave-function we shall retain 
the notation 6, x» ^ ^ section. These angles, as we know, 

define the position of the fixed system of reference of the axis of the figure 
in the case of the top (the Z-axis « the axis of rotation of the ellipsoid 
of inertia) and of the equatorial plane (XY-plane) with reference to an 
ojyjs-system fixed in space but otherwise arbitrary in pCsition ; the line of 
intersection of the XY-plane with the a^^-plane is called the line of ruides 
{Knotenlmie)y 6 denotes the angle between the z and the Z-axis, x the 

* These oondiidons are, it is true, formulated for only two independent variables 
K, y. But we can apply them to each pair of the variables $, x$ ^ in turn and show 
that they are fulfilled. . 
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angle between the line of nodes and the X axis ; d lies between 0 and t, 
X between 0 and 

The kinetic energy of the symmetrical top is given by a function of 
these angles and of the corresponding angular velocities 

T(3> 3) =• + Bin* ^ ;^) + + 008 e ;{)* . . (11) 

To avoid leaving a gap here we prove this formula very simply as 
follows. We start from the general equation of definition of the principal 
moments of inertia 

T = .i(A4 + Bo)2 + Co>2); 

(i)j, (Oy, Wg, refer to the above-mentioned principal axes X, Y, Z, fixed in 
the top (we avoid the usual notation p, r, because we have already used 

A* 



Fig. 12a.— Plane through the axis F of the ^ 

figure (Z-axis) and the Jt^axis. Projection of Fio. 12b.— Projection of the 

the rotation vector on the axis F and on the rotation vector on the equatorial 

trace of the equatorial plane. plane. 


L and q for other purposes). Hence for the symmetrical top A » B we 
ve 

+ .... (11a) 

denotes the perpendicular projection of the rotation 
vector (i> on the equatorial plane, u >2 that on the axis of the figure. 
Besides these components we consider the oblique components of the 
rotatidb vector, namely x, along the line of nodes, the ;?-axis, and the 
axis of the figure. Thus we have resolved the rotation vector a» in two 
ways, once in the rectangular components and and secondly in the 
oblique complex of lines x, 4 (cf. Fig. 12a, b). If ^e project this set of 
lines on the axis of the figure, we get Thus (Fig. 12a) 

^ + 008 6 X • • • (l^b) 



m 


§ 11. TUe Molecule as a Symmetrical Top 


S makes no contribution to since the line of nodes is perpendicular to 
the axis of the figure. We tnen project this set of lines on the equatorial 
plane (Fig. 12b). In this case 4 makes no contribution because the axis 
of the figure is j^rpendicular to the equatorial plane. 6 lies of itself in 
the equatorial plane, namely along the line of nodes K. The projection 
of X ^be direction perpendicular to the line of nodes (namely in 

the trace of the plane of the diagram in Fig. 12a). So we get 

<0* « + sin^^ x^. 


If we now substitute (11b, c) in (11a) we find that we have proved (11). 
From (11) it follows that 

pe Px = ^ + 0 cos^ d)x + C cos^ <f, 

= C(<f + 008 ^ x)* 


By solving and substituting in T (g, q) we get 


T(g.p) 


_ ^ , (Px - OOB0 Pf 

"" ^ T" n7 


2A sin2 e 


Accordingly, 


1 


[XX] = 


2 A sin2 


M “ W ^ 0, [x<^] * - 


cos B 
2A sin2 B 


2(5 


cos^ B 


J_ 

2A sin^ ^ 20 


(lid) 


(12) 


It still remains to determine the value of the functional determinant 
D, eqn. (8). To refer it to the preceding quantities, we may proceed as 
follows. Besides D we consider the determinant 


I By Bz 
1^1 = X* Xy Xt 

I 


(13) 


as well as its square and its product with D. The last two quantities are to 
be formed according to the multiplication theorem for determinants. 
is then equal to the “ discriminant ” of the quadratic form (lid), namely, 


m 

m 

W] 


1 

2A 

0 

0 


Cxx] 

Ml 

S3 

0 

1 

- 008 B 


2A Bin^ e 

2A Bin< e 

m 

[^x3 

[#] 


Q 

- 008 $ 

COB* 6 1 


2A Bini e 

2A sin^ ^ 20^ 


D,>, 


” 8A>C Bin> 6 

On the other hand, we easily prove that 

10 0 
DDj « I 0 1 0 
0 0 1 


(14) 


(16) 
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m 




on &ooonnt of the lelationsi)^ 




it) = 

i 1 and so fortliL 

\d»/^ 



fydy + f/^)l^x 

(M- 

0 and so forth. 


Hence from (14) and (15) we get 


D = i = 2A sin d V2C . . . (16) 

We now need only substitute the values (12) and (16) in the scheme (10) 
to obtain the wave equation of our problem 



2 cos $ 
sin 6 


1 ^ ^ ^ A 

sin $ ^ 

8ir2A 


/M 

Vsi 


sin 6 


+ 5 sin 




<)X^0 


+ -^2- sin 0(E - V)0 = 0. 


( 17 ) 


As we shall be interested only in the motion of our molecule under 
no forces (not in its Stark effect, which has also been treated by Keiche) 
we must set V = 0, which means that E then signifies the difference 
between the actual energy and the energy at rest. 


C. Integration of the Wave Equation 
From (17) it next follows that x ^-nd are cyclic co-ordinates, just as 
in the ordinary mechanics of the symmetrical top. In the latter this, as 
we know, causes the corresponding momenta andp^ to be constant. In 
wave-mechanics 'the same circumstance allows us to assume the wave- 
function to depend on x aiid ^ in the special exponential form 

0 = @(^)e*’^ + "'x .... (18) 

Here r and r must be integers (positive or negative), since ^ must be 
a one^vdltied function within the range of the co-ordinates and hence 
periodic in <t> and x with the period 27r. Eqn. (17) then becomes an 
ordinary differential equation in the unknown @ 


- 2 cos 6tt p— sin* ^ @ » 0. 

As in the case of the spherical harmonics (Eugelfunktionen) we introduce 
tibie new independent variable a; cos ^ and use the abbreviation 


\ 


S^AE 

A* 


+ T* 



• (ao) 
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From (19), by easy calculation, we then have 

(1 - - Ml - I . 

+ [\(1 - **) - - t'* + 2tt's]® = oj 



• (21) 


The only singular points of this differential equation in the range 
- 1 ^ a; g + 1 are the limiting points a; ~ ± 1. To test the character of 
these singularities, we write 


Thus 


! + «=■» . 

X = ±(1 - y), 1 ± X = 2 - y 


(21a) 

(21b) 


and we have instead of (21), if we denote differentiations with respect to 
y by dashes, 

y\2 - yY®" + 22/(1 - y){2 - y)®' \ 

+ {\y(2 - 2 /) - (r + r’Y + 2tt'2,}® = 0 / • ■ ''^^1 


As in all the earlier cases we^assume 

0 = yy^oLyy'^ .... (23) 

and get the following characteristic equation for y [by equating to zero 
the factor of in the power series of the left-hand side of (22)] : 

4y(y - 1) + 4y - (t + rf = 0 

that is, 

4r‘ = (T + rT, • ■ • (24) 


By introducing the vertical lines denoting absolute values we have fixed 
our choice of - the roots, which is necessary to ensure the continuity of the 
proper function. 

We further split off from @ the two characteristic powers at the 
singular points ; we count y, for example, from the point a; « - 1, so 
that by (21a, b) we get 1 + a; » y, 1 - a; =« 2 - y. The assumption 
(23) then becomes changed to 

• \r-r>\ I T + T> t 

0 - F . V, F =. (2 - y) 2 y 2 . . . (25) 

We seek the differential equation that v satisfies, and for this purpose 
form 
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We substitute these values in eqn. (22), in which the lower sign must 
now be taken, and cancel the factor ^(2 - ^)F. We get 

1/(2 - y)i}" -t [| T + T I (2 - j/) - I T - T I j/ + 2(1 - 3 /)]«’\ 

+ (X -(• A)v “0. / 

A is an abbreviation for the following expression ; 


(26) 


- (t -h t)^ + 2TT’y 

y(2 - y) 

-i|r 

i 1 1’ + I 


+ K’' - 




_ + 2(1 

2 / 2 - 


■ y)^ 

y J 


-’)■ 


V2 

y _ 2(1 - y) \ 

y ^ y 

We show, however, that A is in reality a constant. For the first line 
reduces to - -^( 1 ^ + t 2 ), and the two expressions in brackets in the 
second and third lines are equal to 1. Therefore 
A- -i(r2 + T'2)-|lT2~T'21-.i|r-T 
Instead of the first two terms we may also write 
■ + t' I + 


- i I T + t' 




iJ)’. 


Hence if we introduce the abbreviation 

T* = i(|T + T'| + 

we get instead of (26a) 


1 - t*2 - 


and eqn. (26) becomes 

2/(2 - 2 /) zj " + 2[1 + 


- r^(T^ + 1) 


(26b) 

(26c) 


(27) 


I T + T 1 - y(T* + l)]v' 1 
+ [X - + l)]v = 0. ) 

We already know from the equation of definition (25) that v behaves 
reguMtly at ^ » 0 and can therefore be expanded as a power series : 

V = Sa.y*' (28) 

The reourrenoe formula for the coefficients is obtained by substituting 
the series (28) in (27) and, for example, to equate the factor of y'' to zero. 
In our case the recurrence formula consists of two members and runs : 

a, + i{2(v + l). + 2(v + l)(l + |r + r'|)} 

+ a.{- v(v - 1) - 2v(t* + 1) + X - + 1)} « 0) 

It is at this point that our polynomial method enters ; if we make the 
factor 'of ocr vanish for a certain value, say v » /x, then all the following 
coefficients qc^ for v > /t vanish. This not only secures convergence but 
also the regular behaviour of v at the second singular point ^ » 2 of the 
differential equation (corresponding to a; » 1). Hence if by means of 
(25) and (18) we return from v to 0 and we have built up the desired 
proper function. 


(29) 
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After the second line of (29) we force the recurrence to cease tor v ^ fi 
by fixing the “ proper value X as follows : 

X = - 1) + 2/.(t* + 1) + t*(t* + 1). 


This is equivalent to 

X = m{m + 1) (30) 

if we set 

w *=5 /t + T* . . . . ■ . (31) 


T* is, by (26b), a positive whole number, just like fi. For t and r are 
integers (cf. above) ; further, | t + r | and | t - t | are positive integers, 
which are simultaneously either even or odd, so that half their sum is 
always an integer, and by (26b), t* is simply the greater of the two 
numbers |t| and |t |. Accordingly, by (31), m also becomes a positive 
integer. 

It follows from (30), in consequence of (20), that 


m(m + 1)X2 ^ (I 1\ 
^ " 8^'^A Srr^'KC " a) 


(32) 


This is formula (7) of I, p. 443, already mentioned at the beginning of 
this section, except for unessential changes in the notation and with the 
essential difference that is replaced by m{m + 1). Our present t 
corresponds exactly to the earlier Mq and, like measures the “ proper 
momentum ” of the top (for t belongs to the angle of rotation ^ about the 
axis of the figure, that is, to the “ proper rotation ”). Also the dropping 
out of the band lines on both sides of the zero line, which was emphasised 
earlier in I, p. 446, is contained in our formulae. For whereas p, being 
the degree of our polynomial (at the same time the number of nodes in 
the $ direction), can assume all the values 0, 1, 2 . . ., we see from (81) 
that m is restricted to the values m ^ r*. Finally, the occurrence of a 
zero branch (I, p. 446) can be explained on the theory of wave-mechanics. 
For if we start from our assumption (18), which corresponds to a motion 
compounded of precession and rotation, the selection rules for m differ 
from those which we have obtained in the case of pure rotation : the 
transition m^m is not forbidden here, as it was in the case of pure 
rotation [cf. § 6, eqn. (33)]. 

®ie proper functions of our problem are fully determined by the 
recurrence formula (29) [except for a multiplying constant, which follows 
from the normalising condition]. Concerning their analytical character 
we mention only that they are special cases of the hypergeometric series, 
namely, the so-called Jacobian polynomials. But it is characteristic of 
our “ polynomial method ” that it attains its goal without requiring any 
special knowledge of the theory of functions, and in the present case we do 
not need to have recourse to the full theory of the hypergeometric series. 
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§ 12. Oonceming the Relationship Between Quantmn OonditionB in 
Wave-llechanics and in the Older Quantmn Theory 

G. Wentzel* and L. Brillouint have devised an instructive method 
of making the wave-mechanical methods of solution approximate to the 
processes of classical mechanics. We shall here give a form of this 
method which does not go so far as was originally intended by those 
authors. For we shall assume that the proper functions and proper 
values have been found wave-mechanically, and shall enlighten ourselves 
only on the relationship of the quantum conditions in the new and the old 
theory. 

We revert to the beginning of this Chapter and, similarly to eqn. (6a), 
p. 4, we set 


^ = e^h 


( 1 ) 


Here ^ydx taJces the place of the earlier S ; the amplitude-factor A, which 

was separate earlier, has been included in the exponent. By calling the 
variable of integration a:, we indicate that for the present we are restrict- 
ing ourselves to one-dimensional problems. The integral is to be thought 
of as an indefinite integral with an arbitrary but fixed lower limit Xq and 
with the variable upper limit x. 

The one-dimensional wave-equation for ^ is 


dx^ * V 


V)^ = 0 


or, written more simply for what follows, 


dx'^ 




0 


. ( 2 ) 


Here the “ momentum ” p is defined classically according to the energy 
equation 


^ + V 
2w ^ ^ 


E 


by 

P = - V) (3) 

The differential equation for ^ is of the second order and of the first degree. 
We show that it gives rise to a differential equation for y which, like 
Hamilton’s equation for S, is of the^rst order and the second degree. For 
this purpose we form from (1) 

= ^" = [t^' - • ■ (3a) 


. * ZeitBchr. f. Phys., 38( ^18 (1926). Besides the Kepler motion Wentsel also treats 
the Stark effeot of the second order by this method in a particularly simple way. We 
shall derive his result in the next chapter, g 2, by a different method. 
fOomptes Bendus, July, 1926. 
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( 27ri\ ^ 


h , 


1)2 _ y2 




This is the Biocati equation ** corresponding to eqn. (2). 

h 

Using as the argument of an expansion, we solve eqn. (4) by 
assuming 

^ = S'o + + . . • + frc') 2^’ + Y . . . (5) 


To escape all difficulties of convergence we therefore break off the expan- 
sion at the i/th member and call the remainder Y. By substituting (5) in 

h 

(4) and comparing the form of the first powers of we find 

/hy 


\2irt7 

f-Y 

V2«7 

MV 

VaW 


0 = / - y^ = p . 

y\ = - Hvk S'! = " 

y'l = - - 2 ^ 02 / 2 - Vi = • 


1 + y,^ 

22/o 


( 6 ) 

(7) 

( 8 ) 


We thus see that the successive approximations y^, y^, 2 / 2 > • • • 8*^® obtained 
without integration, simply by differentiations, from the approximation 
of zero order. This approximation iJq itself corresponds to classical 
mechanics. For by the latter the function of action S is defined by 

()S 




(9) 

If, corresponding to our present notation, we here make g = a? and 

S =* ^y^dx, (9) becomes identical with (6). Thus our series expansion (5) 

successively corrects the classical-mechanical solution, and makes it merge 
into our wave-mechanical solution. 

Our next purpose is to bring the conditions of continuity of the new 
theory into relationship with 
the quantum conditions of the 
old theory. A glance at eqn. 

(1) suggests the following line 
of argument: 0 is to be one- 
valued and continuous along 
the real a;-axis (or along that 
part of it which comes into 
question owing to the physical 
meaning of x). If we assume beyond this that ifs depends analytically 
on a;, then the one-valuedness and continuity of 0 extends into the 



Fia. 18 .— Closed path for int^ration by 
the Wentzel-Brillouin method. !me points 
x=s ± a refer to the oscillator and give the 
extent of the classical orbit. 
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complex plane, that is, in a certain region in the neighbourhood of the 
real a;>axis. In actual fact the nearest singular point (branch-point or 
point at infinity) will be at a finite distance from the a;-axis. If in this 
part of the a;-plane, namely in the shaded portion of Fig. 13, we describe 
a closed curve, starting from a point A and ending at a point B co- 
incident with it, 0 must return to its initial value. But this means that 
the exponent of the right side of (1) can only vary, if at all, by an integral 
multiple n of 2rt. So we postulate 


^^{^ydx - = ^irin, 

or, written more simply, 

^ydx nh (10) 

in which we indicate the integration from A to B by Substituting in 
the expansion (5), we get 

^yodx + -f . . . + ^Ydx nh . . (11) 


If we break off the expansion at the first term, we have, setting y^^^ p 
and X the quantum condition of the old theory 



The succeeding terms of the expansion therefore give those corrections 
which are necessary according to the new theory. In this process we 
assume that the expansion is carried so far that the remainder term Y 
makes no contribution, that is 

^Ydx = 0 (12) 

We shall investigate only in special cases how the corrections are to be 
calculated and whether the condition (12) can be fulfilled. 

We have yet to remark that on account of the one-valuedness of 0 the 
condition (10) can be imposed for any arbitrary closed path, but that we 
are justified in choosing paths for which the integration may easily be 
performed and does not become trivial. (Curves which enclose no singu- 
larities and therefore make ^ydx vanish do ^ot interest us.) For 

the sequel we shall agree to carry out the integration around the whole 
region of the independent variable that comes into question physiocdly, but 
exduding the end points of the region. First we shall consider the path of 
integration to embrace the a;-axis closely on both sides as in Fig. 13 ; later 
we shall deform it so far as this is possible according to the regularity of 
the function to be integrated. The only singularities of y enclosed by our 
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path are the zero-points of ijt, since 0 and 0' are not allowed to have 
singularities in the physical region. The number of zero points [“ number 
of nodes ” (Knotenzakl)] simultaneously determines the quantum number 
n in eqn. (10). It is easy to see that zero points of 0 can lie only in that 
part of the real axis where 0. For by eqn. (2) it is only here that 
the curvature of the 0-curve is concave to the jc-axis, that is, it is only 
here that 0 is oscillatory in character. This part of the ic-axis is identical 
with the extent of the orbit which was described according to the earlier 
theory. In view of this we may express our above convention about 
the path as follows : the path of integration is to be taken round the region 
of the classical orbit. In consequence of the fact that deformation of the 
path of integration is possible these two conventions amount to the same 
thing. 

A. The Ha^rmonic Oscillator 


If m denotes the mass, <i>o the classically calculated frequency of the 
free vibration of the oscillator and a the maximum elongation in the 
classical motion, we can set [cf. § 3, eqn. (1)] 


Thus 


V = Ja>oV, 


E « |a,o2a2 


p = ^2m(E - V) « mo)Q Ja^ - 


Hence by (6) and (7) 

Vo - wiwo 

„ _ _ 1 ^ yo = _ l(— 

2 dx i\a X a - x) 

From ^0 and in (8) we easily calculate 

1 2a2 + 

SnK., (a^ - 


(13) 


(18») 


From this we see immediately that 



. (14) 


so long as the path of integration encloses the two branch points ±a ; 
and this is so on account of our convention (cf. Fig. 13). Then the path 
of integration may be extended to infinity, and becomes proportional to 
l/ic*. With the same method of treatment we find that for a; oo 



merges into 



where the last integral may be taken, for example, over a circle of 
sufficiently great radius. With the positive sense of traversing the path 
flissumed in the figure it has the value 2rri. Hence it follows that 



. ( 15 ) 
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To calculate ^ y^dx we contract the path of integration most con- 
veniently to the real axis from - a to + a and back, and set a; « a sin 
We get 

^1/odrr =s cos^ (ftdijt =* mcoga^ir. 

By using the expression for E in (13), we may write 

(bj/oda = — B = - .... (16) 

J ***0 ^0 

which is, of course, au fond identical with the earlier evaluation of the 
phase integral for the oscillator in I, Chap. IV, S 1, p. 197. 

We cm show that, just as the integral over y^ vanishes, so all the 
subsequent integrals of our expansion (11) vanish. We prefer, however, 
to break off the expansion at the second member, that is, at y-^ and to take 
up the remaining members into the remainder Y. Anticipating that the 
remainder integral becomes zero, eqn. (11) becomes, with due regard to 
(16) and (16), 

B h 

-w = nhf that is, E = (n + i)hvQ . . (17) 

Vo J 


This is our familiar wave-mechanical value for the energy of the oscillator. 
If we had omitted the correction member in y^, we should have obtained 
the value of the earlier theory E » nhv^. 

We next determine the remainder. If we can show that Y (similarly 
to ^2 before) possesses for large values of x an expansion in negative 
powers of a;, in which no term containing Ijx occurs, this simultaneously 
proves that the remainder integral vanishes, the same path of integration 
being chosen as previously. This is actually the case if we use (1) to 
express y by means of ijt and substitute for ^ the proper function^ free of 
singularities^ determined from the wave-equation. 

By eqns. (8), (6a), and (2a) of § 3 we have 

ijt m (=-Jax, a = . . (18) 


where A « the normalising factor. Concerning Hn(f) we need know 
only that it is a polynomial of the nth degree ; that is, it has the form 
Hn(f) - + .... From this it follows for great values of f that 


H»(f) _ n 

h;;® i 


where the unwritten terms here and in the sequel, denote powers ^ 

By the equation of definition (1) and by (18) 

fc dlog^t dlog^ \ viQ\ 

^ 2rt dx 2irt df 2ir» \ « + I + • • • -y 'i-*-®) 
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To determine Y we start from eqn. (5) in which, as agreed, we make 
Qiri 

V « 1. Multiplying by r— ^ we get, on account of (19), 


hJtL ^ ' 

27rt' > w 27ri 

hja. i hjcf. 


«/«' 

On account of (13a) we have for large valnea of a:* 
la2 \ 1 


Vi 


(20) 




2 a* ' 


■> 


Vi ■■ 


2x 


In view of the definition of i and a in (18) it follows from this that 


27ri 

i-r-Vo 

hjoi 


1 27rWa>n /- 1 


la2 




+ . 


_ laa^ 

•”^"2T 


1 


( 21 ) 


In this we have yet to express the quantity in terms of the energy 
value E of eqns. (13) and (17). On account of 
m 


B = = (» + 


(21a) 


we have 


h 




1 

= w + 5 


for which we may also write 

aa' 1 

T “ “ + 2- 

The right-hand side of (21) thus reduces to 

, w + i 1 ^ w 

^ f + • • • = ^ - j + • • - 

and this exactly cancels out with the first two members of the expansion 
(20). Thus our remainder Y has in fact for large values of f the required 
property of vanishing more rapidly than 1/f, so that eqn. (12) is proved 
for our remainder integral. 

We must point out that this proof, besides assuming the existence of 
the proper function, also uses [cf. (21 a)] the wave-mechanical expression 
of the proper value B. We cannot therefore claim to have deduced this 
value in eqn. (17) according to the method of Wentzel and Brillouin. 
But we see clearly in our example how the quantum rules of the old 
theory are connected with the system of wave-mechanics. 

B. The Kepler Problem 

We are here interested only in the radial part E of the proper function, 
which by (8) and (3a) of § 7 satisfies the differential equation 


dm 

dr^ 


2dE 


{(¥ 


2ir\2 


Ki + 1) 1 

I 


E = 0 


( 22 ) 


* The sign of is determined by the faot that in the path of integration of Fig. 18 
we must take the square root of as poBitive for inoreasing real values of x. 
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where 

f - am{E - V) = 2 ot(e + ^) • ■ . (22a) 

We introduce the abbreviations 

A = 3mE, B = mZe\ C = - (i + . • (23) 

which differ slightly from those defined in eqn. (3a), § 7, but agree exactly 
with the abbreviations A, B, C, of the older theory in I, Note 8, p. 670. 
In particular, it must be noticed that our present quantity 2 + 1 is 
identical with the quantum number h there used. From the definition of 
C we get 

- {I + 1)2 + (« + !)= + (l + 1 ). 


If we make all the substitutions in (22), we get 

2(Jl /+1„ /2 t\2/, 2B. C\„ „ 

^ + + + = • (24) 


tion 


As in eqn. (1), we now insert y in place of E by means of the assump- 


E 


2»ir 


ydr 


(24a) 


and obtain from (24) an equation analogous to Eiccati's eqn. (4) [cf, 
also (3a)] 

h /dy 2y , \ 


27rt\dr ^ 


r.) = P* - f 


(26) 


with the abbreviations 
F 


A 2B C , ^ 


As in (6) we then expand y in terms of the parameter hl2‘tn, (The fact 
that the quantity \ itself still contains the factor hl^iri need not disturb 
us, since we can group the terms and break off the expansion at will.) 
So we write 

y = Vo + + . . . + Y . . . (26) 


and, exactly as in (6) and (7), by substitution in (26) we get 


Vo 


yA + 2- + 


1 . 2^ , 
"2y,U' r 


(27) 


In the Kepler problem the range of the co-ordinates extends from 
r « 0 to r ■■ 00 . The two roots of P -» 0, which we earlier called Tmtue 
and Tmjn, lid on the real axis (of. I, Fig. 124, p. 561). By our convention 
on p. 136, the path of integration runs round these two points and after- 
wards goes to infinity in the r-plane. The point r - 0 must be con- 
sidered ultimately as a possible singularity. 
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The postulate that the proper function must be one-valued requires 

that must equal h times an integer, which we shall now call «r 

(radial quantum number). Prom eqn. (26) we therefore get the equation, 
analogous to (11), 

jyoiir + + . • • + = n,A . . (28) 

We shall show that here even the first correction term disappears, from 
which the familiar fact follows that the energy-levels of the Kepler prob- 
lem found in the older theory remain preserved ^unchanged in wave-mechanics. 
For this purpose we consider the power expansions of y^ and yi in the 
neighbourhood of the points r «= 0 and r =» co . 

For r *= 0 we have 


Vo ' 




B 

o’' 




= - 


By (23) 


2 VC 


V- 


VC^2VO^X 


+ ^5 + 


...) 


.-7:7 h 




(29) 

(29a) 


that is, equals opr value of X: the fact that the signs of these two 
quantities JC and X also agree is evident from the concluding remark in 
I, Note 6, c, p, 552. Hence in the neighbourhood of r » 0, we have, by 
(29) and (29a). 

S'! = - 7 + m 


On the other hand, we have for r » oo (except for terms that vanish to 
a higher order for r » 00 ) 


Vo^ 

Vi 



B 1 . 

+ X "h 
A r 



dr ^ - 





(29c) 


If we now calculate ^idr in accordance with I, Fig. 124, p. 551, the 

two points r « 0 and r ■» 00 give opposite contributions, namely + 2irt 
and ~ 2irt respectively. In all, then, we have, as was asserted, 

^idr =■ 0 ( 80 ) 

The same result would be obtained if we were to calculate the sub- 
sequent correction terms in the expansion (28). Assuming that the 
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remainder integral vanishes, eqn. (28) therefore gives us the quantum 
condition 

+ 2? + - v/c) “ «»A (31) 

just as in the earlier theory, I, Note 8, p. 669. 

In dealing with the remainder term Y we shall now find it convenient 
to have the term in included in it, that is, to write instead of (26) 

(32) 

By (24a) and (27), 

h d log E 

^ ^ 27ri dr ’ “ 



The expression for E, hy eqn. (13), § 7, runs 

E=.e~^/yL(p) (33) 

if we omit a normalising factor which is of no account here. L is a 
polynomial connected with that of Laguerre. All we need know about it 
is that it is of degree Uri p is proportional to r. 

As in eqn. (18), we get from (33) that 

d log E __ 1 I + nr 

dp 2 p “h • • • 

The relation between p and r is, by eqns. (3a) and (4a) of § 7, if we 
express it in terms of our present quantity A, eqn. (23), 


Consequently we get 

h d log E 


^vi dr 




(33a) 

(34) 


For large values of r the expansion of (cf. above) is 




A B 4trri 1 


If we substitute (34) and (35) in (32) we get as the expression for Y for 
great values of p 

If we take the integral |Ydr around the point r » qd, it follows from 
this that 
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On the other hand, we get for the expansion of y and at r » 0 
(observing that the polynomial L in (33) becomes equal to a non-vanish- 
ing constant for p « 0, by eqn. (29), § 7, and likewise its first derivative) : 


y 



I 

+ - + 
P 



Vo ■■ 


n/C + 


hri \/AC 

T ~ 


This point contributes the following amount to our integral : 


By adding together the contributions for r = 0 and r =» oo we get for 
the integration along the whole path 

- n/c). 

that is, if we take into consideration the quantum condition (31), the 
result nil. 

It is true that here, as in the case of the oscillator, we have assumed 
the correct quantum condition, eqn. (31) in this instance. That is, we 
have not really derived this condition but again have only linked up the 
previous method of quantising with wave-mechanics. 

We call special attention to this here because the argument on this 
point in the German edition moves in a circle : the vanishing of the re- 
sidual term was derived from the quantum condition and the quantum 
condition wafS derived from the vanishing of the residual term. 
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PERTURBATIONS. DIFFRACTION PROBLEMS. THE SPINNING 
ELECTRON 

§ 1. Schrddmger's Theory of Perturbations 

A mong the many beautiful results of wave-mechanics the theory 
of perturbations developed by Schrodinger* occupies a special 
position. It is much simpler and more lucid than the astronom- 
ical theory of perturbations of classical mechanics, and need not even 
fear the complication of the three-bodies problem (helium problem, § 8). 

A. The Pertv/rhaition Scheme for the Non-Degenerate Case 
Following Schrodinger closely, we consider a problem which we can 
solve wave-mechanically by omitting the perturbation terms. Let the 
proper functions of the non-perturbation problem be and the corre- 
sponding proper values E*. For the present these will be considered as 
simple. We write the wave-equation of the unperturbed problem as 

+ Ej»0 = 0 . . . . • (1) 

As in Chap, I, § 9 C, L denotes a linear partial differential expression of 
the second order. We may assume that L is ‘‘ self-adjoint ’’ [cf. Chap. I, 
§ 11, A, eqn. (10)]. We include the factor p (weight-function) because we 
must in general use curvilinear co-ordinates q suitable to the problem in 
question, for which the functional determinant D becomes added as a 
factor to E [cf. likewise Chap. I, § 11, eqn. (10)]. Instead of D we choose 
the more general term p, because in certain cases (cf. the Stark effect in 
§ 2) we shall also include other factors in p. 

The condition of orthogonality for two proper functions follow 
from the general theorem of Green, eqn. (20), § 9, Chap. I ; the right-hand 
side of the eqn. (20) vanishes on account of the boundary condition to be 
imposed on the proper functions. In consequence of the assumption that 
L is self-adjoint we have M » L : 

|{0<L(0ib) - tlfkh(ilfi)}dq = 0 ... (la) 

dq denotes the product of the differentials of the co-ordinates q; on 
account of (1), it follows that 

(Ef - Bk)^^tlthpdq = 0. 

* Of. for this whole section “ Quantisation as a Problem of Proper Values,’’ Part 
III, Collected Papers, p. 62. 
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Hence the condition of orthogonality (i + k) is 

= 0 (2)’' 

The normalising condition is * 

\'l>lpdq =1 (3) 

When a perturbation is superimposed, the expression L becomes 
changed by a small term, whose smallness we suppose measured by 
a parameter X, If the perturbation occurs in the potential energy V the 
perturbation term is multiplied by tjj. W ith this assumption we write 
L(0) + Ejo0 = Xsip . . . (4) 

and take s as standing for a function of the co-ordinates, given by the 
type of perturbation. 

Starting from the proper state, we set 

E = Efc -p Xc, tjj = ijjk + X<j) . . (4a) 

and obtain from (4), neglecting the members in X‘^, 

+ ^kp^k + XFjjcp<j> + X€pilfk — Xsijjk. 

On account of (1) the sum of the first and third members vanishes, and 
after cancelling out the common factor X 

L{<t>) + Ekp<l> = (s - €p)^jb .... (5) 

The left-hand side of this non-liomogeneotis equation is of the same form as 
that of the hormgeneotis eqn. (1). On the right-hand side the quantity e is , 
at present unknown, but can be determined from the true theory of per- 
turbations by the general theorem : if a mm-homogeneous equation of the 
form (5) is to be soluble at all, that is, if it is to have a continuous solution, 
the right-hand side must be “ orthogonal ” to the solution of the homogeneous 
eqiiation, that is, to the proper function ipk. 

To prove this we have only to multiply both sides of eqn. (5) by iftk 
and to integrate over the region of co-ordinates. As in eqn. (la) the left- 
hand side becomes transformed into 

j<^(L(^ifc) + Ekptlfk)dq 

and vanishes on account of the differential equation (1). Thus the right- 
hand side of (5) gives 

|(s - dq = 0, 

which was to be proved. 

This theorem is a corner-stone of the theory of integral equations ; 
its general importance, however, was recognised earlier by Lord Bayleigh 
in his Theory of Soundi It becomes evident if we explain it by using the 
vibrating membrane as an example. The differential equation for its 
periodic proper vibrations is 

Aa + =» 0, ^ ^ . . . (6) 

where p denotes the density per unit surface, w the circular frequency of 
VOL. If — 10 
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the proper vibration, and S the tension acting in the membrane. If we 
now allow an external transversal pressure P(a;, y) to act which may be 
distributed anyhow over the membrane and whose period w coincides 
with a proper vibration of the membrane, then it will excite the membrane 
to continually increasing vibrations. The periodic final state would be a 
“ resonance catastrophe.” If this is not to occur, P cannot on the whole 
•perform work on the vibrating membrane. The pressure may therefore 
act, for example, only in the lines of nodes, or must have the same 
magnitude in oppositely vibrating sectors, and so forth. Since Pdtr is the 
force and u the distance traversed from the position of rest, the general 
condition for the performance of no work by P is 

jPttdo- = 0 (7) 

Applying this to our case we have P = (s - €p) ipk, « = and da- = dq. 
Bqn. (7) thus demands that 

|(s - €p)f^dq = 0 .... (7a) 

This is what was meant above when we postulated that the right-hand 
side of (5) must be “ orthogonal ” to the proper function ij/k. 

From (7a) it follows at once that 

‘ = i (8) 

jlii/ildq 

or, if 0* is normalised in accordance with (3), still more simply 

. = (8a) 

The value of c determined in this way is now substituted on the right- 
hand side of (5), and we expand the expression so obtained in terms of 
the proper functions of the non-perturbation problem, having previously 
divided by p. 

That is, let 

ip " • ( 9 ) 

We expand the required function in the same way, 

^ ^ ( 10 ) 

i 

Since, by (1), 

L(^i) =■ - 

and hence also 

- L{^) « - ^ 

i 

eqn. (5) now runs 

^ B<(Ejt - Ei)pijii = ^ 
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By equating the coefficients we see that 



Ei 


and hence, on account of (10), 

<!> = 


Efc - Ei 


. (10a) 

. ( 11 ) 


Aj may be calculated in Fourier’s manner from the equation of definition 
(9) ; taking into account (2) and (3), 

At = J(s - €p)^k^idq = ^Silikijjidq . . (12) 

and in particulai, if we consider (7a), A* = 0. Let the dropping out of 
the term with k from the aura (11) be denoted as usual by 5'. 

This solves our perturbation problem in an extremely clear and 
general way : substituting (8a), (11) and (12) in (4a) gives for the perturbed 
proper value and the perturbed proper function 

K = E. + ^ • (13) 


We have yet to say a word about the possibility of the expansions (9) 
and (10). This is well known from special cases (trigonometric functions 
and spherical harmonics) and is proved in mathematical books for arbitrary 
proper functions — most rigorously in the theory of integral equations, the 
function to be expanded sometimes being subject to restrictions. Here 
we shall only emphasise that the sequence of proper functions must be 
complete ; in the case of a Fourier series, for example, no cosine member 
may be omitted if the series is to represent a general function. We shall, 
however, not enter into the Completeness Eelation {VoUstandigkeits 
Relation *) set up to test this condition, as it is difficult to manipulate in 
an individual- case, and shall restrict ourselves to making a few remarks 
that will be useful in the sequel. In many problems of wave-mechanics 
(Kepler problem, oscillating rotator) there is, as we know, not only a 
discrete but also a continuous spectrum of proper values. It would be 
inadmissible to leave out of the expansion the proper functions cor- 
responding to this continuous spectrum. Thus in such cases we have to 
regard the summation in (13) as including also an integral over the con- 
tinuous proper values. For later use we indicate this in (13a) by using 
E to denote the continuous energy parameter and 0(E’)dE’ the corre- 
sponding proper function 


^ ~ ^jb + A 


^ j s >lit lir,- dq ^ (B') ^ (B') dq 


Bj; — B| 


Ejb — B’ 


dE' (13a) 


. * Ooumnt-Hilbert, Chap. 11, § 1, eqns. (9) and (9'). We ehall derive this relation 

iQ 3 7, a. 
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B. Perkvrbations in the Case of Several Proper Values 

The method so far described is in itself sufficient to deal with some of 
the most important perturbation problems, such as the Stark effect, § 2, 
the theory of dispersion, § 3, the photo-electric effect, § 4. The full beauty 
of Schrodinger’s theory of perturbations, however, manifests itself only 
under somewhat more complicated conditions, namely when the problem 
is degenerate. The most striking example for the more refined theory of 
perturbation then called into action is the helium problem, § 8. 

Starting from eqn. (1) we assume that to the proper value E* there 
belong several linearly independent * proper functions 

. ^ki, . . . 

We then speak, as in Chap. I, § 3, C, of an (a - l)-fold degeneracy. We 
shall assume that these ijiikS are normalised to 1, and have been made 
orthogonal not only towards the other proper functions tp but also among 
themselves. This does not yet, however, define them uniquely. Bather, 
we can subject them to any arbitrary orthogonal transformation without 
disturbing the character of their normalisation and orthogonality. For if 
we set 

*pkh - Vo fihipki .... (14) 
1 

where the ^’s stand for the coefficients of any arbitrary orthogonal 
substitution in space of a dimensions, 

a 

and likewise pkh’ == Ph’jpkj .... (14a) 

and calculate the characteristic integrals of eqns. (2) and (3) with these 
8>nd ^jbA'’s we find, on account of the orthogonality of the ^*s on 
the one hand and the P'a on the other, 

I ^pkh pkh> V phi Pk'j I *pki pkjP dq 

=-2^iPhiPhH^hh’ = ^^ . . . = 

This means : the equations (2) and (3) are also satisfied for the ^iw’s if they 
were satisfied for the tpkiS. Schrodinger’s theory of perturbations, as we 
shall see, makes use of this arbitrariness in the choice of the proper 
functions in an extremely elegant way. 

*“ Linearly independent” obviously signifies in our oase that no relation of the 
form 

^i^ki * 0 

holds between the i(/j^*s, where the c^'s are constant and the index i assumes any of the 
values of the numbers 1 . . a. 
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The existence of multiple proper values is known from classical 
mechanics, particularly from the theory of the vibrating membrane. In 
the sequel we shall speak of the vibrating membrane and not of the 
vibrating plate (Chladni’s figures) — which is' better known experimentally 
— ^because the membrane is simpler mathematically and is more closely 
related to the problems of wave-mechanics. Let us consider as the 
simplest case a rectangular membrane with fixed edges x — 0 and a, 
^ « 0 and b. The solution of eqn. (6) is then (except for an arbitrary 
amplitude factor) 


. niTTX . 

u = sin sin 

a 


nny 
b ■ 


The corresponding proper value is, by (6), 


1.2 _ 
"'ll!, n ~ 



It is simple, if a and b are incommensurable, for then there are no two 
numbers m and n that lead to the same value of k. 

The position is different in the case of the square membrane b ^ a 
(or, more generally, in the case of a rectangular membrane with com- 
mensurable edges). Then 

= • • • • (15) 


Interchanging m and n leaves the proper value unchanged, but alters the 
geometrical character of the proper functions. In actual fact the two 
states of vibration 


Wi 


. m^rx . 

sin sin 

a 


nny 

a 


. UTTX . mn-u 
tt,, = sin — sin — - 
^ a a 


(16) 


in general differ from one another. For example, u^ has m + 1 nodal 
lines in the ^-direction, u,^ has w -J- l, and so forth. Only in the case 
m ^ n do Wj and u^ become equal. 

With the exception of the fundamental vibration ni = n == 1, and the 
over-tones m — n that are harmonic * to it, the proper values of the square 
membrane are at least two-fold, A higher degree of degeneracy occurs 
under certain conditions connected with the theory of numbers.t 
In the case of two-fold proper values all functions of the family 

V = AjWj + ^2^2 .... (17) 

(where \ and Ag arbitrary) become proper functions simultaneously 
with (16). If we wish to ensure that the v’s are normalised just as the 
w’s, we write instead 

= cos yUi + sin 

~ sin yWj -I- cos yWg, 



*If wt n, it follows from (6) and (15) that that is, „ is a 

harmonio overtone of the fundamental wj, j ; on the other hand, is in general 

non-harmonic. ^ 

+ Cf. the instructive book by F, Pookels (based on lectures by F. Klein) : “ tlber 
die partielle Differentialgleiohung Au + k^u — 0, Teubner, 1891 ; in particular, pp. 79 
et sea. The degree of the degeneracy is related to the number of ways in which the 
number m’ + n* can be divided into primes. 
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analogously to (14). Fig. 14 shows how strongly the geometrical 
character of the proper vibration varies with Xj, Xg (respectively, y). Still 
more complex manifolds * of nodal lines occur for n 2. All types of 
vibration in the figure are equivalent among themselves. The cases 
Xg = 0, V Wj, and Xj = 0, v Wg, in which the nodal lines are straight 
and parallel to the sides of the square, are in no wise favoured above 
the other types of vibrations. 

Now if the state of vibration is a little perturbed, there is no reason 
whatsoever why the perturbed state should follow continuously on the 
functions or u.^. Rather, it will be developed, according to the nature of 
the perturbation, from that state of vibration of the family which is most 
suited to the acting perturbation. Suppose we act on the membrane, for 
example, by pressing lightly on it with a finger [special case dt the 
pressure P in eqn. (7)]. Then that proper vibration of the family will 
be favoured, whose nodal lines runs through the point at which the 
pressure is exerted. 



Nodal lines (Knotenlinien) of the square membrane 

V = + \^u^. 


. mvx . niry ^ 

u, = sm sin — 

^ a a \ 

. n-KX . vvny f 

u.y = Sin — sin — ~ 

^ a a J 


m 


1, w. = 2. 


The number attached to the curves have the following 
meaning : 


Curve 

1 

2 

3 

4 

5 

6 

7 

8 

. . . . 

1 

1 

1 


0 

Vs 

1 

1 

Xj, . . . . 

0 

- % 

- 1 

- 1 

1 

1 

1 

Vs 


The state of affairs is the same for the circular membrane represented 
in Fig, 15. Its proper vibrations are represented by 


U - Jm(K,nr) • • • • (l^) 


The proof follows from the calculations of § 2, B, Chap. I, if we transpose 
it from three to two-dimensions, that is, from spherical harmonics to 
trigonometrical functions. is the Bessel function of the integral index 
n the ntb root of the equation 3m{ha) = 0, a the radius of the 
membrane, whose circumference we assume fixed, km, n is at the same 
time the general proper value of the membrane. An inspection of (18) 
shows that it is double. The only simple states are those {m = 0) wlwse 
rbodal lines are purely circular 

« = .... (18a) 

to which the fundamental state m ~ n = 0 also belongs : 

u « Jo(A?o, 0 r) 

* Of. Pockets, loc. cit., p. 80. 


{18b) 
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Proper values higher than double do not occur in the case of the circular 
membrane. We shall find an exactly similar state of affairs in the helium 
problem : a simple ground state (S-state) and double excited states. 

The linear family of proper functions which, belonging to the same 
hm, n with w > 0, interpolates itself between the two proper functions 
combined in (18), is represented by 

-y = cosy + sin yu^=^ cos m{^ - y). 

Whereas the circular lines of nodes lie fixed within the family, the 
straight radial nodal lines are variable with y. A superimposed pertur- 
bation selects from them that position y, which is suited to the nature 
of the perturbation. 

Fig. 15 represents the case m = 1, n = 2 ; one diameter of undeter- 
mined position is a nodal line. 

The circular nodal lines are re- 
duced to the edge of the membrane 
and to a circle whose radius corre- 
sponds with the first root of 
Zfjia) — 0 . 

We now return to wave- 
mechanics, and consider eqn. (4) 
with the perturbation function s 
and assume E* to be an a-fold 
proper value. The assumption (4a) 
now also yields eqn. (5) but with 
the difference that here any of the 
a proper functions tpjki can be sub- 
stituted for Meanwhile we 
know from the example of the 
membrane that these play no 

favoured part, but that rather the 
perturbation chooses from the a-fold 

family (14) those proper functions to which they can attach themselves 
continuously. So in the right-hand side of (5) we write in place of a 
special the general ij/ikh and keep open the choice of the substitution 
coefficients /3hi contained in it. How are these coefficients to be chosen ? 
The answer is given by the theorem enunciated under A, which is ex- 
pressed as follows for the present case : the right-hand side of the non- 
homogeneous equation must be orthogonal to all the splutions of the 
homogeneous equation. In place of the one condition (7a) this gives the 
a conditions 

|(s - ip)^kh^i^dq = 0, y - 1, 2 ... a. 

By substituting the expression (14) for iftkh, we get (omitting the index h 
in p for the present) 


Fig. 15. 

Lines of nodes of the circular membrane 
V = dmilcm, nr) cos w (^ - 7 ), 
m = 1 , 71 — 2 . 

The key to the numbers is 


Curve 


1 

<M 

00 

<M 

1 

- 

0 


+ ir/4 




tp)^H <li^dq= 0 


(19) 
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Following Schrodinger * we introduce the abbreviations 

€ij - ^Si/tjciilskjdq .... (20) 

and take into account that the ^j^’s are to have been normalised among 
themselves, that is, that 

^4^ki^kjpdq = Sij = 

Then the system of eqns. (19), when written out, runs 

^l(*ll ■" «) + ^2«12 + • • • ^o«la " 0, 

^1^21 ■!" ^ 2(^22 “•€)+... ^a^-2a =* 0, 

+ . . . Pai^acL “ c) -= 0. 

Thus we here have a “ problem of principal axes ” {Hauptachsen-Prohlem), 
a type which occurs often in mathematical physics. The values of c 
possible according to this give the magnitudes of the principal axes, those 
of p give their direction. By eliminating the jS’s we get for c an equation 
of the ath degree 

^11 - «12 • • • 

^21* ^22 ^ = 9 . , . . (22) 

Cott - C 

which, on account of =* fjf has exactly a real roots. According to (21) 
there belongs to each of these roots a special value system of the jS’s and 
consequently by (14) a now definite proper function ^kh of our family. 
Only when eqn. (22) has multiple roots does t/jkh remain partly undeter- 
mined, so that the degeneracy is only partially neutralised. 

For a A which increases from zero the perturbed proper functions 
follow continuously on these a proper functions 0*^. The perturbed 
proper function can be calculated as follows on the basis of eqn. (5), 
similarly to the method used in (10) and (11). In the right-hand side of 
(5) we substitute for e and a corresponding pair of the values and 
^kh just calculated, and after dividing it by p, we expand it and also the 
required function <f> (written for greater clearness) in terms of the proper 
functions where I varies from 1 to oo and i from 1 to a : 




(p “ • 

<l>h = B(j . 

From the differential eqn. (5) it follows, just as in (10a), that 


Au 

Ejt - Ef 


(23) 

(24) 

(26) 


* The «i/8 are actually the “ matrix elements ” of the perturbation function «, and 
might, therefore, be denoted by analogously to the matrix elements qij of the 
oo-ordinate g. 
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in which, by (23), we have for Z =}= A; 

An = ^stfskh^udq. 

The final result is, analogously to eqn. (13), 

E = Ejfc 4* 

^ = ^kh + - ^kh + ^ • • ( 26 ) 

The dash attached to 2^ denotes as in (13) that the value Z = A; is to be 
omitted in the summation. The index h numbers the a branches into 
which the degenerate problem splits up on account of the perturbation 
and corresponds to the a solutions of our algebraic eqn. (22). 

Strictly speaking, all this is only a first step to the complete solution 
of the problem of perturbations, which would have to be supplemented 
by the approximations of the second, third . . . order, that is, by terms 
involving A.^ . . . As in all calculations of perturbations these 
higher degrees of approximation become rather unmanageable in general, 
in contrast with the first approximation which, as we have seen, has been 
worked, for the degenerate as well as for the non-degenerate case, into an 
extremely elegant scheme by Schrddinger. In the Stark effect we shall 
also calculate the second degree of approximation without excessive 
difificulty, 

§ 2. The Stark Effect 

In the equation of the Kepler problem, eqn. (1) § 7, Chap. I, we add 
to the potential energy V = - Ze^/r the term e¥x, as a homogeneous 
and relatively small external field F is assumed to act in the aj-direction. 
We set 

(we have called the electronic mass fi ; x replaces the parameter X of the 
preceding section) and get in place of the eqn. (1) just mentioned, 

^>i> + 

The literal application of the procedure described in § 1 would consist in 
expanding the right-hand side of (1) in terms of the proper functions of 
the Kepler problem 

0 = R(r)P^ (cos 

This method would exactly correspond to Bohr's treatment of the Stark 
effect in Atombau, Chap. V, § 6 (of. I, Chap. V, §§ 4 and 5) and has been 
carried out by Sohrodinger in § 5 of his third communication on “ Quan- 
tisation as a Problem in Proper Values.” It is more illuminating and 
mathematically more satisfactory, however, to seek the method analogous 
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to that of Schwarzsohild and Epstein, that is, to postpone the introduc- 
tion of perturbations and first to separate the problem rigorously in para- 
bolic co-ordinates. Cf. §§ 3 and 4 of Schrodinger’s third communication. 


A. The Wave-equation in Parabolic Co-ordinates 

The parabolic co-ordinates* rf, are to be defined exactly as in I, 
Note 11, p. 687, eqns. (1) to (8) : 

® y = ^ Q 08 <f>, z => ir) Bin <!» . . (2) 

The kinetic energy, expressed as a function of the co-ordinates and 
momenta, is, by eqn. (10) of the same Note : 


T(?. P) - 2^^^ ^ + p\+ + -2 


If we adopt the notation of eqn. (1), g 11, Chap. I, for our present co- 
ordinates, we have 


K.-] = [w] = , 




+ if)’ 

M = ['4] = m = 0 

and by (14) and (15) of the same section 

(2/.)-’'2D = ie + 

From the eqn. (10) of the Note it follows that the wave-equation of the 
Stark-effect is 


+ 


+ 7'){b + 


2Ze2 


In this we have set [cf. (2)] 


V = - — + eF* = 
r 


^2 + 1,2 

2Z62 


'd<l> $7} 

- - 




(3)' 


;2 + eF, 


e - >?2 


e + * 2 • 

<ji occurs “ cyclically ” in (3). This suggests to us to assume 

iff = w ^ 0. 

From (3) we then get, after division by ^ w. 




eF \ 
+ 2>1*}4 


( 4 ) 


i 0 


This method of writing the equation allows us to recognise the possibility 
of carrying the separation still further : 

^ -fiiOAivy 

* Schrddinger ases the co-ordinates if> ^ <p. 
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If is a separation constant, (4) sub-divides into 


and 




2* 




0. (5a) 


Bqns. (5) may be treated together further. If, linking up with eqns. (19), 
(20a), (20b) of I, Note 11, we introduce the abbreviations 


~W’ ^~\jt V 


B = ^(Ze2 + |8), C. 


ffl- TV ^ „ 

- T- ^ = - 


(6) 


and combine (5a, b), we get, 

= 

The unperturbed equation (\ = 0, Kepler problem in parabolic co- 
ordinates) is analogous to eqn. (3), § 7, Chap. I. Its integration need 
therefore only be indicated and we shall restrict ourselves to the case 
E < 0, A <[ 0, that is, to the discrete spectrum : 

asymptotic solution : / = , 

unnamed variable : p ^ 2 J - Ar, 


assumption for/: f - e H, 
differential equation for v : 


expansion for the neighbourhood of p = 0 : v = pv5a„p’', 
characteristic equation for y ’ = - C, and hence by (6), 


( 8 ) 


m 

y = + 2 ’ 

recurrence formula for the a’s : 


a.' + il 


+ Oiv 


{-( 1 - 


+ y) - A + - 




0 , 


polynomial condition, breaking off the recurrence for v *= ni : 
B 1 w , 

7 ^-= 2 + 2 +»‘ • • ■ 


(9) 


m represents the two values Wi and Wa, which respectively belong to/j and 
/a, just as B represents two values. By adding the two equations (9) for 
i — 1, 2 we get (remembering that by (6) A is one-valued), 

27r^u Zfi® ^ 

-p- ^ = l + TO + »i + n2-n 


. ( 10 ) 
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We call the right-hand side the “principal quantum number” n. By 
squaring and substituting for A we get the Balmer formula : 




( 11 ) 


So far we have only shown that the unperturbed Kepler problem 
allows itself to be integrated just as well in parabolic co-ordinates as in 
polar co-ordinates and leads to the same result, namely the Balmer for- 
mula. All this is in agreement with the earlier procedure of I, Chap. V, 
§ 5, p. 285. According to the formulae just above the components /j, 
of the unperturbed proper functions are given by 


/= 


p m 


where w — 



(12) 


The differential equation for w follows from that for v, eqn. (8), if we sub- 
stitute the values of C from (6) and of B/^ - A from (9) : 

pw** + (m + 1 - p)tv + iiiW = 0. 

Comparing this with (12a) of § 7, Chap. I (differential equation of the 
derivatives of Laguerre’s polynomial), we see that 

= + • • • • ( 13 ) 


B. Perturbation of the Proper Values to the First Order 


We now turn to the perturbation equation (7) which we simplify by 
introducing p ^ 2 J - Ar, and get 

■ (U) 

Here we have set [cf. eqn. (6)] 


V = 


(2V- A)»’ 


C = - 


(15) 


By (6) the sign of A' is positive or negative according as / denotes the 
separation function /j or In the same way, by (6), B/ J - A has a 
different meaning according to whether /j or /g is being discussed. This 
quantity B/ - A represents the proper value of our eqn. (14) and is to 
be denoted by the abbreviation iy. 

To be able to apply the general method of the preceding section 
directly, we must first make our perturbation equation (14) self-adjoint ; 
this is easily done by multiplying it by p. This transforms (14) into 

+ (’ " i ■ • • , ■ 
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The first approximation of the proper value rj was determined in (9) 
and is to be called on account of the occurrence of the parabolic 
quantum number Wi in (9) is also different for and We next 
expand rj and / in the sense of the previous section in terms of the per- 
turbation parameter (15) 

>7 = ■»?o + / = /o + • • • (1®) 


where is given by (12) 

Substituting (16) in (14a) and neglecting the term in we get for 
^ the equation 

+ (>) - j - ^)</> = (p^ - ‘1^0 • • • {16a) 

Hence it follows from eqn. (8) of § 1 (in our case s = p^, p = 1, dq = dp) 

C = ? K = J^y„*dp, J = . . (17) 


In calculating J and K we proceed on the lines of eqn. (17), § 7, 
Chap. I. In consequence of our present eqns. (12) and (13) we have 


• m 


where we have used the abbreviation v =* m + w,*. 
J and K may be written in the form 


Thus both integrals 



(18) 


where G is an integral function of degree v in the case of J, and of 
degree v + 2 in the case of K : 

J) . . G = p'^w =a ap" 4- . . . 

K) . . G = + = ap‘' + “ + V’’* + • 

To calculate J we perform integration by parts m times on (18) ; we shall 
see that only c “ need be differentiated : 


J = 



. . )L„dp. 


If we now substitute for Lp the expression (14) from § 7, Chap. I, the 
exponential function cancels out and we get 


J = |^(ap'' + . . .)^^>-e-P)(ip. 

We may integrate this once again by parts, which makes all terms with 
exponents <Cy drop out : 


J =* ( - 1)V ! aj* p*e ^ f*dp ~ ( - l)’'(v I)*a. 


In a fully analogous manner we find that 

K « (- mv\Y[c + {v + l)(v + 1 - w)6 

+ ^(v + l)(v + 2)(v + 1 - m){y + 2 - w)a]. 
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y ■=* - + (v + l)(i/ + 1 - m)- 1 

J I • • 

+ + l)(i/ + 2)(v + 1 - m)(v + 2 - m)\ 

To determine a, b, and c here we must revert to eqn. (29) of § 7, Chap. I ; 
we get by differentiating m times 

/ in/ m v2(v-l)! 

y) = = f XW — 1 1— pV-m-1 

dpm ^ ^ \{v - m ) ! ^ (i' - m - 1) ! ^ 


^ ^ = (- W '/ , , i ^ pV-TO-l 

dpm ^ ^ \{v - m ) ! ^ (i' - m - 1) ! ^ 

2 (v - m - 2) ! ^ • • -y . 

From this we obtain the ratios of our coefficients o, 6, c in G as 
cl 

- = 2 i/(v - l)(v - m)(v - w - 1), - = - v(i/ - m). 

Substituting these values in (19) gives 

j » + 6i/(l - m) + - 3m + 2 . . (20) 

By (17) this is the perturbation of the proper value e ; and we must 
distinguish between and €2 according as we are dealing with /j or 
In the sequel we require only the difference cj - € 2 , which, by (20), 
comes out as 

<1 - €2 = 6(1^1 - V2)(i'i + vg + 1 - m). 

On account of the meaning of v,* = m + and of w = 1 + m + + Wg 

this equation is identical with 

cj - €2 = 6(ni - 71^)71 .... (21) 


C. The Stark Effect of the First Order 

We now write down the perturbed proper value tj for both parabolic 
co-ordinates according to (16), substituting for from (9) and for A' from 
(15) [concerning the sign of | A |, cf. (6)] : 


1 m 

’?! = 2 2 ■** 


’/a - 2 “2 "*■ ”2 


IM / 

(2^— a/’* 


Now 1 ? « B/ and hence by (16) 




( 32 ) 
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Therefore, by adding the two eqns. (22) we get 
2^V Ze^ |X| 


*2)» 


or, on account of ( 21 ), 

Ze'‘ _ / 6 1 X IK - n^) \ 


Neglecting which is reasonable, we get from this 


/ > 


, 3 1 X 1 (»i - 

\27rV> 

1 {Ze‘y V 

2 (x/ - A)» / 


On the left-hand side we substitute A from ( 6 ) ; on the right we insert 
the Qth approximation of A from (10) and obtain 

hm 1 3;i«|x|(ni - 

' 167rV“Z»e« ‘ 


If finally we take into account the significance of \ in eqn. ( 6 ) and of 
the Eydberg constant E, we have 






(nj - n.^)n 


(24) 


This is exactly the Schwarzschild-Epstein formula for the Stark 
effect of the first order, which we discussed in I, Chap. V, § 5, and com- 
pared with the results of experiment ; see in particular eqn. ( 1 ) of that 
section. 

Not only is the result the same, however, but also the method by 
which we have arrived at it runs parallel with the earlier method in I, 
Note 11, p. 587. For example, here, as there, we had to eliminate the 
separation constant /3 by adding the two values of B/ J - A. The cal- 
culation of A from the sum so obtained also ran along the same lines. 


The only difference is that earlier we determined B/ ^ - A by obtaining 
an approximation to a complex integral, whereas here we determined it 
from a differential equation which was integrated approximately by 
means of the theory of perturbations. 

We have here occupied ourselves explicitly only with the energy B, 
which we compounded from the perturbed proper values 17 of our two 
differential equations, and we have eliminated the separation-constant 
But our calculation also contains the perturbation-correction of p im- 
plicitly, which may be taken directly, according to eqns. (28), from the 
perturbed values of rj. 

In order to connect this method with the general rules of the pre> 
ceding section, we make the following remarks. The Kepler problem 
is degenerate : therefore the perturbed Kepler problem is presumably to 
be treated according to § 1 B. Instead of this we have preferred to 
separate the variables in the perturbed problem and to apply the simpler 
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methods of § 1 A. This possibility was based on a general theorem 
drawn from the theory of the Sturm-Liouville boundary problems : 
the proper values in the case of ordinary differential equations of 
this type are always simple. It is in accordance with this that we 
started out in our calculation of perturbations not from the whole energy 
E involved in the problem, but from the proper values of the separated 
differential equations and corrected these values by adding perturbation 
terms. Only at the end, in eqn. (24), did we pass on to the total energy 
B of the problem. 


D. Stark Effect of Higher Order 

We make the assumption (16) complete by developing the proper 
value and the proper function in a series of powers of the perturbation 
parameter : 

V = / = ^V*/i . . (25) 

We substitute (25) in (14a). By equating the various powers of A.' to 
zero we get a system of equations, giving recurrence formulae for the 
/i s. The first of them is eqn. (16a) in somewhat different notation ; the 
is the differential equation of the unperturbed Kepler problem in 
parabolic co-ordinates. The equation of the system is 

^ipf *) + (’70 - j ~ ^ ^ ’^ 2 /* - 2 “ v*/o* 

The case k — 2 interests us : 

+ (% - f - ^)/2 = (/>'■' - viVi - vjo’ 

The solution of the corresponding homogeneous equation (left side of 
the preceding equation set equal to zero) is /q. The right side must be 
“orthogonal” to this solution [analogously to eqn. (7a) of § 1]. In our 
present notation this means that 

- vJoV^dp = 0 , 

that is, 

Jva = ^pVifodp - Vi^Jidp . , (26) 

J is the integral taken from eqn. (17). To evaluate the right-hand side 
we must first know/j. /j is identical with the function ^ in eqn. (16a) 
and is calculated according to eqn. (11) of § 1. Hence, following rule 
(9) of § 1, we expand the right-hand side of (16a) in terms of all the 
proper functions /q of the unperturbed equation ; in doing so we take into 
account that in our case the weight function p 1, and that we have 
now to write in place of c : 

(P^ - ’?i)/o « . . . . (27) 
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On the left-hand side 4, or more precisely /on, denotes the proper function 
of zero approximation, from which we started, that is the proper function 
with the parabolic quantum number or On the right-hand side 
foi denotes all the remaining proper functions of zero approximation 
with i'^n. By (11) of § 1 we therefore represent 4 thus : 

= (28) 


[the difference of proper values that occurs in eqn. (11), § 1, here simply 
becomes n - ihy eqn. (9)]. From this we see that the second integral 
on the right-hand side of (26) vanishes. For here 4 denotes as much 
as fon » since in (28) the term with i ^ n drops out and all integrals 

j*/ot/on'fp vanish for i n on account of orthogonality, we also get 

j/o/idp = 0. 

Substituting (28) in (26) 

• ■ • ( 29 ) 

From (27) it follows, however, in the manner of Fourier, that 

^pVonfoidp - Vi^fmfoidp =* . . (29a) 

Again, the second member on the left vanishes on account of the condition 
of orthogonality ; we shall call the factor of Af on the right J^, so distin- 
guishing it from the previous J = for which we shall from now 

on write Jn for clearness. If we denote the first integral by Yt, eqn. (29a) 
then asserts 


Yi — ^p^/mfuidp — AfJi . 
If we substitute this in (29), we get 



Af h 
n - i 


(29b) 

(30) 


It is now easily seen that At = 0, if 

t<?i~2ori>w + 2 

and so only the four following coefficients of A come into consideration : 

•Afi — 3r Ajt ^ j, Ajt ^ 2, Ajj ^ s. 

For if we write the integral (29b) in the form (18) and set v « m -h n, 
the integral function G « p”* + becomes of degree m + i + 2 and this 
degree becomes < v, if i -< » - 2. In performing the integrations by parts 
as before, all the terms of G vanish. The same is true for i'^n + 2^ 

VOL. II.— 11 
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if we allow i and n to change r61es. By this method we also calculate 
the values of for i + 2 and i « n qp 1, and hence also, by (29b), 
Ai « Yilh 

We shall at once write down the successive terms of the sum (30) : 


, Y = s ^ (*' “ !)(»' “ — 1 - 9w) 

n - i Jn ^ 

= 4 V (v - m){2v - my 
= - 4(i/ + l)(i' + 1 - m)(2v + 2 - 

= - ■i(v + 2)(i/ + l)(i/ + 2 - m){v + 1 - wi) 


i = w - 2 , 

t =s n - 1 , 
i =s w + 1, 
i = n + 2 . 


From these we get by addition the value 172 of the perturbation for the 
individual parabolic co-ordinate, w is to be replaced by or if we 
deal with ^ or rj, respectively. The sum of the for the two co-ordinates 
becomes (the principal quantum number n + m + 1 can be 

taken outside the bracket) 


^772 = “ 2n{Am^ -t- 17 (Mi + Wg + l)m 

-f 34(?t^2 + n,y - n^n^) + 17(wi + w^) + 18} 


(31) 


In (25) 97 denoted the proper value B/ \/ - A for the individual parabolic 
co-ordinate. If we again denote the sum of both by ^> 7 , then by ( 6 ) 

Ze 2 


27rV 

>1^ — 


h:^ J~ 


(32) 


On the other hand, the expansion (25) gives us, if we express X! in 
terms of X by (15) and substitute n for by (9), 

2 ’ = ” + + ( 27 ^ 762 ’’^ • 

In this expression cj - is given by (21). In the second term on the 
right we put for ^ ~ A the value of its first approximation from (23a), 
and for the third member on the right the approximation of degree 
from (10). By comparing (32) and (33) we then get the value of A to a 
second approximation, and hence by ( 6 ) also that of the energy E. The 
Stark effect of the second order is represented by the term with P in 
the expression for B. We get for this 
/t®F 2 

" + 19] ■ (31) 

This value was obtained simultaneously * by Wentzel and Waller. Neither 
used the perturbation theory of Schrodinger. Wentzel makes his calcu- " 
lation by the simple and interesting method which we have given in § 12 , 
Chap. I. Waller exploits the “polynomial method ” to the fullest extent 

* G. Wentzel, Zeitschr. f. Phys., 38, 618 (1927) ; J. Waller, ibid., p. 636. 
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§ 2. ' The Stark Effect 

even for the solutions of higher order. [As we saw earlier, the 0*^ ap- 
proximation /q is, except for the factor c of eqn. (12), a polynomial 

of degree %»•, the Ist approximation /j is a polynomial of degree w< + 2, and, 
correspondingly, the 2nd approximation is a polynomial of degree 7 ii + 4, 
and so forth.] 

As indicated in I, Note 11, p. 594, the Stark effect of the second order 
has already been calculated by Epstein on the old quantum theory. In 
appearance his formula differs from (34) only in the absence of the con- 
stant member (19) in the brackets ; then there is the more fundamental 
difference that the quantum number of Epstein corresponding to our m 
assumes the values 1,2,... and excludes zero, where with U 3 m assumes 
the values 0, 1, 2. . . . The author detected in observations made by 
Takamine and Kokubu a slight deviation from Epstein’s formula. Ee- 
cently very accurate experiments by H. Rausch von Traubenberg and 
R. Gebauer confirm the formula (34) perfectly, being at the same time in 
contradiction with Epstein’s earlier formula.*" 

The difference between the wave-mechanical and Epstein’s formula is 
relatively greater for small quantum numbers than for great quantum 
numbers. The observations just mentioned come among the high quan- 
tum numbers Hy, Hs (it is the quantum number of the initial state that 
counts). In the ground state {n = 1, = n*, = w = 0, or, in Epstein’s 

case, Til =. = 0, w = 1) the difference between (34) and Epstein’s value 

is given by the ratio 36:8 = 4*5 : 1. We consider two examples : 1. A 
hydrogen or alkali atom in the ground state under the influence of* an 
alternating electric field ; the Stark effect of the first order drops out when 
averaged over the time, and the Stark effect of the second order gives the 
“polarisation” or “deformation” of the atom. 2. Core of the helium 
atom in the field of the excited outer electron ; on account of the chang- 
ing direction of the field, here too the Stark effect of the second order 
alone comes into question and gives the polarisation of the He core. In 
both cases the effect calculated by wave-mechanics is 4*5 times as great 
as that expected according to the old theory. For details see the papers 
by Wentzel and Waller, loc. cit. 

Of course the new theory is superior to the old theory chiefly in 
allowing us to calculate, besides the wave-lengths of the components of 
the Stark effect, also their intensities. Schrodinger has done this to a 
sufficient degree of approximation (proper functions of Qth approximation, 
wave-lengths to the first approximation), and has met with success in that 
his values for the intensities for most components come much nearer to the 
experimental values than those estimated by means of the correspondence 
principle.t A more exact calculation of the intensity (proper functions 


Natu^asenso^ften, August, 1928, and June, 1929; Zs. f. Phys., 56. 264 (1929). 

to tht ^ conditions (field ^rpendioular 

“ that the intensities calculated by Sch^dinghr^ any rate 
come out to the right order quahtatively. Of. Naturwissenscha^t^n, ^ 
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to a first approximation) produces no appreciable change for the fields 
that are experimentally possible, in fact only an unobservably small 
asymmetry in the intensity scheme for the right and left sides.* 

§ 3. Theory of Dispersion 

In the older quantum theory we had no means of treating the forced 
radiation of atoms ; even free radiation could be dealt with only with the 
help of a special axiom (cf. the beginning of I, Chap. I). That is why we 
did not discuss the theory of dispersion in the earlier editions of Atombau. 
In contradistinction to this, questions of dispersion, just like those of free 
emission, fit quite naturally and without constraint into the system of 
wave-mechanics. 

Sohrodinger in his “fourth communication" (on Quantisation as a 
Problem of Proper Values) treats the theory of dispersion as a pulsating 
Stark effect by introducing an electric potential \{t) varying in time into 
the wave-equation. Instead of this we may follow 0. Klein t and describe 
the light wave by means of a vector potential. Both methods bring us to 
the same goal provided we make the assumption (which is, of course, fully 
justified for optical purposes) that the potential gradient may be neglected 
inside the limits of the atom. We shall adopt the 
second method here as it enables us simultaneously 
to prepare for the treatment of the photo-electric 
effect in the next section. 

A. Perturbation of the Atom by an Incident 
Light-Wave 

Suppose the incident light- wave to come from 
the negative £C-direction and the electric force to be 
polarised in the 2 /-direction. The following as- 
sumption for the electrodynamic potentials A and 
tft corresponds with these conditions (see Fig. 16) : 

A = Aty — a cos <i)^i — 0 — 0 . . . (1) 

By the familiar rules 

H = curl A, E = - grad 4> ~ -A, 
it follows from (1) that 

H, = H, = 0, H. = y sin <o(t - -) 

, \ \ • ■ 

E» - B. = 0, B, = ^ sin <a(« - ®) 

and BO, inifact, represents a field of waves {Wellenfeld) of the desired kind. 

* Aooording to unpublished oaloulations by W. Zimmermann, Munich, 1928. 
t Zeitschr. f. Phys., 41. 407 (1927). 


y 



z 

Pig. 16. 
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§ 3. Theory of Dispersion 


We insert the values of A from (1) in the wave-equation (10) of § 9' 
Chap. I, which contains the time : 

irrim 'bu 

T-¥--p-(Bo + U)t* 




iltk 

he 


a cos (oi t 


x\bu 

cm 


( 2 ) 


This equation holds for the single electron in the hydrogen atom [m — the 
mass of the electron) to which we can restrict our attention here, although 
our final result claims a far more general significance. It is convenient 
to split up the cosine into its exponential components ; we then write (2) 
in the form 


- 


4:Trim bu 
h bt 


8rr% ^ 


= p-|eV c^+e ^ 
p is the perturbation parameter 


p = 


^nie 

he 


a; 


( 3 ) 




since the amplitude a of the vector-potential A occurs in p, p can be 
treated as an arbitrarily small quantity. 

Let the unperturbed state of the atom and the state perturbed by the 
light-wave be respectively represented by 

2 rrt^ f 

^ Uk = ^ U = Uk + ptv . . . ( 5 ) 

Uk satisfies eqn. (3) with p = 0 ; by substituting for u in (3) we get for w 
the following differential equation, if we neglect a term in p ^ : 


Aw 


Mm biv 

~ir bt 




( 6 ) 


+ U)to 

As the right-hand side depends on t we assume the following form for w : 

- hyyt 

. . (7) 

V denotes vibration number corresponding to the circular frequency <d : 

V « (u/27r. If we also introduce the associated wave-length 

A =3 c/v =5* %rCjiii 

(6) gives us the following equation for determining : 

T2«r<? 






T!1 TT\... 


/nv 
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Whereas in the theory of perturbations of § 1 and its application to 
the Stark effect not only the proper functions but also the proper values 
were changed by the perturbation [cf., for example, eqn. (4a) of 1], we 
had only to correct the proper functions of the atom in eqn. (5) of the 
present section. The reason for this is that here we started out from the 
time-equation (3) in which no proper value parameter occurs at all. The 
proper value E* does not occur as a parameter in the perturbation prob- 
lem in this method of treatment, but only as a parameter of the unper- 
turbed atomic state. In spite of this difference § 1 indicates the lines 
along which we must proceed for treating equation (8) further : namely, 
we must expand the right-hand side of (8), as in (9) of § 1, in terms of 
the proper functions {f/j of the unperturbed problem : 

Titjtk T2ni^ \ A I /Q\ 

T^y ^ ~ ‘ * • • (^) 

These proper functions \f/j satisfy the well-known equation 

Alfe + - Eo - = 0 . . . {8a) 

when we take into account our present notation for the potential energy 
(V = Eft + U). If we assume the solution in the form 

«>± = 

it follows from (8) and (8a), in the manner of eqn. (10a) in § 1 (the con- 
stant corresponds in a certain sense to the “weight-function*' p 


used earlier), 

....A?.. 

^ 8ir%» • B* - ± hr 

and hence 

Aji/fj 


( 10 ) 


Since, in contradistinction to § 1, there is here no reason why Aj should 
vanish in the case j = k, the summation in (10) must be performed over 
all values of j, smaller, equal to or greater than k. We repeat again that 
the index k denotes the original state of the atom, in which it is struck 
by the light wave. By eqns. (4), (5), (7), and (IQ) the perturbed state is 
represented by 


, hi e 

1 d 

^ 47rc m 

+ - E. - 


/r A+ A - 
(®\Z“e* - E, 




The symbol indicates that the difference which, by (9) exists, strictly 
speaking, between the values of Aj in the two sums has been taken into 
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account ; but if we neglect the size of the atom in comparison with the 
wave-length X, we may regard the two A/s as being the same ; we shall 
do this in the next section. 

Eqn. (11) shows that under the influence of the light-wave not only 
the origin'll state h, but also all other states j for which kj does not just 
happen to be equal to zero are excited. If besides the discrete spectrum 
there is also a continuous spectrum of proper values, the summation terms 
in (11) of course become supplemented by corresponding integrals, cf. the 
end of § 1 A and § 4. 


B. Fiequericy and Intensity of the Resulting Vibrations 
The Dispersion Formula 


In this section we shall follow § 5 of Chap. I closely. For by the 
eqn. (16) that occurs there we calculate the electric density of our distri- 
bution of state u {Zustandsverteilung)y that is the quantity uu*. From 
(11) we next get, using an abbreviated form. 





In performing the multiplication we can obviously neglect the term in 
as it is a quantity of the second order. We get 

uu* = ^ ^ } •. (12) 

with the abbreviations 


y* == \ 

i- 4- \e* - + hv Ei - Ej ± hv^ ' 


(12a) 


From (12) we see that the density performs forced vibrations loith the 
frequency eo of the incident light-wave ; the original frequency of the atom, 
given by E*, has vanished from (12). In this way we have deduced a 
fundamental characteristic of all dispersion phenomena (cf. the remarks in 
D relating to the Smekal transitions). 

If, in particular, i/r is real or if, as in the case of the Kepler problem in 
the absence of a magnetic fleld, it can be written in the real form, and if, 
as agreed, we neglect the exponential factor in (9), so that kj also becomes 

real, then we can verify by (12a) that = - ^+- From this it 

follows that that component of the density which contains the time varies 
as sin mt, that is, vibrates in phase with the electric intensity of field By, 
eqn. (la), if we calculate the latter for the middle point a; « 0, of the atom. 
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This, too, is in conformity with the fundamental laws of the theories of 
dispersion. 

The simplified value of that results from these assumptions is 




(13) 


, (E* - - (hvf 

and eqn. (12) gives us, when we pass on to the electric density p ~ euu 


,2 h^v ^ 

p = a 

ttc m L. 


(Ea - E,f - {hv)^ 


sin o)t . 


(14) 


We next enquire into the intensity of the emitted radiation. To find 
this we must, hy § 5, Chap. I, form the electric moment of our density of 
distribution. Our first concern is with the moment for any arbitrary co- 
ordinate direction q, namely (cf. (17) in § 5, Chap. I) : 


M - 



(15) 


(We may, in particular, choose the direction q parallel to the direction of 
the exciting electric force, thus, as the y-direction, cf. Fig. 16, as we shall 
do presently in linking up with the classical theory of dispersion.) We 
omit the part ij/l which is independent of the time as being of no account, 
and we effect the integration prescribed in (15) term by term for the 
numerator of the sum (14). We write 



(16) 


Here, qjk has the same meaning as in eqn. (21), ^ 5, Chap. I, and is thus 
a measure of the probability of transition from the state k to the state j 
or vice versa. Hence we get from (14), (15) and (16) as the variable 
component of M if we complete the suffix of Aj by writing it as Aj* : 


M = - 


h^v e'^ ^ Ajjtqjk 

Ik in (B* - 


sin tat 


(17) 


We write E^ - E* = hvjki so that vjk denotes the vibration number of the 
free radiation emitted in the transition j k, in contradistinction to the 

cB 

vibration number v of the forced emission. If by (la) we substitute — 
far sin mty it follows from (17) that 


M 


2.ri>m 2* 



This is the electric moment, calculated by wave-mechanics, which an 
individual atom acquires under the influence of the electric field E. If 
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we multiply it by the number N of atoms in^ unit volume and divide by 
the intensity of field, we get from 


M 


NM 

B ’ 


the moment per unit volume referred to unit electric field : 


- 


^ SAjib^jjb 

47r^m 


(18) 


This moment, multiplied by 47r, is according to the classical theory of 
electrons, equal to ~ 1, where n is the refractive index. We take this 
interpretation over into wave-mechanics. Thus we use (18) to define the 
refractive index n by means of the “ dispersion formula ” 




1 = 


em 

Trm 



(19) 


The direction of q which has so far been left undetermined must be 
made to coincide with the direction of £ (that is, the ^/-direction of our 
figure), as will be explained in the following section. 

We may write (19) in a somewhat clearer form by again using the cir- 
cular frequency at and the corresponding circular frequency cjjt = 27rvji : 

= • • • ( 20 ) 

This is precisely the classical dispersion formula both as regards the term 
before the summation sign and the general form of the “ resonance- 
denominator.” But there is the fundamental difference that in the classical 
theory we have in place of the transition freqiiencies wjk the proper frequen- 
cies themselves [which in our calculations were proportional to the Ej’s and 
not to the (E* - Ej)’8]. It is very characteristic of the power of wave- 
mechanics that the introduction of perturbation theory in the integration 
of eqn. (8) makes the differences E* - Ej automatically replace the Ej^’s 
that originally occurred in (8). The fact that experimentally only the 
transition frequencies wj* can be decisive in the dispersion formula scarcely 
needs mention in view of the character of all the measurements obtained 
in observations of anomalous dispersion. 


C. Discussion of the Dispersion Formula. Calculation of the Number f 
of the Oscillators. The Summation Laws 
Eqn. (20) contains a refinement which was first introduced into the 
classical dispersion formula by Kramers.'’^ General interest, in view of 
the conditions of experiment, was concentrated on the dispersion of the 
atom in its ground state : the dispersion formula then contains only the 


*H. A. Kramers, Nature, May and August, 1924; Kramers and Heisenberg, 
Zeitschr. f. Phys., 684 (1925). 
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absorption frequencies of this ground state as the initial state (in the case 
of the alkalies, those frequencies are those of the principal series). In 
contrast with this Kramers considered the atom in an arbitrary excited 
state having the proper value E*, and, using the correspondence^rinciple, 
he established the idea that in the dispersion formula all the emission 
frequencies, that are possible from the state E*, must then be considered, 
that is, all the differences Bfc - Ej, for which Ej < E*;. The wave- 
mechanical treatment confirms this point of view : as we emphasised in 
eqn. (11) the theory of perturbations compels us to take into account all 
states, those with Ej < E* as well as those with Bj > E*. 

We have next to consider the nunmator of the dispersion formula. 
In the classical theory of electrons it denotes the number of dispersion 
electrons that participate in the proper vibration in question, or, expressed 
more generally, since this number, according to the quantum theory, need 
not be an integer, it denotes the “ number or quantity of the oscillators ” * 
(Oszillatoren-Stdrke). By our formula (20) this number of the oscillators 
comes out as 

f^-^Ujtqjk ( 21 ) 

We have denoted it by /, as usual. It depends, on the one hand, on the 
probability of transition qjk, that is, on the probability with which the 
transition k'^j would occur spontaneously, and on the other hand on 
the “ probability of excitation ” Aj*, that is, on the amount by which the 
partial vibration ipj in the perturbed state would be represented (resonance 
conditions not being considered) for a given state of polarisation of the 
perturbing field and for a given initial state tf/k of the atom. Owing to 
the factor qjk only such proper values E^ and corresponding frequencies 
wjt occur in the dispersion formula as can combine with the original 
proper value E*. All transitions which are forbidden in emission also 
drop out in questions of dispersion, because for them we have, with 
qji =« 0, also / = 0. For example, in the case of the alkalies in the 
ground state S only the lines of the principal series (SP) assert themselves 
in the dispersion formula, not the forbidden transitions (SD, SF) which 
contradict the rule of selection for the azimuthal quantum number. In 
§ 7 E, Chap. I, we derived this rule of selection by showing, indeed, that, on 
account of the orthogonality of spherical harmonics, for these transitions 
we get qjk = 0. It is true that in § 7 this proof was given explicitly only 
for the Coulombian field of the hydrogen atom, but it may be applied, 
§ 8, Chap. I, to atoms with arbitrary central fields. In the same way we 
have calculated the dispersion explicitly only for the hydrogen atom ; 
there is no difficulty in applying this proof to other atoms, so long as the 
mutual action between the electrons can be represented approximately by 
a central field. 

* For further details on this point and oonoerning the relationship with Binstein’s 
prCbabilities of transition, cf. B. Ladenburg, Zeitschr. f. Phys., 7t 751 (1921). 
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we multiply it by the number N of atoms in^ unit volume and divide by 
the intensity of field, we get from 


M 


NM 

B ’ 


the moment per unit volume referred to unit electric field : 


- 


^ SAjib^jjb 

47r^m 


(18) 


This moment, multiplied by 47r, is according to the classical theory of 
electrons, equal to ~ 1, where n is the refractive index. We take this 
interpretation over into wave-mechanics. Thus we use (18) to define the 
refractive index n by means of the “ dispersion formula ” 
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The direction of q which has so far been left undetermined must be 
made to coincide with the direction of £ (that is, the ^/-direction of our 
figure), as will be explained in the following section. 

We may write (19) in a somewhat clearer form by again using the cir- 
cular frequency at and the corresponding circular frequency cjjt = 27rvji : 

= • • • ( 20 ) 

This is precisely the classical dispersion formula both as regards the term 
before the summation sign and the general form of the “ resonance- 
denominator.” But there is the fundamental difference that in the classical 
theory we have in place of the transition freqiiencies wjk the proper frequen- 
cies themselves [which in our calculations were proportional to the Ej’s and 
not to the (E* - Ej)’8]. It is very characteristic of the power of wave- 
mechanics that the introduction of perturbation theory in the integration 
of eqn. (8) makes the differences E* - Ej automatically replace the Ej^’s 
that originally occurred in (8). The fact that experimentally only the 
transition frequencies wj* can be decisive in the dispersion formula scarcely 
needs mention in view of the character of all the measurements obtained 
in observations of anomalous dispersion. 


C. Discussion of the Dispersion Formula. Calculation of the Number f 
of the Oscillators. The Summation Laws 
Eqn. (20) contains a refinement which was first introduced into the 
classical dispersion formula by Kramers.'’^ General interest, in view of 
the conditions of experiment, was concentrated on the dispersion of the 
atom in its ground state : the dispersion formula then contains only the 


*H. A. Kramers, Nature, May and August, 1924; Kramers and Heisenberg, 
Zeitschr. f. Phys., 684 (1925). 
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We must here take Sj^ as denoting the space factor (Ortsftmiction) ; 
we have already got rid of the factor denoting time dependence, 

~(Bjt - Bj)< 

e A . But the current satisfies the relation 

div S + ^ « 0. 
ot 

If we write the last equation likewise without the time factors, then it 
runs in our case 

E — E* 

div Sjfcj + ^TrivkjPkj = 0 ; vkj = • • (26) 


The integral on the right-hand side of (25) may now be written in a dif- 
ferent form ; we have 

I y div SibjdT= - |Sy, kj dr, .. . (26a) 

for the surface integrals again drop out in the integration by parts on 
account of the vanishing of Sjy at the “ boundary." If we insert div S 
from (26) in the left-hand side of (26a), we get 

|Sy, kj dr = 

Combined with (26), this gives 




2irim 2vi(^k - Ej)f j 'I 

= - -eh-- ~ 

47r‘'*wi(Ei — EAf - 4:v'^m(Rk "Ej) 

'-Y, ^*dr . VM 


(27) 


This is the final result desired, namely, the coefficients are repre- 
sented in terms of the co-ordinate matrix qi^ or its components yk^. 
With the help of eqn. (27) we may also easily show that our formulae 
(12) and (17) for the density and moment are identical with those of 
Sohrodinger [Fourth Communication, eqns. (17) and (23)]. 

The oscillator quantity in eqn. (21) now become, if we insert the 
Aiy’s from (27), 


/ = -2, 


4ir% 

~W 


(Efc - Ej) .yi^.qi^ 


^ (28) 


thus — except for constant factors — the/’s become equal to the product of 

El. — E- 

the proper frequency — ^ ^ of the perturbed atom, of the co-ordinate- 

matrix element in the direction of polarisation of the incident light and 
of the co-ordinate matrix element in the direction of observation. 

In eqn. (28), as we have remarked above, we must set gjy « yi^Zn- 
This is proved as follows. The way in which the proper functions depend 
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on the angle is the same in the case of an arbitrary atom with a central 
field as in the Kepler problem. It is given by 

P7 (cos 

If we take the jz-axis as the polar axis ^ = 0, then y r cos 6, 
X ± iz — r sin For the moments yu^ and (x ± iz)^ the same rules 

of selection apply as in the case of the Kepler problem, namely, 
yh^ » 0, except when m = m\ 

{x ± iz)kj * 0, except when m = m' ±1. 

Here m or m', respectively, is the magnetic quantum number that belongs 
to the state j or k From this we see : if q is not chosen equal to ijy then 
one of the two factors in the product ya^ . qkj certainly vanishes. Con- 
sequently we must substitute q]^ == in /, as was stated. 

From eqn. (21) it is easy to prove the Summation Law of Thomas, 
Keiche, and Kuhn,* which was originally derived by these authors by 
means of the correspondence principle. In (21) we keep k constant and 
sum for / over all values of y, that is, over all transitions that lead to the 
level k. We then have 

^ /y = - 2, ^ = 1. if 3 = y- 

k j 

We have already mentioned on p. 32 that this summation law became 
of great importance for setting up the commutation law of quantum 
mechanics. 

To prove it we form 

= - 2^Ai^.qi0 = - . (a) 


in which we have used eqn. (22). The sum on the right-hand side is 
easy to evaluate. The Ajy . g'jy’s can be represented as the expansion 
coefficients of two simple functions, as follows : 


because inversion gives 

Also, 

because it then follows that 


II 



J 

A« = 


30i =■ 


* 



* W. Thomas, Naturwiss., 13, 627 (1926) ; W. Kuhn, Zs. f. Phys., 33, 403 (1926) J 
F. Beiohe and W. Thomas, Zs. f. Phys., 610 (1926). Of. also the analogous 
calculations in 37> (3) and (28). 
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If we now form the product of the functions on the left-hand sides of 
(b) and (c) and integrate over t, we get 

qki^idt 

on account o£ orthogonality and the normalisation of the ^'s. But the 
integral on the left further gives 






As above, we have here again omitted the surface integral. Substituting 
in (a) we get 

to, if 5 + 2/, 

which completes the proof. 

We must add that we have above proved the vanishing of /*;• for central 
fiddSf whereas the theorem ^ fkj = 0{q 4= y) holds quite independently of 

the special assumption of a central field ; in the proof we have actually 
made no such assumption. We further remark that in the case of 
n electrons 1 is to be replaced by n on the right-hand side of (d). 

D. Non-coherent Scattering. Baman-Effect, Smekal Transitions 
In § 5, Chap. I, we had to consider besides the density and moment 
of one atomic state also the corresponding quantities for the transition of 
the atom from one state to another, in order to be able to calculate the 
frequency and intensity of this transition, see eqns. (18), (19), and (21) of 
§ 5, Chap. I [cf. also § 8, Chap. I, where the electric current was defined 
not only for a definite state but also for a transition]. We shall proceed 
similarly now with the atomic states disturbed by the light- wave. Thus 
we shall consider besides the state u of eqn. (11), which we allocate to 
the proper function for example, the fundamental vibration, also a 
second state which arises from the proper vibration if/i owing to the dis- 
turbing light-wave. The density combined from both states is then 

•••r },) 

K). 

in which the abbreviations { }* and { }* are to be taken from (11), the 
first directly, the second after exchanging Ic for I and + i for - i. Multi- 
plying out and neglecting the term in a^ gives us the following equation 
analogous to (12) : 


Uku] =. ^ 


- Bf)t 




■ « 
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The first term on the right-hand side expresses the time-dependence of 
the spontaneous transition I h, which does not interest us here. The 


time-dependence of the second member is given as we can see directly 
from (11) and (29), by the two factors 



and e 


2irj 



(30) 


each of which occurs twice. Thus we have an accompanying vibration 
with changed frequency, a non -coherent scattering, besides the ordinary 
dispersion, which occurs with the frequency v of the incident wave. 
Whereas the latter represents a forced vibration we can regard the former 



Pig. I7a. — The atom is in the ground 
state k. The incident frequency y simul- 
taneously effects the excitation of the 
atom (causing the transition k^l) and 
the emission of light of the lesser fre- 
quency V* — V - I in this process 

= Ef - E*. 



Fig. 171).— The atom is in the excited 
state /. Under the influence of the 
incident frequency v it passes into the 
state k of lesser energy and radiates light 
of higher frequency i;* = v -f i/ ; 
here again we have hyj^i = - E*. 


as something between a free and a forced vibration. If we signify the 
frequency due to the transition l^khj vku that is, if we set 
El - Ei 

the vibration numbers of our non-coherent scattering are. aocordine 
to (30), given by 

V - vki and V + vki 

respectively (the sign of i in the exponent is indeterminate). 

The possible existence of this non-coherent scattering was proved by 
A. Smekal even before the advent of wave-mechanics on the basis of the 
following figures and formulae. 

The experimental proof of these “ Smekal transitions has very 
recently been achieved by C. V. Raman ♦ and K. S. Krishnan. In light 
scattered by liquids, crystals, and gases, t they observed besides the 
ordinary scattered light of the same frequency also scattered light of less 
frequency than that of the incident beam, corresponding to Fig. 17a, and 
in some cases also light of higher frequency, corresponding to Fig.’ 17b. 


•Indian Joum. of Physics, 2 , March, 1928; cf. also Nature, 121 , 501, and 122 , 12 
(1928). ’ ’ 

t Ram^ Mid Krishnan have obtained particularly sharp modified Unes with 
^tals. Such hues were also found for quartz and caloite by P. Priniisheim and B 
Bo^n {^tyhr f. Phys., fiO, 741 (1928)) ; R, W. Wood (Phil. Mag., Sef 7, 6 (19^))' 
^delstam (Naturwiss., 16 , 668 (1928) ;”ciomi)teg * 
Beudus, 1^, 109 (1928)). The last two investigators performed their researahes inde- 
p^dently of ^man and Knshnan and about the same time. They explained their 
disooveiy in the same way as the latter, ^ ?*««««« vneir 
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It is self-evident that the phenomenon depicted in Fig. 17b will occur 
with considerably less intensity than that represented in Fig. 17a, because 
it assumes the presence of excited atoms. This is in agreement with the 
findings of the Indian physicists quoted. 

This discovery is the optical analogy to the Compton effect, as will be 
clearly evident in an account in § 7. This characterises the fundamental 
importance of the Eaman effect, which is further emphasised by the fact 
that the displacements vki of the primary radiation can be identified in 
many cases* with infra-red vibration-frequencies of the molecules in- 
vestigated (for example, benzol, toluol, water). 

In his wave-mechanical representation of the Smekal leaps Schrodinger 
assumes, as in his derivation of the ordinary Bohr frequency condition 
(cf. p. 45), that the states h and I that here come into question are 
actually excited in the atom. We have avoided this assumption, which 
is probably too special and too closely bound up with the model idea, and 
we have contented ourselves with generalising the dispersion theory for- 
mally by considering (as formerly in the case of the frequency condition) 
the density matrix pja = UkU* for the two states combined. 

We shall proceed in the same way in making statements about the 
intensities of Smekal transitions. For this purpose we shall have to con- 
sider the “ moment-matrix ” of eqn. (19), g 5, Chap. I. We shall 
work out the formulas only as far as will be required later for the theory 
of the Compton effect. With this in view we shall distinguish between 
A| and AJ in eqn. (9) ; At is to belong to that is to the upper 


(negative) sign of the exponent in (9), and Ay to the lower. Further, for 
the sake of generality and on account of its applicability to the Compton 
effect we shall assume if/ complex. The A’s must be furnished with 
double indices, as in eqns. (17) to (20), so we write them Ajk and Aji ac- 
cording as they belong to '^if/kf^y or 'dif/ifdy [cf. eqn. (9)]. 

We next form the factors of the exponential quantities (30) in the ex- 
pression (29) for UkU*, and obtain respectively, as in eqns. (12) and (12a) : 


hi e ^ 
^ttc 


SJ 

^ VE; — Bj + 


— Ej ± hv) 


Passing on to the “ moment- matrix ” M«, we have to form the moment 
of the “ electric density ” euku* in any arbitrary co-ordinate direction g, 


that is, corresponding to eqn. (19) of § 5, Chap. I : 


•= e^tiUkUidr 


Integration with respect to dr over the co-ordinate space is only to be 


* The fact that they do not in all cases correspond with infra-red absorption lines 
is due to the selection rules in the Baman efieot being different from those in the 
oscillation spectra. The Baman linM occur when there is a level j which can 
combine with k and I, but the infra-red lines can occur only if k and f can oombLne 
directly. 
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performed on the numerators of the sums since the denominators 

as well as the factor in front of in (31) are constant. 

There is still a correction to be applied here. If in the incident wave 
we take into account the factor that is, the change of phase within 

the atom, it is logical to take along a corresponding phase-factor in 
calculating the emission, that is, to form the moment of the density 
distribution not for the same point of time, but for a “ retarded ” time. 
In the Smekal transitions the emission occurs with the frequency v* = i/+ vw. 
We shall call the corresponding wave-length X* (this nomenclature has, of 
course, nothing to do with its earlier use for conjugate complex quan- 
tities). We obviously have 

X* : X = V :v* and X*i/* = c. 

Let the direction of emission in question be denoted by s, so that s 
signifies the path of the wave emitted from the centre of the atom. The 
retardation then consists in this, that when we form the moments we 
sum up the density at different places not for the same t but for the same 
t - s/c or, what amounts to the same thing, for the same - s/X*. 
From this it follows that in forming the moments in (32) the factor 


becomes added under the integral on the right. In integrating over dr in 
the numerator of (31), we then find in place of the earlier ^jy’s the modi- 
fied or “ retarded ” co-ordinate matrix elements 


Qt,- = 

This makes our sums of (31) become 


L \Ei - E,. + hv E* - E,- ± W * • ^ ^ 

Consequently we get from (32) as the expression of the moment matrix 
Jti 

^ - a(S+ + S- . . (36) 

We shall have to use this expression for M later when we calculate the 
intensity emitted in the Compton effect. 


§ 4. Photo-electric Effect 

In I, Chap. I, § 6, p. 44, we represented the photo-electric effect as the 
most direct expression of the extreme quantum theory and we interpreted 
Einstein’s photo-electric equation in the sense of light-quanta. It seemed 
at first sight as if even wave-mechanics would produce no change in this 
state of affsirs. This surmise has, however, been shown to be erroneous. 
The photo-electric effect fits into the scheme of ideas of wave-meohanios ; 

VOL. II.— 12 
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for the first time, indeed, the directional distribution of pboto>electrons can 
be calculated by means of wave-mechanics.* We must admit, however, 
that Einstein’s law, like the Bohr frequency condition which is related 
to it, is not actually derived, but is included in the basic assumptions of 
wave-mechanics (cf. Chap. I, p. 46). 

The wave-mechanical theory of the photo-electric effect links up 
closely with the preceding section. We need only direct our attention 
to the continuous spectrum instead of to the line spectrum and apply 
to this continuous spectrum the calculus of perturbations. We shall 
take this opportunity of adding that in the formulae of the preceding 
section we have' also to imagine the frequencies of the continuous spectrum 
to be included, that is, that (cf. the end of § 1 A) to the summation over 
the discrete spectrum must be added the summation over the continuous 
spectrum, just as will be done in what immediately follows. 


A. Perturbation in the Continuous Spectrum 

We shall here consider not the usual method of producing the photo- 
electric effect, in which light of short wave-length falls on the surface of 
a metal and forces the free electrons of the metal to be emitted, but the 
photo-electric effect in the individual atom, in particular the hydrogen 
atom, in which case, therefore, the light acts on a hound electron. This 
problem is more definite theoretically than the ordinary photo-electric 
effect and has also received strong experimental support by modern 
methods (Wilson’s cloud-chamber). 

We describe the incident wave of light as in § 3 by the assumption 
(1, la) and by Eig. 16. The perturbed state of the atom it produces is 
given by eqn. (11), § 3. But whereas earlier we wrote down the sums 
only for the discrete proper values we shall now express only the integral 
over the continuous spectrum of proper values and shall denote the addi- 
tional sum by. . . . Let the proper value parameter of the continuous 
spectrum be E', and the proper function i/'(E'). Further, let E* and 
denote as earlier the initial state, that is, in particular, the ground state 
of the atom. Eqn. (11), § 3, then runs (p =» mass of the electron) 



The earlier quantity Aj is now replaced by the quantity A(E’)dE’. 


*G. Wentzel, Zeitschr. f. Phys., 40 , 574 (1926) ; 41 , 828 (1927) ; G. Beck, ibid., 41 , 
443 (1927). We shall go beyond the results of these authors, particularly in the treat- 
ment of uiort-wave radiation. 
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Corresponding to eqn. (9), § 3, it is defined by 


= . . . + . . . ( 2 ) 

A. is the wave-length of the incident light. 

The integrals in (1) and (2) are to be taken over the region E' = Eq = 
to E' =a X . The lower limit E' = E^ corresponds in the normalisation of 
^ 7, Chap. I, to the value E' = 0 or, expressed in the language of orbits, 
to removing the electron from the atom to infinity, so that E' >■ Eq is 
equivalent to the condition in § 7 : E >- 0 for the continuous spectrum. 
(The ... in (2) denote that, as in every representation of a function in 
terms of proper functions the discrete and the continuous proper values 
are to be taken into account, but that we have written down only the 
continuous vaiups.) 

We now consider a single element of the integral I (we shall return to 
II in Note 3, p. 293) and separate it into three factors : 


A(E')dB 

W Bt~ - E' + hy 


(b) ^(B-). 


(<=) 


Sir/ 

~(Kk + hy)t 


• (3) 


(a) is constant, that is, independent of the space and time co-ordinates 
and dependent only on the quantum numbers ; (b) signifies a distribu- 
tion in space of the proper vibration ; (c) denotes its dependence on time. 

Let us first deal with (b). We examined the proper functions of the 
hydrogen atom in the region of the continuous spectrum in § 7 A, (b), of 
Chap. I, We shall give a more detailed treatment of them in Note I at 
the end of the book. We shall there split up the single proper function 
^(E') into two parts and so that 

if, = 1(^1 + ^-J). 

The asymptotic expression in eqn. (24) of g 7, Chap. I, belongs to the 
radial component E of these two parts ; the sign -f in the exponent may 
be attributed to the sign — to 0^. To this radial component must be 
added the angular component from the eqn. (2) of the same section ; 
altogether we get asymptotically 

Jp(B')} • • • w 

The radial component represents a spherical wave, which is radiated out 
from r = 0 or which with the sign reversed converges to r = 0. Just as 
in § 1, Chap. I, we regarded the plane de Broglie wave as represent- 
ing a parallel stream of electrons, so we shall have to interpret the 
spherical wave as representing a stream of electrons diverging from or 
converging to the atom. This interpretation is justified by the following 
characteristic difference between the asymptotic behaviour of the con- 
tinuous proper functions and that of the discrete proper functions : the 
discrete proper functions ^ vanish so rapidly at infinity that the m- 
tegral dcr taken over an infinitely great sphere vanishes ; for the con- 
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tinuous proper^functions, on the other hand, this integral has a finite value 
independent of r. Hence the former proper functions indicate the charge 
zero at infinity and correspond to the elliptic orbits formerly used ; whereas 
the latter proper functions indicate a charge escaping to infinity, and 
correspond to the classical hyperbolic paths. Thus we have a stream of 
electrons diverging from or converging to the atom, the statistical be- 
haviour of which is described by the wave-function. The different 
directions are not equivalent but are distinguished from each other by 
the dependence on 6 and ^ contained in (4). 

With our choice of sign in the time factor we see that 

0,2 g - i(Lr + a) giyeg a, spherical wave emitted outwards by the atom, but 

g + i(fcr + a) gives a spherical wave radiating inwards towards the atom 
from infinity. Only the first result has a physical meaning. In Note 3 
we shall show that in carrying out the integration expressed in ( 1 ) the 
partial function 0^ drops out and only 0^ stands. An essential feature is 
the choice of the path of integration which will also be discussed in 
Note 3. 

On the basis of these remarks we shall in the sequel replace the factor 
(b), which gives the distribution of the photo-electrons in space by •J0‘‘*. 
On the other hand, we must use the proper function 0 and not the partial 
function ^0'* in the factor (a), namely in the definition of A (E'), eqns. (2) 
and (7). 

We next turn to the time-factor (c) in (3). Just as in the case of the 
plane de Broglie wave, the factor ^ritjh gives us the total energy of the 
electron emitted. Thus it is 

Et + hv. 

If we deduct from this the proper-energy E,, = m^c^ corresponding to the 
electron at rest, we get 

€ = Ejfc — Eq -f /iv . . . • (5) 

the kinetic energy of the emitted electron. But Eo - E* is the ionisation 
potential J, measured in terms of energy, or, what amounts to the same 
thing, the binding energy of the electron in the atomic state E* compared 
with its state of freedom from the atom E^. Thus eqn. (5) is identical 
with 

£ « - J ... . . . ( 6 ) 

and this is identically Einstein's photo-electric equation. Although not 
explained or made intelligible here, it is at least closely interwoven with 
the fundamental assumptions of wave-mechanics. It does receive some 
explanation, on the other hand, from the conception of discrete energy- 
elements of magnitude hv contained in the light, that is, from the well- 
known hypothesis of light-quanta. 
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' B. The Angula/r Distribution of Photo^Electrons for fhe Case of 
Long~W(me Light 

This angular distribution is indicated generally by the factor 
(cos 6) For arbitrary values of the quantum numbers I and m 
it includes many dififerent possibilities (subdivisions with respect to the 
angle d as well as with respect to <^). But we shall show that for the 
choice of co-ordinates to be given in (9) these many dififerent possibilities 
are restricted by the factor (3a) to the quantum numbers I = 1 and w = 0. 
The factor (3a) contains the quantity A(E') which is determined by eqn. 
(2). If we first consider only long wave light (A, very large compared 
with atomic dimensions), we can then set the exponential factor in the 
left-hand side of (2) equal to unity, as we have done in the preceding 
section. Tne inverse (Umkehrung) of (2) then gives us according to the 
general rules ior normalised proper functions [cf. in the preceding section 
the inverse of eqn. (9), which we actually gave in eqn. (22)] : 

A(B') = .... (7) 

The integration is to be taken over the whole of the co-ordinate space, 
and if polar co-ordinates are used we have 


dr = r^dr sin 0 dddtjt .... (7a) 

We take t/sk as the fundamental solution for the hydrogen atom, thus 
0jb = C« “ 


where C is the normalising factor and a the radius of the first Bohr circle 
(cf. the table on p. 71 and eqn, (30a) on p. 70 ; in the case of hydrogen 
Z = 1). Hence 


bipk 

by 


^Ce-Zrla.y 
a r 


( 8 ) 


We define our polar co-ordinates in such a way that the 2 /-axis (direction 
of the electric force of the light-wave) is the polar axis. Thus we set 


y ^ r QOS d, X r sin 6 cos z r sin 0 sin 


( 9 ) 


We then get 'dtitk/'dy proportional to cos d =» P, (cos d), and by (4), (7), 
(7a) and (8) we get 

IT 2ir 

A(E') = . . . Jsin 6^ d^Jd^Pi (cos 0) PJ” (cos e)e - . (10) 


The dots . . . here denote the radial part of the integral, which does not 
at present interest us. From (10) we at once infer that A(B') dififers 
from zero only if 

wi = 0 and 1^1 simultaneously . . . (11) 
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The general way in which ^(E') depends on the direction, (cos 6) 
thus reduces to 

Pj (cos 0) =* cos Oy which is independent of . . (12) 

We must regard the square of ^ as giving the probable number of the 
photo-electrons for every direction 0 (in other words, this gives the inten- 
sity J emitted in the spherical wave in the direction in question). Thus 
this number, or intensity, is given by 

J cos^ 6 (13) 

and is represented in Fig. 18. In accordance with the meaning of 0 we 
must, of course, picture Fig. 18 as rotated about the ^/-axis and repeated 
in the negative direction of y 

(ia»a4 

SO that there are two pear-shaped symmetrical bodies of rotation in space. 

To make the conclusion 
which brought us to eqn. 
(11) more convincing an- 
alytically we make the 
following remark. Just as 
in the preceding section 
we had to take the sum- 
mation sign, for example, 
in the dispersion formula 
as applying to all quantum 
numbers, so here we must 
regard the process indi- 
cated by our integration 
signs as applying to all 
quantum numbers, sum- 
mation being performed 
over the discrete values 
and integration over the 
continuous values. Thus 
we must form the sum for 
the angular quantum numbers I and m, and we must integrate only over 
the radial quantum number or the equivalent principal quantum number 
(or total energy E'). So the integral sign in eqn. (1) when written out 
in full, stands for 

^ jdE' . 

and the function A(E') should really be replaced by 

A/,n(E'). 



Fig. 18. — Photo-electric emission in the case of 
long waves. 

The intensity is plotted in polar co-ordinates. 


• ( 14 ) 
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What we have shown above amounts to proving that of the doubly 
infinite sum (14) of integrals only one term differs from zero, namely that 
for which Aim ** Aw, whereas all other Ah,»'s vanish. 

If we look at Fig. 18 the impression forces itself upon us that the 
electric force by its rapidly alternating effects on the atom releases the 
photo-electron from the atomic configuration and impresses its own 
direction on it for preference ; further, that deviations from this favoured 
direction are in some way due to the initial state of the electron. It is 
very remarkable that wave-mechanics gives no further details of the causal 
mechanism sketched in this way, but proceeds to deal straightway with 
the statistical final effect, which alone comes into consideration for com- 
parison with experiment. Whereas the light-quantum view of the 
Einstein law appears to depict the causal aspect of the phenomenon con- 
vincingly, wave-mechanics abandons causal arguments and, instead, gives 
full expression to the statistical aspect. The statistical character of the 
method of wave-mechanics also manifests itself in the fact that even in 
the case of hydrogen with its single electron, the theory leads to a con- 
tinuous curve of charge-distribution which is obviously to be regarded as 
the mean of a very great number of individual cases. 

To supplement the preceding calculations and to prepare for the next 
section we shall make a second calculation in which we take our polar 
axis 6 Q not in the direction of the electric force (y-axis) but in the 
direction of emission (the a;-axis), by setting (cf. Fig. 19, p. 187) 

X ^ r QOS 0, y = r sin cos <j), z ^ r sin 6 sin 6 . (9a) 

Then 

^ 008 . . . (8a) 

for which, hy eqn. (12), § 2, Chap. I, and suppressing the radial com- 
ponent, we may set 

“217 ^) cos . . . (8b) 

Eqn. (10) then becomes 

A(B') = . . . I^sin 0 (cos g) oos <^17 (cos ff)e - (10a) 

From this it follows that j w | = 1 and that i = 1 ; the latter on account 
of the condition of orthogonality of the associated spherical harmonics, 
eqn. (24), § 6, Chap. I. Hence the dependence of 0(E') on the angle 
now reduces to Pj (oos d) e ± = sin d e ± or rather to 

0(B') « sin ^ cos . . . . (12a) 

since of the two possibilities oos ^ and sin f included in only the 
first leads to a value of A(B') different from zero, whereas the second is 
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a^in suppressed owing to the vanishing of the factor A. In accordance 
with this we have in place of (13) 

J sin® d cos® <f} ... . (13a) 

The direction distribution given by this expression is of course again re* 
presented by Fig. 18 : in view of the new position of the polar axis the 
maximum now lies at ^ = 7r/2, <f> = 0; the rotational symmetry about 
the direction of the electric force is not so immediately evident in the 
new representation as in the old. But the fact that both representations 
are identical can be seen directly in rectilinear co-ordinates : the two ex- 
pressions (13) and (13a) both give by (9) and (9a) : 



Here y and r at first denote the co-ordinates of the point at which the 
intensity J is observed. But we may also regard them as the co-ordinates 
of the end-point of J in a polar diagram which, as in Fig. 18, represents 
the magnitude of J for every direction by means of the radius vector r. 
The equation of this polar diagram then runs in both cases simply 

r« = f, 

which expresses besides the identity of both methods of representation 
also the rotational symmetry about the y-axis. 

The total number of photo-electrons JgdO which is emitted in a cone 
between $ and B + dO is obtained from (13a) by multiplying with 
sin $ dd d^ and integrating over In this way we get 

J® sin^ B (13b) 


C. The One-sidedness of Electronic Emission in the case of Light of 
Short Wave-Length 

The whole difference between this case and the case of light of long 
wave-length consists in the fact that the exponential factor in (2) is not 
neglected now. We take the negative sign in the exponential factor, 
because it belongs to the integral I of eqn. (1) and because II is of no 
direct physical interest (cf. Note 3). By analogy with (7) we then get 

A(B') = 

For convenience we use the polar co-ordinates (9a) and, in view of (4) 
and (8a) we get 

A(E') - - -Cre“?Bn^<irA,„ . . . (16) 

a Jo 

Aim “ sin ^ cos e " ^ (cos ^) e “ (15a) 
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In (16) Rj denotes the radial component of ; the sufi&x I indicates 
that it will in general depend on 1. We shall imagine the normalising 
factor of the proper function included in it. 

From (16a) it necessarily follows that \m \ =1, as A vanishes for 
m = 0 and | w | >« 1. But A would also vanish for \m \ ~ 1, if we were 
to substitute sin <l> tor e~ [cf. what was said in relation to eqn. (12a)]. 
The only value of A/^ which does not vanish is therefore 

All = 7r| sin^ $ e ^ Pj (cos 6)d0 . . (16) 

We next expand the exponential function in (16) and retain only the 
and 1®^ member of the power series, by assuming that X is still large 
compared with the atomic dimensions r that come into question. We 
thus obtain 

A/i = 7r| sin^ ^ ^1 - cos (cos 0)dB . . (17) 

The term of course agrees with the integral (10a), since this 

denoted the approxiniation for an infinitely great X, provided we set w ~ 1 
in it and integrate over As in the case of (10a) it follows that this 
term differs from zero only for I — 1. We denote its value for / « 1 
by Ao : 

Ao - jr j' sin* fl = irj '(1 - . . (17a) 

In the second term of (17) we introduce the abbreviation Aj by 
writing 

A^ = 7r| sin^ $ cos $ Pj (cos 0)d0 . . . (17b) 

We calculate Ai by making use of the expression for Pj" in eqn. (12) 
on p. 12 : 

A. = ^J’ sin* e cos = ,r| ^ x(l - x^)^dx {17o) 

or by integrating by parts once : ^ 

Ai = 

But by Fig. (1) p. 12, the first factor under the integral sign is equal to 
2P2(a?). Thus 

Ai ^ 2rr| 'P^{x)l?i{x)dx, 



186 Chapter II. Perturbations. Diffraction Problems 

From this we infer ; Ai differs from zero only for ? ==» 2, and by eqn. 
(30) on p. 54 it becomes in this case equal to 

2 47r 

^^'21 + 1 - 6 - 

Escapitulating, we see that the sum denoted in (14) reduces in our 
choice of co-ordinate system and if we neglect higher powers of r/X to 
two terms. For the one we have m = 1 and Z - 1 ; for the other, 
m = 1 and 1 = 2: 

1. w « 1, Z = 1. By (15) we have 

A(E’) = - - C . K,A,„ K, = f “c ■f'Ei r^dr. 

^ Jo 

2. m = 1, Z = 2. By (15) we now have 

Z f* Zr 

A(E') = ^|cK,A.3i; Ks = aR,r3^r. 

The coefficients A^ and A^^ that here occur are obviously identical with 
the abbreviations Ao, Ai of eqns. (17a, b). We have to multiply these A’s 
with the correspondingly defined partial functions ^ in note 1 (and not, 
cf. p. 179, with the proper functions ^ themselves) ; these ^^'s are to be 
normalised exactly like the ^’s. These partial functions are : 

1. w =» 1, Z = 1 

^2 =, Rj2Pji (cos B) cos <ji, 

2. m = X, I = 2. 

Inserting the numerical values of the A’s and also the expressions and 
Pj^ we get for the angle dependence of the sum indicated in (14) 

A(B’)^(E') = . . . (l - ^ cos e| sin fi cos ^ (18) 

Here we have placed the factor of the first term independent of $, ^ 
before the bracket. 

We shall occupy ourselves with the evaluation of the integrals Ki and 
Ka in Note 2. We insert in (18) the values there obtained as well as the 
asymptotic values of Ba^ and calculated in Note 1. 

If we denote the left-hand side of (18) by we have 

, f. 4xr 2 + iZ/ak a 1 ■ a , 

+ xit Tvwjm "I ““ ® 

The square of the absolute value of 'if now takes the place of the earlier 
J, eqn. (13) or (13a), and gives the measure of the direction of distribution 
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of the photo-electrons. By neglecting A. “ which is justifiable, we get 
IGtt h cos 6 \ 


I'f’P- 


f- loTT k cos B \ q f. „ , 

' ~r F+zvJ ® 008 ^ • 


(19) 


The dependence on the azimuth remains, of course, the same as before, 
but the dependence on 6 has changed. 

We shall show that in consequence of (19) the miission of electrons is 
favoured in the forward direction^ that is, that the distribution of electrons 
inclines towards the forward direction of the rays. For this purpose we 
calculate the solid angle of the “bisecting cone” (Halbierungskegel), that 
is, of the cone that includes half of all the emitted electrons. Let the 
d-value of the bisecting cone be called @, then 


•air p 

. 0 Jo 


J sin 6 ddd<fi 


•air 1*11 

. 0 J* 


J sin 6 ddd(f>. 


Integration with respect to <f> leads to the same constant factor on both 
sides, which we may neglect ; the integration with respect to 9 is 

Ifir A; cos 0 \ , 3 - f'/- IfiTT A; cos 0 \ . . 

^ = J + “r p + zvp) ““ 


We set X « cos 0, Xi « cos @ and 
IStt k 


A A;2 + 


(20) 


@ does not difier much from 7r/2, for with our assumptions (the wave-length 
X of the incident light was still to be sufficiently large to allow powers of 
r/\ higher than the first to be neglected), the distribution will still be very 
similar to that which occurs in the case of light of long wave-length, 
which was symmetrical to 0 = ar/2 ; for this reason Xi becomes small 
compared with 1. On integrating we obtain, if we strike out higher 
powers of Xi, 


4* 


If we set 


@ : 


then, for our approximation Xi « cos @ « 0y, 

K _ iir k 

' 4 r jFTZV 


Bo 


■ ( 31 ) 


thus gives us the deviation of the aperture of the bisecting none from irl2. 
Since 0o is positive the electrons show a preference for the forward direc- 
tion, as we have asserted. 

The. position of the maximum of photo-electric emission has also 
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changed, being likewise displaced forwards of the ?r/2 direction. We 
calculate it by (19) and (20) from the equation 

0 « ~ sin2 d{l + K cos = 2 sin d ^cos B + k oos^ ^ ^ sin^ • 

In the last bracket we may simplify the terms multiplied by the small 
quantity k by substituting for them as a first approximation B - ?r/2. The 
bracketed expression then gives for the locus of the maximum 

cos d = ^ > 0, 

^ = • ■ • • ( 22 ) 
TT K 
" 2 " 2 

Thus the maximum has likewise become displaced in the forward 
direction ; the amount of the displacement is twice as great as in the case 
of the bisecting cone (cf. Fig. 19). 

This position of ^max allows us to write the distribution law (19) for 
the region in the neighbourhood of the maximum more simply as follows : 

J = sin^ cos*^ 0 . . . . (23) 

For, from (23) it follows by expanding in terms of k, 

J ^sin d + ^ cos 6^ cos^ = (1 + k cot B) sin^ B cos^ 0 

and for the immediate neighbourhood of the maximum (sin d 1, 

cot d«-^cos d) this be- 
comes identical with (19). 
£qn. (23) admits the 
following interpretation. 
The distribution of the 
photo-electrons in the case 
of light of short wa/ve- 
length about the displaced 
maximum B » ir/2 - jr/2 
is in its immediate neigh- 
bowrhood the same as for 
light of long wave-length 
about the undisplaced 
maximum B =» ir/2. 



Fio. Id.-Photo-electzic emission in the ease of 
short waves (Bdntgen rays). More intense emission 
forwards than backwards. 


We shall reduce the 
displacement of the bi- 
secting cone, eqn. (21), 
to a simpler form. 
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By eqns. (24a), (19), and (3a) of § 7, Chap. I, the meaning of ¥ was 
1 






(24) 


Corresponding to our present nomenclature and normalisation we 
have written E' - E© for the energy previously denoted by E (E >• Q in 
the continuous spectrum). Our value (24) thus depends on the particular 
point of the continuous spectrum that we happen to be considering. Now, 
we see in Note 3 that only the point* E' = Et + hv as given by the 
resonance denominator in integral I, eqn. (1) is significant. If we insert 
its E' in (24) and take into account eqn. (6) in which e = denoted 
the kinetic energy of the emitted electron, (24) yields simply 


h 


(25) 


(We may remark in passing that this may also be written 

a; 

where At, denotes the de Broglie wave-length associated with v,) We 
next calculate the denomiR?ytor in (21), namely If we insert 

the value (24) for k^ and the value Ei- + hv for E', 




87r2, 


fiv 


Sv^fX 

nr 


Z2 

(E* - E.) + % 


On the right, however, the last two terms cancel out, for 


A2 


Z_2 
a2 ' 


Srr^fi. 


'E;tZ2 


47r2;ifi2» ^2 - ^2 

and for the ground state of the hydrogen atom with the nuclear charge Z 
E* - Eq = - E/tZ2 (E « Eydberg constant). 

Accordingly there remains 


Z2 


Sir^fiv 

h 


If we substitute (25) and (26) in (21), it follows that 


K V _ V 


(27) 


It suggests itself to us to bring this value into relationship with the 
of the lighUqumtim which led to the emission of the electron. 
This momentum is hv/c and has the direction of the ray. The momentum 
of the electron is fiv and favours the direction perpendicular to the ray, 
except for deflection due to the momentum of the light-quantum. Thus 
the deflection amounts to 




flV 


(28) 
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If we then use Einstein’s law and, neglecting the ionisation, potential J, 
set 

(28) becomes identical with (27) except for the factor 2 to which we shall 
revert later. 

When we just now spoke of the momentum of the light-quantum, we 
forsook the statistical basis of wave-mechanics for the causal basis of the 
light-quantum hypothesis which underlies Einstein’s law. Instead of the 
momentum of the light-quantum we may also adopt a more phenomeno- 
logical attitude and regard the radiation pressure of the light as the reason 
for the forward deflection of the photo-electrons, for this pressure is only 
another way of expressing momentum of the light-quantum. 

But it must be added that in this way we arrive only at a qualitative 
explanation of the forward deflection of the photo-electrons ; for a quanti- 
tative explanation we require wave-mechanics and the factor 2 which 
was emphasised just above. 

Our treatment was restricted to the ground state of the hydrogen 
atom or, as we may say more generally, to the K-shell. We perceive 
immediately that the results for the L- and M-shells will come out 
differently on account of the proper functions in general depending 
differently on the angle of deflection. 

Compared with the psychological advantages of the causal view the 
statistical wave-mechanical treatment here has the practical advantage, 
which we must again emphasise, of answering questions of intensity. 
We have seen this in calculating the relative distribution of photo- 
electrons. But we may go further and ask what is the total number of 
photo-electrons released, that is, the absolute value of the photo-eleci^ic 
emission? This would lead us to a rational theory of the absorption 
coefficient of light and Bontgen radiation ; in the case of Bontgen radiation 
we should be concerned not with one absorption coefficient but with a 
series of such coefficients for the absorption phenomena in the K-shell, in 
the three L-shells, and so forth. Wentzel {loc. cit.) has sketched out this 
theory. Here we may point out that, besides being essential for under- 
standing light and Bontgen phenomena this theory is also of fundamental 
importance for gaining a knowledge of the internal constitution of the 
stars (Eddington). 


D. Comparison with Experiment 

We shall first speak of the general character of the distribution of 
velocities which we studied in B, and shall thee P&bs on to discuss a 
little more closely the one-sidedness of the distribution which was 
derived in C. Indisputable results can be obtained only in the case of 
light of sufficiently short wave-length, that is, Bontgen rays. 
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Eqn. (13), or (13a), refers to polarised rays. The initial direction 
of photo-electrons that are released by Eontgen rays was studied with 
the help of a number of stereoscopic pictures of tracks in a Wilson 
cloud chamber by F. W. Bubb * and F. Kirchner,t who used a consider- 
ably greater number of individual measurements. Even the first experi- 
ments, those of F. W. Bubb, showed that the direction of the electric 
vector exhibits a clearly marked favoured direction for the photo-electric 
emission— in qualitative agreement with the general lines of reasoning of 
p. 186. Quantitatively, the measurements of Kirchner gave a direction- 
distribution which agreed, within the limits of error of the statistical 
method, with the cos^ $ law of eqn. (13). A further agreement with eqn. 
(19) occurs in the experimental result that the form of the “ azimuthal ” 
distribution curve (angle <f>) is ^independent of the wave-length in the 
region between X =» 0*3 and 0*8 A., and from the ionisation potential in the 
region between J « 300 to 3000 volts. As to the “longitudinal" dis- 
tribution curve (angle 6) the sin^ 0 law for which was first deduced in 
eqn. (13b) for polarised rays, but which obviously applies equally well to 
unpolarised rays, was experimentally established by P. Auger { for un- 
polarised rays. 

The fact that the centre of gravity of the photo-electric emission 
moves further and further “ forwards " as the wave-length decreases was 
early the object of a whole series of electrometric measurements. The 
advance of the maximum was established quantitatively only quite 
recently by those methods which allow elementary processes to be 
registered individually, namely by means of the Geiger point-counter § 
{Spitzenzdhler), and Wilson’s cloud-chamber.H 

By eqn. (21) or (27) the bisecting cone should be displaced forwards 
by an amount proportional to the velocity v with which the electron 
leaves the atom. This is in qualitative agreement with the experimental 
result that the maximum moves further and further forward according as 
the wave-length of the incident radiation becomes smaller, and also that 
it moves less forward the greater the work of ionisation to be performed 
on the atom (Bothe, Auger). 

Eqn. (21) also gives the correct order of magnitude quantitatwely for 
the position of the bisecting cone, as is seen from Fig. 20. This represents 
the forward angle 7r/2 - $q {VoreUwinkeJ) as a function of the velocity 
with which the electrons have in each case left the atom ; the continuous 
straight line corresponds to the theoretical result given by eqn. (21). The 
earlier measurements almost all lie below this straight line. In the 
figure only the most recent measurements have been inserted ; these were 

•P. W. Bubb, Phyg. Rev., 23, 137 (1924). 

tP. Kirchner, Ann. d. Phys., 83, 621 (1927). 

JP. Auger, Journ. d. Phys., 8, 85-112 (1927). 

§ W. Bothe, Zeitsohr. f. P^., 26, 69 (1924). 

II Williams, Nuttal, and Barlow, Proc. Roy. Soo., 121, 611 (1928): P. Aufler 
Comptes Rendus, 186, 768 (1928) ; 187. 141 (1928) ; 188, 447 (1929). 
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carried out with homogeneous rays reflected from crystals. They come 
notably near the theoretical * continuous line in the figure. 

We should therefore like to assume that our numerical factor 2 by 
which the wave-mechanical calculation deviates from the interpretation in 
terms of radiation pressure has a basis in reality. The dotted straight 
line corresponds to the latter interpretation, which seems to suggest itself 
more readily physically. 

An agreement with the theoretical assertion contained in eqn. (23) is 
also to be seen in the experimental result, particularly emphasised by 
Auger, that the form of the distribution is independent of the position of 
the maximum and of the amount of the work of ionisation. The theory 
does not, however, comprehend some subsidiary maxima that have been 
found by Auger and Bothe in the longitudinal curve of distribution ; these 
maxima do not yet seem to be experimentally secure. 



Fig. 20. — Forward displacement of the bisecting angle {Halbicrungswinkel) of 
the photo-electric emission. 

Continuous line : calculated by wave-mechanics. 

Broken hne : expected results according to the elementary view. 

° Auger, X Williams, Nuttal and Barlow. 

Our calculation in C was only a first approximation, since we broke 
off the expansion of the exponential function (16a) at the first power of 
r/A. In the case of hard Eontgen rays this is, strictly, no longer admis- 
sible, as then the wave-length A becomes of the same order of magnitude 
as the radius of the K-shell of the atom in question. In the case of 
y-rays the power-expansion becomes illusory altogether; we are then 
driven to integrate the exponential function exactly. 

§ 5. Diffraction at a Single Obstacle. CoUision Problems of two 
Particles 

, To link up closely with the preceding sections it would seem most 
natural to continue with perturbation problems and to treat the Compton 

* We wish to call attention to the fact that in the dezman edition of this book 
the factor 9/5 occurred by an oversight in place of the correct factor 2 [of. above in 
eqni. (27) and (28)]. Corresponding to this the theoretical straight line in Fig. 20 of 
the German edition lay a little lower than in our present figure. 
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• § 6. DiflFraction at a Single Obstacle 

efifoct by the method of wave-mechanics. We find it preferable, however, 
to postpone the treatment of further perturbation problems and first to 
occupy ourselves with the simpler diffraction problems. Incidentally we 
shall pave the way mathematically for the later treatment of the Compton 
effect. 

In the diffraction problems of optics we distinguish between diffraction 
by a single object (slit, aperture, disc) and diffraction by a system of regularly 
arranged objects (grating lines, crossed gratings, space lattices). In the 
present section we shall deal with dififraction due to a single object, 
which we shall imagine to be an atom, nucleus or molecule ; in A the* 
diffracted wave will first signify a stream of a-particles, in B and C 
a stream of electrons. In the succeeding section we shall then pass on 
to the diffraction of electron waves by a regularly arranged system of 
diffracting objects. 


A. Deflection of cn-rays by Atoms and Atomic Nuclei 

Micromechanics claims that ‘the wave-equation is the key to phenomena 
which are usually treated in a less refined way by the methods of ordinary 
mechanics. A characteristic example* is given by the experiments re- 
ferred to in the title of this sub-section, which in the hands of Eutherford 
first led to the idea of the nuclear model and so form the foundation of 
the whole of atomic physics. 

We imagine an a-particle (or, in the sense of § 8, Chap. I, rather a 
stream of a-particles) incident from the direction of the negative a;-axis. 
By eqns. (14) and (16), § 1, Chap. I, this phenomenon is described 
micromeohanioally by the wave-function 


00 = 


j 2Tr h h 

Mi; "'TUI 


( 1 ) 


M is the mass of the a-particle, E =» Mt;2/2 its energy and at the same 
time the proper value of our problem. As we here wish to consider only 
ordinary scattering without the transfer of energy to the atom, that is, 
only elastic collisions, E does not become changed by the disturbance 
emanating from the atom. Thus we simplify our problem by regarding 
its proper value E as known from the outset. 

Let the disturbing cause be a neutral atom with a Z-fold charged 
nucleus at the zero point (origin of the co-ordinate system) ; we imagine 
its Z electrons — ^in contravention of all the rules of the periodic system — 
as united in the K-shell and without influence on one another. I^e effect 
of these electrons at external points is then represented wave-mechanically 
by the Z-fold electrop cloud of hydrogen in the ground state, that is, by its 


* G. Wentzel, Zdtsohr. f. Phys., 40i 690 (1927). In relationship with more general 
^blems: M. Boro, Gbttinger Naohr., 1926, p. 116, and W. Elsasser, Zeitsohr. f. 
I^ys., 46, 622 (1927). 

VOL. n.— 13 
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charge-density (of. Table I on p. 71), a » radius of the first Bohr circle : 


P * 



. (2) 


Let V be the potential energy between the a-particle and this electron 
cloud, including the nucleus. We calculate V most simply from the 
electrostatic differential equation 

AV = 2s . 4tirp (3) 

in which the factor 2s takes into account the charge of the a-partiole. 
• In performing the integration of (3) we must take into consideration as 
boundary conditions 

V = 0 for r == 00 (neutral atom) 

2s2Z • • (3a) 

V « for r = 0 (Z-fold charged nucleus) 

Since V as well as p is spherically symmetrical, we get 

1 

AV = -|5(rV). 


If we introduce the temporary abbreviation q — 2rZ/fl, (3) becomes 
d%V)_2s^Z^ 
dq^ a ^ ' 

Integration gives, as may easily be verified, 



which, in view of (3a) is unique. Thus 

V = 2e2z(i + |)r*'i . . . . (4) 

For the rest, we must remark that the special form of this expression 
is of no importance for the sequel. The essential feature is the vanishing 
of the exponential expression for r = oo , which expresses the screening 
of the nuclear charge by the electron cloud, and, secondly, the infinite 
value of the expression for r « 0, which expresses the action of the Z-fold 
charged nucleus. Both properties remain preserved if, instead of uniting 
the electrons in the K-shell, we distribute them over various shells, or if 
we follow Wentzel {he. cit.) and omit the addition term Zja in (4) and 
make a more phenomenological assumption for V. 

The wave-equation of the total system, a-partiole + atom, now runs, 
if .we regard the state and position of the atom as given, and so do not 
introduce the corresponding degrees of freedom into the calculation, 

+ ?^(E - V)^ - 0 . . . . (6) 

We regard V as a pertvirbatioii term and assame ^ to be of the form 

4’!,+ 



§ 5. Diffraction at a Single Obstacle 195 

which allows us to neglect the product Eqn. (5) then becomes [of. 
the explanation of h in eqn. ( 1 )] 

Since here the first two terms, taken by themselves, vanish, we get for 
01 the differential equation,* 


A0J + 


. . . ( 6 ) 

which has become non-homogeneous, owing to the addition of the pertur-, 
bation function V. 


<7- f 
Iiays< 



Fig. 21. — Scattering of a beam of o-rays by an atom at 0. 

The method of integrating this equation is shown by the following 
comparison : 

Potential Theory Vibration Theory 

A0 = - 47r/), A0 + ^20 = - 4iro', 

^ = \^dr. ^ 

The integral expression for is the well-known form corresponding to 
Newton’s law. In the same way, namely from Green's theorem, eqn. 
(14) of § 5, Chap. I, we deduce the integral form of 0 , by using as the 
characteristic function, instead of 1 /r (the solution of A 0 « 0 ), e^^/r (the 
solution of the corresponding homogeneous equation A0 + ^ 0). 

Using the characteristic function in ( 6 ) we get 

P (cf. Fig. 21) is the reference point (Aufpunkt) for which 0i is to be 
calculated, Q is the point of integration. For in the expression of 

k^V , 

* In the way we get for the perturbation of the nth order the nourrence 
formula 
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we have to replace r by fg » distance OQ and a by rcg. On the other 
hand, r denotes in the expression of the characteristic function e^/r the 
distance PQ, which we have denoted by rpg. Finally, let r, without an 
index, be the distance OP. We are interest^ only in the positions of P 
for very great values of r. We then have, in vectorial language, 

rp,-|r-r,l=.[r2-2{rr,) + i5v* "j 

-r(l-l(«^ + ...)=r-(e,r^| ’ ' 

where e denotes unit vector in the direction OP ; further we introduce the 
unit vector e^ in the direction OX (cf. Fig. 21), by which ajg is expressed 
as follows : 

(8a) 

It is clear that the 0^^ approximation rpg » r will suffice in the denomina- 
tor of (7), and we need use the first approximation (8) only in the exponent 
of e, Eqn. (7) then becomes 

*>- - • »> 

The integration may now easily be performed in an appropriately 
chosen system of polar co-ordinates, whose polar axis OA lies parallel to 
the difiference vector Oq - e. Let the co-ordinates of the point of integra- 
tion Q in this system be 

p s. rg, d - /AOQ, ^ Z. about OA. 

Then we get simply 

(•o - e.rg) “ 1*0 - elpoosfl. 

AxMMtding to the figure, however, | e, - e | is the base of an isosceles 
trian(^e, whose angle at 0 is equal to ® (® » /XOP = angle of diffirao- 
tion or soattering angle) and both of whose sides — 1. Thus, 

|e, - e| - 2 sin|, (e. - e,r,) - 2/> sin | oos S . (^) 

By performing the integration with respect to ^ immediately and writing 
^ again in place of (9) becomes 

-0,.I + C„.n . . . . , . (10) 

„ 4ir»e«Z«**' „ 4ir'^Z»e^ 

53ir “• . 

I - I'sin WejVpe-C- 
• n- I' sin *-('-««««». 

C - - a* «in I (lOa) 
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Integration with respect to p gives for I and II, respectively, 

1 2 
(c - id 008 d)*’ (c - id cos (1)*’ 

and integration with respect to if we make ^ » c - id cos 9, 

T « 1/ 1 1 \ ^ 2 

*** id]e~id y'^ * id\c -- id " c + id) ^ c* -h 


2p + i^d3/ 2/1 1 ^ 

“ idjc-id 2tdV(c - id)* " (c + id)V 


4c 


' (c* + d*)2' 

We first consider only the first component Gj . I of ; on account of 
(10a) we have 

, , , 1 
\Vi\ 


\mr 


® z** 

W sin* 0+4-^ 


By our definition of in (1), we have j | « 1, hence, by taking out 
the factor 4A;* in the denominator of the last equation and observing that 
kK =5 2ir, we may write 


with the abbreviation 



/«“Z\2 1 


V2Er/ / . , ® 



X. z 

a * ~ n - . 


• (11) 

• (lla) 


Eqn. (11) may then be interpreted as the ratio of the number of particles 
1^1* deflected through an angle ®, to the number of incident particles 
I 00 1 * and agrees exactly with the formula of classical mechanics (see below), 
according to which Eutherford originally worked out the results of his ex- 
periments — on the assumption that we may neglect the correction term a*. 

We now test the validity of this last assumption. By (1) we have 


h h p. 3-6.10-* 
Mv “ /iv M “ 7oU0 


. (11b) 


where the denominator 7000 denotes the ratio M/p (mass of the helium 
atom divided by the mass of the electron), and the numerator denotes 
the quantity hjiiv with v » 2 . 10*. Hence, for a » 0*63 . 10 * (of. I, 
p. 212) 

^•-10-‘ (11c) 

and for Z - 79 (Au) 

ac-.l-2.10-*. 

Thus we should have to consider extremely small angles ® if .the 
correction term a* is to be taken into consideration with sin* ®/2; 
for ail values dt % accessible to olxiervation it may be neglected. 

For the same reason the second term in (1()) is to be neglected in 
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oomparisoQ with the first. According to the data just given we actually 
see that 

C„II__Z 2c _4Z2 1 a2 

JJTW Sr— — 

4Ai* sin* 2 sm* ^ 

(if ® is not very small). Hence we may compress our final result 
practically under the conditions of a-ray scattering into the formula 

1 


h * = 

/e^zy 


■ VaErJ 


sin* ; 


(12) 


It now only remains to derive this formula from purely corpuscular 
theory. The following method which links up with I, Chap. VII, p. 472, 
seems particularly convenient. Let the continuation of the original 
direction of the particle pass at a distance p from the origin, that is, the 
position of the deflecting nucleus. 

We write down the law of areas and the law of conservation of 

energy in plane polar co-ordin- 
ates (cf. Fig. 22) : 

r^<j> =a pv, 

We insert the value of from 
the first equation in the second, 

* regard A as the independent vari- 
nuoleuB according to classical mechanics. vT j j j ^ 

able and s » I/r as the dependent 

variable. This gives 





To arrive at a linear differential equation, differentiate with respect to ^ 
and cancel the common factor We get 




+ s » - C, C : 


2e*Z 


^ - X., X. - 

The general solution of this equation is 

5 « - 0 + A cos + B sin ^ 
The initial state ^ s ■■ 0 (of. the figure) makes 
A «- C . ^ . 

From this, if we write in place of (13) 

1 30 - 0(r + £c) -I- By . 
we get likewise for the initial asymptote 


fB- 


(18) 

(14) 

(18a) 

ac) 
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Let the final asymptote be inclined at the angle ^ 0. 

when combined with (14) and (15), 


0(1 + cos 0) * 
,0 

Cp 


Cot ^ 


1 sin 0 
P 

j)E 


Then (13) shows, 


(16) 


(13) is the polar equation of the hyperbola, 0 its (external) focus ; the 
centre M has been shown in the figure as the intersection of the 
asymptotes. Let the number of particles that fall on unit area at right 
angles to the direction of the primary rays be n, so that » N, say, 
fall on the surface irpK By (16) we may therefore write 


N 


= Hl') 2- 


Hence the number of particles that are deflected through an angle 
between 0 and 0 + d0 is 




Cot 


• 2® 
sin^^ 


These particles fall at a distance r on to the zone of a sphere of area 
dF = sin © d©. 


Hence the number that fall on unit area at this distance is 


dF 


n/e^Zy 


0 

COtg 


sin © sin^ 


©’ 

2 


If we here replace sin © by 2 sin 0/2 cos 0/2 and form the ratio of the 
deflected to the incident particles, both being calculated for unit area, 
that is if we calculate 

* IdN 

n dF 

we get exactly eqn, (12). 


B. Compmison with Experiment. Application of the Preceding Beeulte 
to Electron Bays 

The first question that is to be decided is whether the deyiation, ex- 
pressed by a^, of our formula (11) from Butherford’s formula (12) is of 
waw-mechamcal or etatistical origin, that is, whether it is due to the 
refined treatment of mechanics or to the statistical interpretation of the 
atomic model which Schrodinger’s formula (2) entails.. The answer to 
this question is that the a^-term in question is of statistical origin. This 
follows from an inyestigation of W. Gordon,* which deals with the 

«ZeltMhr. i. Phys., 48, 180 (1928); of. also J. B. Oppenheimer, iUd., 43, 418 
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oollision of an unaccompanied nucleus (without its neutralising electronic 
envelope) with a stream of parallel corpuscles and leads rigorously to 
Buthe^ord’s formula without the a^-term. Thus in the case of the 
collision of two particles that act on each other purely according to 
Coulomb’s law, wave-mechanics agrees exactly with classical mechanics * 

Concerning the methodological features involved we must make the 
following remarks. In the diffraction of light two supplementary 
methods have long been known: on the one hand, the method of 
Huygen’s principle, on the other, that of expansion in series, the former 
being suitable for small wave-lengths, the latter for long wave-lengths. 

Gordon’s method is expressly based on 
the method of expansion in series and 
is worked out exactly; in contrast with 
this, our procedure, which follows along 
the lines of Wentzel, corresponds in a 
certain sense to Huygen’s principle and 
is in the first place an approximation. 
The exact working out of this method by 
means of approximations of the second 
and higher order has been given by Born 
and Elsasser, of. the reference at the 
beginning of section A. 

We now turn to experiments with 
beams of electrons. It is clear that the 
correction term here plays a much 
more important part than in experiments 
with a-rays. For in our estimate of X in 
eqn. (11b) the factor 7000 now drops out 
of the denominator, so that kja^ eqn. (lie), 
becomes of the order of magnitude 1. For 
a there also results according to the par- 
ticular value of the nuclear charge Z and 
the velocity v the order of magnitude 1. 

Mr. , F. Eirohner has kindly looked through the statistical data 
published by him earlier t to see whether the a^-term makes itself 
felt in them. The cathode rays involved were of velocities ranging 
from 10 to 40 kilovolts, in particular in argon, and the results were 
obtained by Wilson’s cloud-chamber method, ki counting the collisions 
only strong deflections, 20^ and more, were considered ; these are 
deflations in which the electron approaches sufficiently near the 
nucleus, or, as we may now say, penetrates into the E-shell. The 

« Disagieements which have been found for fast o-partiolee in the Oavendith 
Laboratory appear to be due rather to some cause in the nuclear structure than in a . 
failure of classfoal meohanioa. 

t Aim. d. Fhye., 88» 969 (1927). 



Fia. 28. — ^Deflection of a-xays in 
argon. 

O Velocity > 16 kV. 

^ Velocity ■<<10 kV, 

X Arithmetic mean of both. 
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§ 5. Diiraction at a Single Obstacle 

deciding velocity of the electron in an individual collision was esti- 
mated from the length of path of the emergent electron in the "Wilson 
photograph. 

In Fig. 23 the abscissas denote the angles of deflection 0 between 
0 and 160" (strong deflections on the left) ; the ordinates are the numbers 
N of all particles that are deflected by more than 0. The formula for 
this integral number of particles is, by (10) and the associated calculations, 


N 




sin .0 d@. 


The integration may easily be performed; in particular, we get 

for a* « 0 the expression N « 2C cot* The corresponding curve, 

which is thus in agreement with Rutherford’s law, has an infinite 
maximum for 0 « 0. As we see, the observations lie far below this 
curve. The averaged observations ( x ) may be regarded as following 
the theoretical curve for a* = ; the observations at higher velocities 

(O) lie above this, those at lower velocities (+) lie below this, as is to be 
expected. The theoretical value of a* comes out according to eqn. (11a), 
for argon (Z » 18) and for a velocity of 15 kV to about a third. Accord- 
ing to what we said at the beginning of this section, this deviation from 
the curve for a* » 0 is not a wave-mechanical diffraction effect but a 
statistical screening effect of the K-eleotrons, which are near the nucleus. 
This screening effect could also be calculated according to the older theory 
by averaging suitably over all possible positions of the K-orbits. But it 
is immediately obvious how much simpler and more direct this calcula- 
tion becomes in Schrodinger’s theory which has taken up the statistics 
of all possible orbits in its foundations and hence furnishes directly the 
necessary means for discussing the observations. 


0. GoUisions between Electrons and GhkS Molecules 

B. Fermi * gives a particularly instructive and simple example of the ' 
application of wave-mechanics to collision phenomena. To allow it to 
be pictured in three dimensions, he makes the following idealisation : 
electrons are incident from any particular direction in the (ry-plane as a 
parallel beam ; they encounter gas molecules which can rotate only about 
an axis fixed in space, say perpendicular to the o^-plane. Thus we have 
three degrees of freedom : the co-ordinates xy of the electron and the 
angle of rotation ^ of the molecule. We introduce the latter as a third 


•ZeltBohr. f. Fhys., 40,-899 (1927). 
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rectilinear co-ordinate 



where J is the moment .of inertia of the molecule about its axis of rotation, 
fi the mass of the electron. The wave-equation of this problem is, then, 
just like the wave-equation for a point-mass in the three-dimensional 
space of the x, y, and z ; 

+ ^(E - V)f = 0 . • . . . (18) 

V is the potential energy of the mutual action between the electron and 
the molecule, E the total energy of both together. 

-We first see that, by (17), z has the dimensions of a length, since the 
dimensions of J is mass multiplied by the square of a length. We next 
remark that the kinetic energy of the electron H- the molecule is 

+ + 

So our definition of z leads to the same kinetic energy and hence also 
(of. § 11 A, Chap. I) the same wave-equation as for the individual point- 
mass in three dimensions. 

Let the molecule be situated at the point x =• y ^ 0; according to its 
phase of rotation (Umdrehungsphase), however, it will be represented by 
a varying point on the ;?-axis. When the electron is at a great distance 
from the molecule V « 0 and E =» Eg, where Ej denotes the kinetic 
energy of the electron, Eg that of the molecule. The coefficient of 0 in the 
wave-equation, which corresponds to the square of the refractive index 
(cf. eqn. (8), § 1, Chap. I), is then constant. Thus we have an optically 
homogeneous and isotropic medium, except in the vicinity of the z-axis. 
Here V is periodically variable, simultaneously with the phase of the 
motion of the molecule. The period is [cf. (17)] 

= (19) 

In the theory of waves this denotes a linear grating. Actually, a periodic 
change in the index of refraction, such as has just been described, is 
exactly the same in wave-mechanics as a linear -succession of diffracting 
apertures or of optical obstacles of some kind or other. So we apply the 
ordbary grating formula, eqn. (1), § 1, Chap.^IV, 

« - «« - 4 (20) 

Here X is the wave-length of the de Broglie wave corresponding to our 
moving system : we get its value most simply from the wave-equation, 
n is the order of the diffi?aotion phenomenon ; and oc denote the 
cosines d the angles of incidence and di£fi»ction, both measured from the 
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;Er>directioD. We do not mean, however, the angle of inoidenoe of the 
arriving electron with respect to the 2 ;-axi 8 , which by our initiaLaraump- 
tion is equal to 90°, like the angle at which the diffracted electron leaves, 
but the corresponding angles *for the de Broglie wave corresponding to 
our total system. We also best obtain these angles from the wave-equation 
or its integral. 

At a great distance from the ;?-axia (18) becomes, on account of V » 0, 


-t- 0, k 




This determines A. ; for 


Stt h 

k 


( 21 ) 

( 22 ) 


We integrate (21) as in the optical problem of the plane light-wave and 
write 




sin 0 cos X + !/ sin 0 sin X + 2 cos 0) 


B is the angle the wave-normal makes with the 2 r-axis, so that cos B ^ olq 
or « a, according to whether we consider the incident or the diffracted 
wave. X determines the direction of the incident or the diffracted 
electron, respectively, in the rcy-plane. 

But we may also separate eqn. (21) by factorising ^ as 
writing -t- £2 for E, and then making obey the equations 

separately : 

+ + V = • • (24a) 

+ = V = ^rB*- • ■ (24b). 


Our justification for this is that E^ belongs to the electronic motion, 
£2 to the molecular rotation, and that at great distances these com- 
ponents are independent of each other when the electron and molecule 
are at a great distance from each other. 

Integration of (24a) and (24b) gives 

=3 cos X + y sin x)^ 

1 • • • 

where x has the same meaning as before. A comparison of the coefficients 
of aj, y, « in (28) and (26) gives 

A; sin ^ =* fej, k oobB = k^. . . (26) 

On account of (21) and (24a, b) this is equivalent to 

sin 9 = cos tf » . . . (27) 

The periodicity of V leads to the wave-state also being periodic in the 
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*-direotion, with the period a, eqn. (19). So we shall demand itx the 
inoident and the difihaoted wave in turn 


fcj = ^ ^m, ki - 


where m and m* are whole numbers. From this we get for the 
rotational energy E 2 , E 2 * respectively before and after the collision by 
eqn. (24b), 


^2 =* 8,r2J' ^2 = 


(28) 


This is the Deslandres term [I, Chap. VII, p. 415], and it appears with 
integral, not half-integral rotation-quantum numbers m, m* correspond- 
ing to the fact that we are considering a rotator with a fixed axis 3, 
0, Chap. I]. 

The value of cos 6 before and after the collision now follows from (27) 
and (28). If, as above, we call it and a we have 

mh m*h 

“ = 

If we finally insert these values in the difi&action condition (20) and also 
the values (19) and (22) for a and X, it follows that 

m* - m ^ n (30) 

Thus the collision invohes quanta. The rotator gains (yr loses |w| whole 
rotation quanta, according as n is positive or negative. 

At the same time, on account of the constancy of the total energy E 
the electron loses or gains the amount of energy determined by (28) ; 

Ej - Ej - (Ej - E 2 ). 

We ha/ve a collision of the first or second kind (cf. Atombau, Chap. VII, p, 530) 
according as this a/mun/t is negative or positive, that is, according as the 
ntoleovie is excited by the etecPron or the eleci/ron by the molecule in the 
collision. In the boLse m « m*, E^ =* Ej the collision is elastic. 

The angles x and x* of the electronic motion of course remain in- 
determinate ; for in our linear lattice all azi muths within the diffracting 
cone described about the z-axis (apertures being 6^, . . . dJJ for the first, 

second . . . nth order) are equivalent. 

^ The particular elegance of this example taken from Fermi consists in 
the oiroumstance that — just as in the theory of the difffaction grating — 
no particular assumption about the nature of the grating (here, about the 
l^tential energy V) is necessary, so long as no quantitative data concern- 
ing the relative intensity of the different diffiraotion patterns are required 
(here, the number of the different elastic and inelastic collisions that 
occur). 
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§ 6. Diilhustion of matter by Oratingg. Interference of Eleotron-waves 
in Orystals 

We have already used the theory of gratings in the preceding section 
to treat the diffraction of electronic rays by a rotating molecule, by the 
method of wave-mechanics. In this case the diffracting object was only 
a single molecule, not a regularly arranged set of diffracting objects. 
We now turn to the proper theory of gratings, that is, to the ^ffractim 
of matter-wmes in crystals. 

The first experiments on this fascinating subject fall to the credit of 
Davisson and Germer. The investigation concerned the diffraction of 
electrons from a single crystal (EinhristaU) of nickel. The observed 
diflbiction phenomena are true Laue points (Fkcke), the arrangement of 
which faithfully reproduces the symmetry of the single crystal as in the 
diffraction of Eontgen rays. The later experiments on thin metal foils 
of mioro-crystalline structure are equally impressive ; the earliest experi- 
ments of this type are due to G. P. Thomson. The observed diffraction 
phenomena correspond exactly to the Debye-Scherrer-Hull rings of 
Eontgen ray analysis. We may here mention that the electrical con- 
ductivity of metals also gives information about the diffraction and inter- 
ference of the conduction electrons in the lattice of metallic ions seeing 
that the newer statistics of electrons according to wave -mechanics allows 
the temperature-dependence of the conductivity to be calculated * satis- 
factorily from the same formulae as are used for the scattering of Eontgen 
rays in the crystal lattice. But as the latter problem lies outside our 
scope, we shall restrict ourselves to the theory of the first-mentioned ex- 
periments. 

A. The Experiments ofDa/visson and Germer t 

A beam of electrons of uniform velocity in a vacuum falls perpendicu- 
larly on to the surface of the nickel crystal (octahedral surface 111) ; 
observations were made on the side of incidence by an electrometric 
method. The potential of the electron tube varied in the different ex- 
periments from 30 to 370 volts. 

At 100 volts the velocity is, as we know, 

« - J-V . 10« * 6 . 10» om./seo. 
y m 

By de Broglie's formula 



mv 


XT HotiBton, Zeitsohr. f, Phya., 48, 449 (1928); of. also A. Sommarfeld, 

Naturwiss., 16, 874 (1928). 

T i ^ 11^27) ; of. also Nature, U9, 568 (1927), and Proo. Nat. Aoad., 

if], earlier experiments of Davisson and Kunsman, ibid., Jft, 

242 (19%). The theory given in the text is due to H. Bethe i of. the provisional nokoes 
m t^ Natnrwiss., 15, 786 0927) and. in partioular 16, 888 (1928). As early as 1925, 
W, rnamm fNatarwiss., 1^ 7li (1925)] interpreted the ertieriments of Davisson and 
Kunsman hy means of the interference of de Broglie waves. 
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We get from this • 

X - l-2.10“«cm. « 1*2 A. 

This calculation can be easily remembered by the mnemonic 

^ = a/¥ 

where V is in volts and X in Angstrom units. Thus, corresponding to the 
range of potentials given above the wave-length varies from 2*2 to 0*6 A. 

In the sequel we sL^-ll denote the “ wave-length in air ” by A and 
shall distinguish it from the wave-length X in the crystal. We call the 
ratio of the two the “ refractive index ” : 



Whereas the refractive index for Eontgen rays is almost exactly equal 
to 1 (only the phenomenon of total reflection at almost grazing incidence 
shows that it differs from 1 and then only by a few millionths), the ex- 
periments of Davisson and Germer, if correctly interpreted, show that the 
refractive indices for electron waves are appreciably greater than 1. This 
fact gives us the key to the quantitative discussion of the experiments. 

The maxima observed by Davisson are of a selective nature, that is, 
they occur only for a more or less sharply defined region of velooitiq^^ 
(wave-lengths) of the incident rays. From this it follows by Laue’s 
theory that they arise through the joint action of diffraction centres in 
space (cf. I, § 1, Chap, III, p. 116 et seq., concerning the contrasting be- 
haviour between a crossed grating or plane lattice and a space-lattice). 
We therefore start from the fundamental equations of. libue’s theory 
(I.eqn. (3), p. 115): 

a{a — Ofl) =s TOjX 'j 

608 - A) = n,X I (3) 

c(y - 7o) - WjX J 

The co-ordinate axes to which the direction cosines a, y and aofioya of 
the dififfaoted and incident ray refer, as well as the unit axes and order 
numbers of the interference thnati,, are assumed mutually perpendicular 
and are to be called 1, 2, 3. 

Let the directions 1 and 2 lie in the limiting octidiedral plane, that is, 
the direction 3 is chosen as the normal to the octahedron. Nickel, like 
ipost metals, crystallises in space-centred cubes. In the octahedral plane 
the Ni-atoms form a network of equiangular triangles. We can choose 
1 as the side, 2 as the altitude of one of these equiangular triangles ; 8 is 
then the space diagonal of the cube. The eqns.'(3) refer to the interior of 
the crystal, as the symbol X indicates. Just as we had to distinguii^ be- 
tween X and A we must also distinguish between the direction cosing 
pside and outside ^e crystal. If we introduce polar co-ordinates with 
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the axis perpendicular to the bounding octahedral surface, which we shall 
call $, ^ and 6^, respectively, inside the crystal, and 0, ^ and 0^, 
respectively outside,* we have 

a B sin ^ cos ^ « sin ^ sin ^ y » cos ^ ' 


fltfl « sin $Q cos ^0 » sin 6^ sin <f>Q 


70 


< cos 0a 




According to the law of refraction, we have for the passage from air to 
crystal or crystal to air respectively, 


sin 0A 


sin 0 
sin d 




If we substitute this in (4) and (3) and take (2) into account, we get 


/sin 0 




sin 0 


\ /* 


^ Sin 00 ^ \ 

4> ^ cos 

sin = 


Sin ^ - 


sin ©ft 


n^~ 

V- 

A 

712 - 

> 

A 


J I ^ sin^ 0 sin^ ®o\ _ ^ 


( 5 ) 


( 6 ) 


In the first two equations fi may be divided out; they have then 
exactly the same form in A, 0, $ as eqns. (3) in A., 0, <j>. But this means 
that the difiraction at the crossed grating which is formed in the bounding 
surface by the directions 1 and 2, takes place in exactly the same way as 
i(pr Bontgen rays of wave-length A, that is, as if the index of refraction 
were /li « 1. In the third eqn. (6), on the other hand, occurs in an 
essential way ; it differs from the third eqn. (3). From this it follows 
that the crystal dimensions appear distorted in the direction of depth, 3, 
if we calculate them as for Bontgen rays, that is without taking into 
account the index of refraction fi. This is just what Davisson and Germer 
deduced from their experiments : agreement in the general relationships 
between wave-length and inclination, as follows in the case of surface 
lattices from the first two Laue equations, but difference in the choice of 
wave-lengths, which are determined only by the help of the third Laue 
equation, that is by the space-lattice effect. This last disagreement with 
the corresponding experiment in Bontgen rays has provisionally been 
formulated by Davisson and Germer as being equivalent for slow elec- 
trons to an apparent contraction of the crystal lattice in the direction of 
the depth by the amount 70 per cent. 

We shall next get an idea of the true reason of this apparent distortion, 
that is, of the magnitude of the inde^x of refraction /a. Sohrodinger’s 
equation for the electron in uniform motion serves this purpose ; we shall 
write it in the form : 

A^ + ^(B + V)^-0 . . ‘ . . (7) 


* Acoording to what Vras said above about the diieotion of inoidenoe e « 0 in ^e 
experimente of Daviuon and Germer. But it keeps thing! olearer to oalonlate in the 
le^ with an arMtiaty e,. 
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The change in the manner of writing it now as compared with formerly 
consists in the addition of the factor s to the left-hand side and reversal 
of the sign of V. This means that sE now denotes the total energy of 
the electron and - «V its potential energy at the point in question. If 
we measure the energy of the electron, as usual, in volts, then E is 
directly the number of volts and V the eleofcric potential likewise measured 
in volts (except for the factor 10® or according as e is measured in 
e.8.u. or e.m.u. ; this factor is of no account in the sequel). E, being the 
proper-value parameter of the whole problem, has the same value in 
vacuo "as in the crystal. V, on the other hand, suffers a sudden change 
at the surface of separation, or, as we shall assume simply in the sequel 
a discontinuous change. In a vacuum (outside the crystal) V must be 
set equal to 0 ; in the lattice of the crystal V will be periodically variable, 
but so that the mean value Vo of V is positive. For the electron is in 
stable equilibrium in the metal. Hence its potential energy here, com- 
pared with the outside of the crystal, must he negative which according 
to the above method of introducing V is equivalent to saying that Vo be- 
comes positive. We can consider the interior of the metal as an energy- 
pocket {Mulde) for the negative electron. Work must be done to lift the 
electron out of the pocket (Bichardson effect). Conversely, the velooify 
of the electron increases if it is fired from outside into the metal. Since, 
by de Broglie’s fundamental equation, the velocities are in the inverse 
ratio of the wave-lengths, the wave-length in the interior of the metal be- 
comes smaUer than the wave-length in vacuo. But, by (2), this means that 



For eiectron waveSj then^ the metal is the denser medium optically. An 
electron ray incident obliquely is refracted towards the normal ; when an 
electron ray moves out of a metal total reflection may occur (cf. below). 

Whereas the velocity of the electron (group- velocity of the wave) is 
greater in the optically denser medium than outside, the phase-velocity, 
according to de Broglie’s relation ab « [of. eqn. (6), § 5, Chap. I], is 
mailer in the optically denser medium than outside. The distinction 
between group- and phase-velocity is essential for deciding the old con- 
troversy, corpuscular versus undulatory theory of light. According to 
Newton the velocity of the light corpuscles in the optically denser medium 
should be greater than outside (like our electron or group-velocity) ; but 
Poucault showed that the “velocity of light” in the optically denser 
Imedium is less (corresponding to our phase-velocity). We may express 
this by saying that the verdict on Newton’s theory of optics was falsified 
by an ambiguous use of the word “ velocity” and requires revision. 

We now come to the numerical determination of the index of re- 
fraction. If eqn. (7) is integrated by assuming a plane wave, the wave- 
number [the quan% h in eqn. (13), § 1, Chap. J] becomes equal to the 
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root of the factor of Since the wave-length is inversely proportional 
to the wave-number, it at once follows from (7) that 

A /E + Vo Vo 

“ V^'*' E • • • 

The observations of Davisson and Germer make it possible to determine 
fi and hence Vq empirically. It is assumed, of course, that the individual 
diffiraction maxima are correctly interpreted, that is, allocated correctly 
to the reflecting net planes in the interior of the crystal. The method of 
allocation in the table differs from that which Davisson and Germer 
originally gave (in Nature) and agrees with that which they suggested as 
an alternative in their final publication (in the Physical Eeview). 


TABLE 3. 


B (Volt). 

A (A.). 

x(A.). 

M- 

Vo (Volt). 

54 

1-67 

1-49 

1*12 

13 

106 

1-19 

1-18 

1*06 

11*6 

160 

0*97 

0*92 

1*06 

14 

1881 

190 j 

0-89 

0-86 

1*04 

16 

810 

0-70 

0*68 { 

1*03 

16 

870 

0-64 

0*62 

1’03 

26 


The first column contains the volt numbers for the incident electron ray ; 
only a few representative results are taken out of the total number of ex- 
periments. The selectivity of the phenomenon and at the same time the 
space nature of the action of the lattice is expressed in the fact that every 
diffraction maximum occurred or attained its greatest intensity only 
at a definite velocity (that given in the first column). The second 
column gives the wave-length outside the crystal, calculated according 
to de Broglie’s fundamental relation. The third column shows the wave- 
length in the interior of the crystal, which is different, calculated from 
Laue’s theory in the sense of eqn. (3), or from Bragg’s equation (which 
is identical with eqn. (3)). The values of /a in the fourth column are then 
obtained from the quotient of A and A ; the average decrease of /a in the 
sequence from above downwards (increasing velocities) corresponds to 
eqn. (8), according to which /a approaches 1 more and more closely, the 
greater E becomes. Eqn. (8) at the same time shows how for a ^own 
value of ft the value of Vg in the last column of the table is to be cal- 
culated. The mean value of Vg from all the measurements of Davisson 
and Germer comes out approximately as 

Vg « 16 volts. 

The value of Vg found in this way is instructive as giving us an 
insight into the nature of metals. For, according to the above renuurjcs, 
VOL. XL— 14 
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it gives us directly the work of escape which an electron must perform if 
it is to leave the metal, whereas the Richardson effect does not give this 
work itself, but only its excess over the work performed against the 
pressure which is exerted by the conduction electrons in the interior of 
the metals on the escaping electron.**^ The possibility of determining 
the work individually by electron experiments is clearly due to the 
electrons bred into the metal belonging to a range of velocity quite 
different from (higher than) the conduction electrons. This circumstance 
also shows that Pauli's principle (Chap. I, § 8) which governs the dis- 
tribution of velocity of the conduction electrons does not restrict the 
motion of the rapid electrons bred into the metal. 

We may enquire what place the law of refraction, which in eqn. (5) 
above, we simply took over from optics, is to have in the foundation of 
the theory of ^-waves. Its origin in electrodynamics is, of course, no 
longer valid here : nor are we obliged to accept it. For the law of re- 
fraction is a kinematic relationship, — even in optics, — which is inde- 
pendent of the particular boundary conditions which obtain at the surface. 
It must always be fulfilled so long as the phase of the waves on both 
sides of the common surface is to be the same. For the propagation of 
this phase is determined by the value of k sin d (k » wave-number), and 
the equality of the propagation of this phase on both sides of the common 
surface already involves the law of refraction. 

It is necessary to go into the question of the limiting conditions more 
closely in optics only if we wish to deduce the Fresnel formulcs for the 
coefficients of reflexion and refraction. We may also ask for the values 
of these coefficients in the case of electron waves, and we then also require 
definite boundary conditions. These are, as very general considerations 
.show, 

The fact that /*> 1, for the transition vacuum metal and so p » Ijp <1, 
foi: the transition metal vacuum allows us to foresee total reflexion for 
such electrons as reach the surface of the metal at a sufficiently small 
angle from the interior. This is actually shown to occur in the experi- 
ments of Davisson and Germer : certain electron rays which are to be 
expected according to the uncorrected Laue theory are not observed 
outside ; electron rays that emerge at very small angles (called “ grazing 
beams" by Davisson and Germer) show that the index of refraction 
cannot be smaller than 1, as otherwise there jwould be a certain empty 
angular. space in which no rays could be observed. 

'"^This sketch is, of course, only a first step to the complete theory of 
electron diffraction in the crystal. Just as the finer features of Bon^en 
ray interferences cannot be fully accounted for l;y the kinematic theory 

* A. Sommezfeld, Zeitsohr. f. Phys., 47) 1 (1928) ; of. in partionkur 1 6. 
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of Laue but require the dynamic theory of Bwald,* so in the case of 
electron interferences in the crystal we must enlist a theory of wave- 
mechanics. We have first to expand the variable potential V in the 
metal lattice in a three-fold Fourier series and to assume the proper 
function ^ for the totality of electron waves in the corresponding form. 
The introduction of the index of refraction fi is justifiable in this way to 
a first approximation. In a second approximation we find a certain 
breadth for the maxima of reflexion and also a certain displacement of 
their position compared with that obtained by elementary theory. From 
the weakening which the electron waves experience through reflexion, we 
calculate the number of net planes which the electron wave can traverse ; 
in the experiments of Davisson and Germer it amounts to between 10 
and 100 layers ; we have here disregarded the weakening of the electron 
wave by inelastic collisions with the metallic ions. Through the latter 
the number of layers traversed becomes further diminished ; in the ex- 
periments of Davisson and Germer this number is greatly diminished 
because the velocities used by them are in a favourable region for the ex- 
citation process. Finally the mean value of the potential, that is, our 
work of escape Vq, may also be determined purely theoretically, whereas 
we derived it empirically above from the observations. To do this it is 
necessary to use a wave-mechanical niodel— more or less similar to that 
of hydrogen — for the metallic atoms. The value of Vg so found agrees 
very well with the above value of 15 volts for nickel, but yet depends on 
the number of electrons that are imagined detached from the individual 
metallic atom as conduction electrons. The possibility of determining 
this number from comparison with the observations gives a particularly 
interesting example of the application of experiments with electron rays, 
which is of importance for the theory of metals. Details of the more 
refined theory here indicated will be given in a comprehensive paper by 
H. Bethe. 


B. Experiments by G. P. Thomson and others 

As already mentioned in the introduction to this section, Thomson 
used thin foil or leaves of micro-crystaUine strwture : the material was of 
Au, Al, and celluloid ; its thickness amounted to only about 300 atomic 
layers. Observations were made behind the leaves, the electron waves 
which passed through them being recorded photographicaUy. The poten- 
tial us^ vms much greater than in the experiments of Davisson and 
Germer. In individual experiments it varied between 17*5 and 61*2 kV. 
By eqn. (1) the corresponding wave-length is 0*1' to 0*05 A. This high 
value of the potential (magnitude of E) makes the index of refraction 
piaotioally equal to 1 in Thomson's experiments. If we use a mean value 

*P. P. Bwald, Ann, d. Phya, 519 (1918); of. also Handb. der Phys,, 
Bpiinger, 1926. 
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of E n 30,000 volts and set Vo » 15 volts, the value above obtained for 
nickel, we get from (8) 

3 ^ “ 

Thomson’s photographs unmistakably have the character of Debye- 
Scherrer rings, especially the one obtained for gold leaf (Fig. 24). in 
which the grain was clearly sufficiently fine. In the case of aluminium 
(not reproduced here) the photograph is something between a Laue 
pattern and a Debye-Scherrer pattern ; the micro-crystals seem in this 
case to have been orientated with respect to 
the surface. The calculation of the diameter 
of the ring in the case of Au agrees within 
the limits of experimental error with those 
values which result from the known crystal 
dimensions of Au and from photographs with 
Eontgen rays. This opens up the possibility 
of analysing crystal structure with electron - 
waves instead of with Eontgen waves. 

E. Eupp * has repeated Thomson’s experi- 
ments with electrons of lower velocity. The 
most beautiful diffraction patterns with elec- 
trons of high velocity have been obtained by 
S. Kikuchit by means of mica. According 
to the thickness of the mica sheets either two-dimensional nets of the 
nature of patterns obtained from crossed lattices, that is, true Laue 
diagrams -are produced, or else more complicated pictures traversed by 
light and dark lines, which correspond to the diffraction patterns of 
y-rays previously described by Eutherford and Andrade. 

§ 7. The Compton Effect 

As was shown in I the change of wave-length of scattered Eontgen 
radiation discovered by A. H. Compton, and the electronic emission as- 
sociated with it, is represented quite adequately by the corpuscular theory 
of li^t quanta. We should prefer still to regard this 1:epresentation as 
the true causal treatment of the Compton effect. But it gives no answer 
to the following questions of intensity, which are of particular importance 
here. What is the relative intensity of the di3pla>ped line compared with 
the fixed line ? How do these intensities depend on the angle of scatter- 
ing? What is the state of polarisation of the^ dis^aced Compton line? 
Vfp&i is the number of Compton electrons for the different angles of 
emission? The answers which Comptc^i and Debye give to these 
questions vary (of. AtombaUt Note 2 in Chap, I, p. 56, and Note 3, p. 761). 
Here wave-mechanics again intervenes as the ideal statistical method. 

f Ann. d. Fhyi,, 86i 981 (1928). f Japanese Journal of PhysloB, 5t B8, (1998). 
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A. The Wave-mechanical Equivalents of the Laws of Energy and . 

Momenttm 

The fact that wave-mechanics can account for the Compton shift of 
wave-length seemed doubtful so long as the photo-eleclric effect had not 
been interpreted by wave-mechanics. But now that we have learned 
that the continuous spectrum is* to be associated with the hyperbolic 
paths and electronic emission, the wave-mechanical interpretation of the 
Compton effect is indicated. We have only to look round for a pheno- 
menon in which a primary wave simultaneously gives rise to two pro- 
cesses, of which one denotes the excitation of an energy level of the 
continuous spectrum, that is, electronic emission. We follow G. Wentzel * 
in recognising the phenomenon of “ Smekal transitions ” as being of this 
type, cf. § 3, D, Fig. 17a (Fig. 17b, in which the atom is supposed to be 
in an excited state initially does not come into question for the Compton 
effect). We set out these two phenomena according to the following 
scheme : — 

TABLE 4. 


Smekal 

transitions. 

hv 

energy element 
of the incident 
light. 

excitation energy of 
the atom. 

non-coherent 
scattered radiation 
displaced towards 
the red. 

Compton 

effect. 

"El = hv 

energy element 
of the primary 
Rontgen radiation 
and of the undis- 
placed part of the 
Compton scattered 
radiation. 

hvj^ = - Ejj. 

E^>0, energy in 
the continuous 
spectrum 
energy of the 
recoil electron. 

Ejfc < 0, energy in 
the discontinuous 
spectrum, in 
particular in the 
ground state of 
the atom. 

Compton scattered 
radiation displaced 
towards the long- 
wave side. 


Our scheme l^hows that the change of frequency vjei in the Compton 
effect arises from two amounts of energy : from the energy Ej of the 
electron emission and from the work of release (- E*) of the emitted 
electron. At the same time our scheme shows that the wave-mechanical 
interpretation of the Compton effect takes over the one main support of 
the corpuscular theory, namely the law of conservation of energy— 
actually, the equating of the frequency is nothing other than the equating 


Jo^^PtoniKffdctes. I and II, Zeitsohr. f. Phys., 43, 1 and 779 
(1927). Of. als^he earlier works of W. Gordon, idid., 40, 117 a926) ; B. SohrCdinfier, 
^n. Fhm^ 267 (1927); 0. Klein, Zeitsohr. f. Phys., 41, 407 (ld27); G. Bwit, 

oonsiders 6ound electrons whereas the other authors 



814 Ciiapter II. Perturbations. Diffiaction Problems 


of the energy. The fact that the other main support of the corpuscular 
theory, the law of conservation of momentum, also comes into its own in 
the wave-mechanical, interpretation will be seen presently. 

We calculate the intensity of the scattered radiation in the Compton 
effect according to the formula ( 36 ) developed in § 8. In doing so we 
shall need to take into consideration only the first term of the right- 
hand side (vibration number v* =« y - vja), since the second term 
(v* « V + vjy), as above remarked, corresponds to an excited initial state. 
If we take eqn. 36 of § 3 into account, the formula is 


M 


47rc m Z. 


(e, 


A/< AilfcQ?* \ 

- Ej - Itv E* - Ej + hvJ 


. ( 1 ) 


Following Wentzel we shall assume that the emitted electron is weakly 
bound compared with the energy hv of the incident Eontgen radiation, 
that is, I Ejb I < hv, and that the corresponding condition holds for all 
the energy-levels E^ that essentially occur in (1), | Ej | < hv, including 
the energy-levels in the continuous spectrum, in particular the energy 
Ej of the recoil electron. We may then replace the denominators in (1) 
by + hv and obtain 


The summation over j may now be conveniently performed. Com- 
pare the analogous calculation of § 3. By (9) of § 3 the following relations 
hold [we have to choose the upper sign in (9) and to give A double 
indices] : 



In both equations the ^m on the right-hand side denotes a summation 
over the discrete spectrum as well as an integration over the continuous 
spectrum. Further, we see from definition (34) of § 3 that the quantities 
Qi^ and QJ respectively, are expansion coefficients of a simple function 
namely: 


q « y Qiy0i 

. - t ■ : . . . (4) 

By Multiplying eqner. (8) and (4) together appropriately and integrating 
over the co-ordinate space we get 





m 


§ 7. The Compton Efiect 

For if we integrate t^e products of the sums that will originally^haye 
stood on the left of the last equation only the terms with t/tj till would 
remain, owing to the orthogonality of the ^j’s, and these terms would 
oome to 1 owing to the normalising condition. 

Our formula (2) for M thereupon becomes 


M 


1 a 
^Tri m cv 





? ( 6 ) 


The vector character ot M is contained in the factor under 

the integral sign, x is the direction of the primary Eontgen radiation, 
y the direction of the component of the primary electrical field as well 
as of the vector potential A, corresponding to eqns. (1) and (la), § 3, a is 
the amplitude of the vector potential, a denotes the optical path in the 
direction of the scattered^ radiation, reckoned from the centre of the 



atom, as was explained in § 3, D ; the direction of a is the direction in 
which the scattered radiation is observed. 

In performing the integration in (5) we proceed in a manner similar 
to that in § 5, Fig. 21. Let e be the unit vector in the direction of the 
aj-axis (primary radiation), e* the unit vector in the direction of the 
optical path a (scattered radiation), Q the point of integration, situated 
in the element of integration dr, and r - OQ. We then have 


and hence 


x = (e,r). i = (e*r). 

a 05 /e* e \ 

\* ■ X ^ Vx* X’ 7 


■ ( 6 ) 


Following Wentzel, we introduce a co-ordinate system r, d, which has 
the vector u for the polar axis (Fig. 25), where 


?! 

“X*”* X 
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6 denotes the angle between r « OQ and this axis OA, ^ the angle 
described about this axis. We may then write eqn. (6), according to the 
meaning of the scalar product : 

1 = |u|roo8ff . . . . (8) 

We may reckon the proper function iftk as being spherically 
symmetrical, since it is the ground state of the atom ; in accordance with 
eqn. (2) in § 7, Chap. 1, being a proper function in the continuous 
spectrum will depend on the angles in a manner denoted by f{d, If 
we use the hydrogen formulas of Table I, § 7, Chap. I, on p. 71, and the 
asymptotic representation in eqn. (24), p. 67, we get 


^* = . . . ‘i’', = . . . f{$, <^)-e 


The result 






^2 “ ^ 




( 9 ) 


(9a) 


follows if we perform the differentiation asymptotically and strike out 
the unimportant factor ( - h tik^; for the terms with ^ vanish 

more rapidly with ~ than the term written down. Since the co-or- 
dinate q is proportional to r and since 

is independent of r, we see that 


r hy r r\ 


( 10 ) 


is also independent of r. The integral to be integrated in (6) with respect 
to f now runs, in consequence of (8), (9a) and 10, 


and comes out as 


r^dr coitf)r 


(- ±4^5 + 2irt |a| 00^ 


( 11 ) 


Next, the integration with respect to $ and ^ is to be performed, xiamely, 
by (6), (10) and (11): 

. ff F(0.-.^)gin9ig(4 /«-- '>-2rt|ti|),l 

JJ («+6oo8»)* r ^ ’ 
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The funotion F {0, may be expanded in surface harmonics 
(cos 0) ; if we straightway integrate with respect to ^ ^ind set 

X SI cos 0, (12) resolves into a sum over I of integrals of the form 

I*?(ig)<fa ^ 

J_i(o + te)» 

We integrate by parts and retain only the term with the highest negative 
power of a + bx, which is alone decisive for us, as we shall presently 
see. This term is 

and so, by (12), is proportional to 

(- A?! ± iAjg ± 27rt lu|) . . . (14) 

Here we can neglect in comparison with k^, if we wish to take into 
consideration only recoil electrons of a fairly large observable velocity. 
For, by (9), we have 

\kj “ W 

thus with a = (radius of the hydrogen atom) and 

lEfcl - 

(work of ionisation for hydrogen = amount of energy in the ground 


0‘- 


Thus so long as the energy Bj of the recoil electron is many times greater 
than the work of release | E* |, will also be many times greater than 
ki and the right-hand side of (14) reduces to 

el\-2 


^/2wE^ 


Now with Ej — mv2/2, is the momentum mv of the recoil 

electron. Thus the other terms within the same bracket are also 
momenttm qvmtities, namely 

h hv “x 

^ “ momentum of the primary radiation 

.h .h.* ... (16“) 


. e* — = p* 
c ^ 


momentum of the secondary radiation 


If we use the lower sign in (16) and set the expression in brackets equal 
to zero, we get the law of conservation of momenPum : the momntim of 
the recoil electron is made up of the vector difference betwem the primary 
and the secondary radiation : 


• (17) 
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Bqtiating to zero in this way corresponds to a sharp maximuni in the 
expression (14) and hence also in the expression (5) for the moment 
and in the intensity of the scattered radiation. Thus the secondary 
momentum •g* in eqn. (17) is to be understood in particular as that 
momentum which corresponds to the maajiwtww of the secondary spectrum 
emitted. Hence the Compton-Debye formula {Atomha% Chap. I, p. 66, 
dk « sin^ 0/2) holds rigorously for the difference of wave-length 
which this maximum has as compared with the primary wave-length. 

In (17) we have deduced only a part of the law of momentum by- 
wave-mechanics, since we calculated only the magnitude of the momentum 

mv and not its direction from the radiation-momenta p and p*. This 
signifies a certain gap in our representation. It is true that this part of 
the law of momentum, combined with the energy law, suffices for deter- 
mining the Compton change of wave-length A\ (cf. Atombau, Note 3, 
eqns. (1) and (8), or (1') and (3')), where we used only the formulas just 
now re-discovered by wave-mechanics, namely the energy law and that 
part of the law of momentum, which refers to the magnitude of the 
momentum, whereas we did not in our earlier calculation require the 
fact that the directions of the two momenta are the same. 

But observations * make it appear probable that the momentum law is 
valid in its full vectorial sense in the Compton effect. 

This is also shown by those theoretical treatments ^Gordon, Schro- 
dinger, etc., cf. footnote, p. 212), which deal with free electrons. In 
them the momentum law is obeyed in a sharp sense. It is easy to 
understand that in our treatment and Wentzel's, which deal with bound 
electrons, the momentum law comes out unsharp. For the electron can 
derive a part of its momentum from the atom and this part is, like 
all atomic happenings, only statistically determined To complete our 
treatment we should have to show that this statistical unsharpness of 
the momentum-law decreases to zero as the binding energy decreases. 

B. Width of the Displaced Compton Line. Pola/risation. Intensity 

The transition from (14) to (16) shows that the maximum of the dis- 
placed intensity becomes increasingly sharper as that is, the work of 
release J becomes smaller. If we cannot neglect the maximum of the 
expression (14) does not become infinitely sharp, but spreads out simi- 
laiiy to the well-known conditions in the case of a resonance-maximum 
with a damping term. A pronounced Compton lAm is to he esapected only in 
the case of outer electrons^ whose energy is of the (^der of the work of release ^ 

• H. Compton and A. W. Simon, Phys. Bev., S5, 306 (1925). Obaenrationa by 

F. Euenn», of. below, can be interpreted in the same sense. Important obaenrations by 
B^he and GMger exhibit the simultaimui ooourronoe of recoil eleotormia and aoattered 
flMiatioB, bat jsire no infonnation about the d^ndenoe of these two prooasaes on 
d^tioa. It la, however, reported that the most xeoent nsults obtained in Ocnn|ta’s 
laboratory do not oonflrm the allocation of direotiona ig^vcm by (ijtpoipton abd Simon. 



1119 


§ 7. The Compton Effect 


{ionisaiion energy) for the hydrogen atom (| E* | » 13‘5 volts) ; the more 
tightly bound electrons of the E-, L-, . . . shells of heavy atoms g^ve 
only* a blvrred impress, no pronounced lii^. This is in agreement with 
the view taken by Compton * that the recoil electrons are (nearly) free 
electrons, hut the photo-electrons are hound electrons. Of course, it is 
not the absolute value of the ionisation potential which is significant but 
its magnitude relative to that of the primary light-quantum. In the case 
of hard primary radiation tli displaced line becomes sharper, according to 
theory, than in the case of soft primary radiation,*!' the scattering bodies 
being assumed to be the same [of. the calculation of E;/ 1 Ejb | in eqn. (28) 
at the end of this section]. 

It would be false to assume that the sharpness of the Compton line 
would have to decrease with increasing atomic weight of the scattering 
body. For the strength with which the outer electrons are bound is no 
wise proportional to the atomic weight of the elements, but remains con- 
stant on the average in the periodic table. (In the case of the alkalies, 
indeed, it decreases in the row Li to Cs, cf. I, Table 36, p. 345.) Actually, 
observations by Woo t made with an ionisation chamber and dealing with 
a large number of different scattering bodies (from Li to Cu), and photo- 
graphs taken by P. A. Eoss,§ show that there is no decrease in the sharp- 
ness of the lines with increasing atomjp weight. 

The polarisation of the Compton radiation can be best found by trans- 
forming the integral (5) by integration by parts with respect to y. For 
y there thus results a different form of dependence than lot x or 
g» z, namely, 

= = = . . (18) 


M here arises from the differentiation of the factor g under the integral 
sign in (5) with respect to y. If we omit the factor in front of the 
integral sign, we have 

M»- . . . (19) 

On the other hand, N results from differentiating the exponent of e under 
the integral sign in (5) with respect to y ; we get the following factor 


2?rt bs 

l^^y 


2iri . . 

jr oos (*, y). 


For N we get in this way (q > 
t 27rt 




X* 






•Phyg. Rev., 81, 69 (1928). 

fWantiel (2oo. eit., p. 198) gives emrimental indications of this. 

$ A. H. Oompton and Y. H. Woo, Proo. Nat. Acad., 10, 271 (1924) ; of. also A. H. 
Oompton, Xrays and EUctronit New Yoik, 1926, p. 268. 

I Proo. Nat. Aoad,, 10, 804 (1924), and A. H. Oompton (loo, oit., p. 260). 
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If we make a very rough estimate we may say that N is to M as § is to 
X* where q stands for a mean of the radius vector q taken over the volume 
of the atom (a mean radius of the retarded charge-density piaj. From 
this we infer that in the case of Eontgen radiation that is not too hard 
I N I < I M I and hence also | M 2 1 < | Mj, | is valid. That is to say : 
the scattered radiation in the Compton effect will show essentially the same 
polarisation as the primary Bontgen radiation, so far as this is compatible 
with the transversality of the scattered radiation. To determine the 
polarisation of the scattered radiation, we must divide the exciting 
momentum into two components (cf. Fig. 25, p. 214), a longitudinal 
component in the direction of emission s and a transverse component per- 
pendicular to it. By the general laws of electrodynamics only this trans- 
verse component of the moment gives radiation in the 5-direction. If 
we observe, in particular, in the direction @ =* 7r/2, namely along the 
y-axis, and if, as we have hitherto assumed, the primary radiation is 
polarised in this direction, the transverse component of M and hence also 
the intensity of the displaced Compton line is zero. The same, of course, 
holds for the undisplaced line of the scattered light. Expressed in other 
'words : the conditions of polarisation in the displaced and undisplaced lines 
are the same. If the primary radiation is not polarised but unpolarised, 
so that besides ^ there is a primary component E*, the Compton line, 
just like the ordinary scattered line, will be completely polarised in the 
z-direction when observed in the y-direction, and vice versa* 

Experimental proof of these facts is given by very beautiful researches 
by H. Kallmann and H. Mark,^ who compare the intensity of the dis- 
placed line with that of the undisplaced line in the neighbourhood of the 
angle of scattering @ = Tr/2, after both had been reflected by a crystal. 
The ratio of the two was found to be constant, that is, their polarisation 
was the same. The method is modelled on the classical arrangement of 
Barkla (of. I, Chap. I, p. 26). An indirect proof of the polarisation of the 
displaced Compton line is given by observations of the corresponding 
recoil-electrons in a Wilson-chamber, carried out by F. Kirohner.t 

The observations of Kallmann and Mark were made with fairly soft 
Bontgen rays (K-series of zinc). In this case we are justified in eqn. (18) 
in neglecting N compared with M. In the case of harder rays N must 
of course be taken into consideration ; the angle of complete polarisation 
(vanishing intensity of the parallel component) also then, however, ap- 
pears to lie t ftt v/2 in contradiction of earlier semi-classical arguments 
involving the so-called “ substitute electron ” (Ersatz-Elehtron). 

\ •Zeltsohr. f. Phys., 36* 120 (1926); cf. also the oompiBhensive survey by the same 
authors in Vol. V, of the '^Emebnisse der exakten Naturwissensohaften,*’ Springer, 
1926. 

. tPhvs. Zeitsohi., 27, 885 (1926). 

tThls was first shown theoretically in the paper by^Dirao quoted on p. 212 and 
then confirmed experimentally under Compton's supervision by C. S. Barnett and J. A. 
Bearden, Phys. Bev., 29 . 362 (1927). 
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* Passing on to questions of intensity we next follow Wentzel and oal- 
bulate 4ihe total scattered radiation, that is, the sum of the intensities J, 
which are^mitted in transitions from the ground level k to all possible 
levels I of the continuous and of the discontinuous spebtrum. In doing 
so, we use the simplified value (19) of the moment, which we shall 
now call Mil, Bind, as in (19), we shall leave out the factor in front of the 
integral sign. We then have 

^ J = ^ I Mw p = ^ ‘ (21) 

with the abbreviation 

TAs valike of (21) corns out simply as 1. To prove this we proceed in a 
manner similar to that used in eqns. (3). We expand the two functions 

f =s and g = . . . (22) 

according to the complete system of proper functions ijii : 

/ = 2a«1^'- ? = • ■ • (23) 

and find from this by means of multiplication and integration over the 
region of co-ordinates, paying due regard to the orthogonality and normal- 
isation of the proper functions, 

^fgdr = ^ AjtfBw .... (24) 
In our case the left-hand side becomes, on account of (22), 

on the other hand, the right-hand side of (24) becomes identical with the 
right-hand side of (21). For by (23) we have 

Aw = j/0?dr =* 

Eqn. (21) together with (24) thus actually expresses that the total intensity 
becomes => 1, which is what was asserted. 

We also remark that eqn. (24) is a generalised form of the so-called 
“ completeness relation” (*’ Volhtdndigkeits-Eeiation ”), which we touched 
on in § 1 A, cf. the footnote on p. 147. 

In the case of very long waves for which - 0 we clearly have 
Mw «<• 0 or 1, according 9Al^koT ^ k The sum (21) then consists of 
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only the one term 1. In this case it is obvious that the intensity-sum 
here calculated merges into the value of the intensity of the scattered 
radiation, as obtained by classical calculations. But since the value 1 of 
the sum, as we have shown, is generally valid [so long as it is permissible 
for us to neglect the component N, eqn. (18)], the result that the emitted 
radiation^ summed up over all the energy levels I retains the classical value 
independently of the wave-length of the primary radiation remains unaffected. 
This can be tested by taking into account in (5) the factor in front of the 
integral sign, which was omitted in (19) as well as by considering the 
meaning of a [amplitude of the vector potential, eqn. (1) of § 3]. This 
method, besides showing that the intensity is independent of the wave- 
length, also seems to show that it is independent of the angle of scatter- 
ing, in opposition to the classical theory of scattering. We must not lose 
sight of the fact, however, that only the component of M transverse to the 
direction of scattering ® contributes to the emission, so that actually in 
forming the components the factor sin 0 and, in the intensity, the factor 
sin^ 0 occurs, as should be the case according to the classical formula for 
scattering. 

For very short waves our calculation is insufficient ; as already em- 
phasised in dealing with polarisation, the component N of the moment 
may then no longer be neglected in comparison with M. That is why 
the classical formula of scattering fails for y-rays ; the scattering coefficient 
approaches the value zero (cf. Atombau,, Note 3, p. 761). The reason for 
this is that in the integration over the atom the zones of different sign for 

V cancel each other owing to interference. This was calculated in 

greater detail for the undisplaced line by J. A. Stratton.''^ 

In reckoning up the sum of all the transitions & Hn (21) we also 
included the ** transition k^k. This corresponds to ordinary scatter- 
ing, that is, to the undisplaced line in the Compton effect or, m the sense 
of § 3, to ordinary dispersion not modified by Smekal transitions. So 
we determine the intensity of the undisplaced line to the same approxi- 
mation as before from the “diagonal matrix element ; 

M** » .... (26) 

If we insert the value of from (9) and add the normalising factor 
(cf. Table I, p. 71), we have 

Hinoe we must form 

Mu - + 


Helvetioa physioa aota, 1, 47 (1928). 
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We use the earlier abbreviaftion (8) and the same oo-ordinate system 
r, as in Fig. 25. We get 


=» sin 6 - 

»4Jk8f'___JEL^ 

j o( ”* 2^1 + 27rt 


afc^-h2fft |U1 cosf)ry2^ 


jf + i dx 

J .1 (a + bxf 


sin Odd 

+ 27rt |xi I 008 d)* 

^ (x =. cos $ 

li = 27 r«|u| 


b V(» - by (a + by 




From eqn. (14) we can see that for the maximum of the displaced line 
27r I u I = fej. So we can write 

or, on account of (15) 




The intensity of the undisplaced line decreases with the ratio of the binding^ 
energy \'Ek\ to the recoU-energy E; (more exactly, to the recoil-energy that 
corresponds to the maximum of the displaced line). 

This result, which according to the earlier meaning of | B* | was first 
derived for the hydrogen-electron, can also be applied to the various 
electrons of the other atoms. 

From (26) we at once get the ratio of the intensities of the displaced 
and the undisplaced lines. For since the intensity is generally measured 
by the square of the moment and since the sum of the intensities is 
equal to 1, we get for the ratio in question 

1 - ML /. Bi 


To carry out the calculation further we get from the Table on p. 213, 

if vjfc » I Ejb I //i denotes the ionising frequency in the state Et. Further 
we set vk » cjhk Slid express the Compton change of frequency k - ~ Av 
by the corresponding change of wave-length AA. : 


Accordingly 


„ AX 2Xo . 

y - V* = - e-j Bin* g. 


- 1 + 
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and 


1-mL 



““ 2) 


- 1 . 


In this we substitute the values 


(29) 


Xo « 24. 10 A. (from Atombm, p. 57), 

A* 10* A. (approximate limit of the Lyman series), 
X «=» 1*5 A. (K-radiation of copper). 


We then get for 0 — 7r/2 


^8in2---2-7 — 


ML 


• 140. 


Thus most of the intensity goes into the displaced line. This is the mcyre so 
the harder the primary radiation and the greater the cmgle of scattering. 


00 
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Fig. 26. — Intensity-ratio R of the 
displaced to the undisplaced line for 
A » 0*709 A and angle of scattering 
e s 120* as a function of the atomic 
number Z of the scattering body 
(drawn according to numerical 
wta of Woo). 



Fig. 27.— Intensity-ratio R of the dis- 
placed to the undisplaced line for 
A == 0*709 A (Ka of molybdenum) as a 
function of the angle of scattering e 
(according to Woo). 


But if we consider the electrons of the inner atomic shells, the work 
of release in their case is considerably greater and X^ correspondingly 
smaller. If we calculate with a X* ten times ^mailer then we get for our 
intensity ratio, other assumptions remaining the same, the value 0*06, 
that is, the principal part of the intensity goes into the undisplaced Une, 
Moreover, at the same time the displaced line becomes blurred, as we 
saw at the beginning of this section ; it thus eludes orir observation, both 
on account of its feeble intensity and on account of. its diffuse character. 
This result, too, agrees with Compton's view that the displaced line and 
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the reeoil-phenomenon essentially arise from the free (loosely bound) 
electrons. The scattering from the more tightly bound electrons con- 
tributes appreciably only to the undisplaced line. 

The fact that for a very small h, for example, for the K-eleotrons of 
heavy elements we get a negative value from eqn. (29) for our intensity- 
ratio is obviously due to our allowing certain terms to be neglected. 

A very beautiful confirmation of these results is shown in Figs. 26 
and 27, which have been drawn * in accordance with the results of Woo 
(of. the paper quoted on p. 218). Fig. 26 gives the intensity ratio E of 
the disturbed and undisturbed lines as a function of the atomic number 
Z of the scattering body from Li to Cu. Fig. 27 shows the same ratio 
as a function of the scattering angle 0 for a few chosen substances. 
The primary wave-length is everywhere the same : A. « 0*709 A. (K, of 
molybdenum). In the case of Li (Z « 3) the whole intensity goes into 
the displaced line, so that in Fig. 26 the ratio B becomes oo ; as the 
number of tightly bound electrons increases, the undisplaced line in- 
creases in intensity and the ratio E tends to zero. The increase of E 
with increasing @ in Fig. 27 also agrees with our formula (29). 

§ 8. The Helium Problem 

A short summary of the older suggestions about the structure of the 
helium model was given in Atombau, Chap. Ill, p. 198 (see also I, p. 96). 
These suggestions all failed as they gave results in direct contradiction 
to experiment ; among these contradictions we must count the existence 
of a magnetic moment in the ground-state of helium, which presented 
itself in several of these models. The author’s suggestion {Atombau^ 
Fig. 41, p. 203) is, indeed, free from this objection, but has likewise lost 
its purpose, as the question as to how a collision between plane equivalent 
Ij-orbits is to be avoided no longer occurs, since the conception of orbits 
has been eliminated by wave-mechanics. 

The beauty of the wave-Tnechmical model of helium is that it renders un- 
necessary any visual pictures whatsoever, but is contained in the general 
wave-equation for two electrons : 

A *• Aj + Aj I 

+ . ( 1 ) 

I “ ri fij 

Here A denotes the differential parameter in the 9ia;-dimensional con- 
figuration space of the two electrons (1) and (2), and it is composed 
additively of the two ^^ss-dimensional differential expressions A^ and A,. 
The potential energy has been written down for a Z-fold charged nucleus ; 
Z m2 denotes He ; Z « 3 denotes Li+ ; Z 4, Be++. fj, is the dis- 

* Our thanks are due to Mr. F. Kirohner for allowing ui to uee them here. 

veix^ n .I..1K 
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tanoe ol the two electrons from each other ; r, are their respective 
distances from the nucleus. 

We may regard it as agreed that the new “ model " is in accordance 
with the facts. Heisenberg* was able to show that it gives the correct 
structwe of the helium spectrum qualitatively, namely, that it accounts 
for the division of the spectrum into the two non-combining partial 
systems ortho- and par-helium : he was also able to calculate the mutual 
position of the two partial systems approximately correctly. Further, by 
using the idea of the spinning electron, he determined the fine-structv/reoi 
the ortho-system as abnormal triplet, which was promptly confirmed by 
the very careful experimental investigations of W. V. Houston + and 
Q. Hansen.J Finally numerical calculations (cf. Chap. I, § 9, p. 112) were 
possible which allowed the energy in the ground state of helium and 
hence the ionisation potential of helium to be deduced ; this also now 
agrees exactly with experiment. An analytical calculation by Unsold § 
along the lines suggested by Heisenberg approaches the correct result as 
closely as may be expected from the bad convergence of the perturbation 
method for the ground-state. 


A. First Approximation and Scheme of the Perturbation Theory. General 
Structure of the Helium Spectrum 

To a first approximation we neglect the inter-action term e^fr^^ and 
can then separate eqn. (1). We set 

E-Ei-l-Bj, ^«0(1).^(2) 

in which we arbitrarily denote the one electron by 1 and the other by 2. 
The separated equations are 

+ + . . ( 2 ) 

+ X + |?)^(2) - 0 . . . (8) 

A is the separation parameter which is introduced according to the method 
of eqn. (la, b), § 2, Chap. I ; that is, it is a quantity independent of all the 
co-ordinates. We shall have to make it equal to zero m section C. 

Eqns. (2) and (3) differ from the simple wave-equation for the hydro- 
gen atom only in formal respects, in that the proper- value parameter is 
called Ej - X and Ej X respectively. Usin^the known proper values 
and proper functions of the Eepler problem we thus have, if we integrate 

* Uber die Spektra von AtomByatemen mit Ewei Elektronen, Zeitschr. t Fhys., S8i 
490 (1996). 01 also the introduotoxy paper, ibid., 38i 411 (1926), and the genemsation 
topi^ema of inany bocUee, ibid,, 289 (1927). 

+ Phye. Bey., 749 (1927). t Kindly oommonloated personally. 

6 Ann. d. Fhye. (ol the refettnoe on p. 86 of i 8, Chap. I). 
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(2) by means of the proper function for n « 
function ^or ra > 1, 


Ej — X 


mz^ 

p * 


Ea + X « 


1 and (3) by the proper 


BXZ^ . 


• w 


Our solution of the helium problem to a first approximation thus runs 

( 6 ) 

It satisfies the differential equation of the first approximation, 

L(«)-A« + ?^(e, + B, + ^ + |“)«-0. . (6) 

But the same differential equation is also solved by the assumption 

( 7 ) 

In the configuration space of our six co-ordinates (7) and (6) are two qmte 
distirict functional relationships except when n =» 1, which we have ex- 
cluded. But their proper values are exa4)tly equal, namely, to Eg + Ej. 
This is therefore a case of “ degeneracy ” ; we shall call it “ exchange- 
degeneracy” {Austausch-Entartung). Heisenberg also uses the term 
‘‘resonance-degeneracy” (Eesonanz-Entartung), because the absolute 
equality of mass and binding of the two electrons, which leads in ordinary 
mechanics to resonance phenomena, is also a condition for the present 
case of degeneracy.* 

In the case of exchange-degeneracy the conditions are exactly as in 
that of the square membrane, Fig. 14 in § 1, in which all proper values 

n with m^n were two-fold, and only those with w « n were single. 
In the case of helium the only single proper value that comes into con- 
sideration practically is that of the ground state, since, as we know, 
the inner electron is in the K-shell, so that the condition for non- 
degeneracy reduces to n - 1. 

We have to bear in mind the fact of degeneracy when we now pass 
on to correct our first approximation by means of a perturbation calcula- 
tion. Since neither of the solutions u and v has an advantage over the 
other we form a combination of them, 

w m OLU + pv (8) 

with arbitrary constant coefficients a and p and set 

ijt OB w + E Ej -I- B 2 + . (9) 

“Betidee this exobange degenetacy we also have the degeneracy in angular oo- 
ordinates known to us from hydrcm^ since to the dven energy value (given piinoinal 
quantum number n) there belong n^difierent proper functions which di&r in regamto 
^ quantum numbers 1 and tn. Of these two cases of degeneracy, namely in 2 and m, 
we regard the la-degeneracy as eliminated by means of a magnetic field. The degeneracy 
in I is eliminated owing to the disturbing interaction between the two electrons ; it is 
n-lold, as may easily be seen, of. eqn. (10a), 1 7, Chap.* I. We shall therefore diimg^ 
this degeneracyin me sequel as it is of no account pTMtically. To prove this we should 
have to resolve this degeneracy by means of a perturbation-oaloulation (wltii a deter- 
minant of the nth order). This would lead to energy levels extremely near to each 
other. 
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where ^ and 17 are small quantities, whose products with the perturbation* 
membmr i^/r may be neglected. For the differential equation in ^ we 
get from (1) and (6) 

+ + + ^ + . (10) 

On the right hand we have used the abbreviations 

*"-p-v 

in order to fit in with the working of § 1 , B, which now comes into action’ 
for the first time. 

As in § 1 , B, we say that in order that the “ non-homogeneous ” eqn. 
(10) should have a solution at all, its right-hand side must be “ ortho- 
gonal” to the solutions % and v of the associated “homogeneous” eqn. 
(6). Hence the conditions 


j'(s - €)wudr «=» 0 and |(s “ ^)wvdT « 0 


(11a) 


Here dr ^ dr-^. dr^ is the 6-dimensional volume element of all the degrees 
of freedom and it subdivides into the two 3 -dimensional volume-elements 
dfi and dr^. Inserting the value (8) of w, we get two conditions for 
a and fi: 

[{« - f)uvdT « 0 ] 


(12) 


aj(fi - €)u^T + fi 

aj'(« - €)uvdT + /3 (s - t)vHT *« 0 j 
Let the u*s and v's be normalised to 1, so that 
■» ■■ 1. 

Further, they are orthogonal to each other. For 

0 - Jw* - . j^,(2)W2)iT, 

as both the integral in dr^ and that in dr2 vanish. 

If we link up with p. 152 by introducing the abbreviations 

*11 " €j 2 « fgj « ^suv&r, f22 - ^SV^dr 

we may write, bearing in mmd that c, being constabt, can be placed out- 
side the integral, in place of (12), ^ 

«{«11 - «) + - 0 \ 

+ P{^si - «) ~ 0 / 

Eliminating a and ^ we get a quadratic equation for c : 

«U “ *» *18 . 0 

I «If I « I 


( 13 ) 


( 12 *) 


m 
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Now V arises from u and hence also C 22 from cn by exchanging the two 
electrons. But since the integration with respect to dr considers both 
electrons equally, and since ^so s [eqn. (11)] is symmetrical in both 
electrons, we get 

€22 “ ‘n* 

Our quadratic eqn. (14) thus becomes 

(*ii “ *11 ” ® - *12 • • • 

and has the two roots 

« “ «ii + <12 

In this way we have obtained the second approximation to the proper 
value. The two-fold first approximation E = Ei + E 2 of the proper 
value splits up into th*e two somewhat different values 

E a Ej + E^ + (€ 11 «i2)gj^ • • • 

As we know c we can calculate the ratio a : j8 from (12a). We get 
a ± =* 0. 

' Inserted in (8) this gives 

w ^ 0 L{u:f, v). 

a is determined by the condition that is to be normalised to 1. From 
this we get at once that 1 => 2a^ hence 

w =■ (17) 

These are the two solutions of the first approximation with which the 
perturbation links up continuously. As we see, the favoured r61e of an 
“ inner electron " wMoh we had ascribed to one or other electron in u or 
V becomes lost in the combinations w which are alone of importance 
in the sequel : w is constructed symmetrically or anti-symmetrically in 
both electrons. Heisenberg expresses this by speaking of an ** exchange 
of position of the inner and outer electron. We wish to emphasise here 
that this exchange of position {Platzwechsel or Awttcmch), corresponding 
to the derivation of eqn. (17), is a direct analytical consequence of Schro- 
dinger’s theory of perturbation and does not signify a new physical hypo* 
thesis. The fact that the individual electrons cannot be numbered and 
distinguished individually in wave-mechanics (just as little as the light- 
waves of optics) is contained in the form of the wave-equation and forms 
the fundamental principle of the statistics of wave-mechanics, a question 
into which we cannot, however, enter here. 

We shall now show that the two system of states that are represented 
to a first approximation by (17) cannot oombm with each other. To prove 
this we must link up with § 5, Chap. I, p. 46, by forming the matnx- 
elmnent of the co-ordinate q. If q^m vanishes for every component of q, 
this means that the transition m is forbidden (yields no ra^tion). 
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This leads us to test the transition from the state to the 

state - v)n. The associated matrix element is 

qtm ^ iljtei + g2)(^ + - v)ndr^dT^ . . (18) 


The integration is to be performed over the whole co-ordinate space of 
the qi, jj’s, with the space-elements dri, dr.^. To explain the factor 
qi + q^ we recall that the matrix-element of the co-ordinates was origin- 
ally calculated as an electrical moment (cf. p. 45), and that, for example, 
the aj-co-ordinates of both electrons clearly contribute to the moment in 
the direction of the a;-axis in such a way that the x-moment is to be 
formed with the “ leverage *’ Xi + x,^. Corresponding to this we have in 
(18) the factor q^ q^ (but written in a somewhat more general form). 

Instead of qnm we first consider the integral 

J +a C +a 

dxA dx^f{x^, ^2) • • • (I®®*) 

with the assumption 

fK ®») “ - /(®4. ®i) • • • • (18b) 

We argue as follows : the numerical value of X cannot change if we ex- 
change the names of the variables of integration. So we must also have 


1 + 0 r + « 

dxA dxj(x^, ajj). 

If we reverse the order of sequence of the integrations and take into ac- 
count (18b), we get 

f +« r + a 

dxA dxj{x^, x^). 

Comparison with (18a) shows us directly that X » 0. 

Precisely the same argument is applicable to (18), since u - v and 
hence ^^f(qiq^) « (ji + qi){u + v){u - v) changes sign if we exchange 
electron 1 for electron 2. Also the limits of integration in (18) are the 
satne for both sets of three variables, being ± oo , just as in (i8a) they 
were the same for both variables xfy namely ± a. Consequently ^nm 0 
for every co-ordinate q^x,y,z and for all values n, w. 

The decree which forbids combinations between the states u:^v 
(J»t0r^K)m6«najicms-76r5c^) itself points to the existence of the two term- 
systems of or/ho' and pa/ra-heliwm which do not<^oombine with each other. 

important feature, however, is not that this decree does hold to a first 
app^ximation, as has just been proved, but that it holds exaoUy. This 
Mows fiom the fact that by adding a second-approximation, that is, the 
function ^ from eqn. (9) and all further approximations, the even or odd 
character, respectively, of the first approximation remains preserved with 
respect to the electrons 1 and 2. Here and in the whole of this sectkm 
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we have taken no account of electron spin. In the case of He the spin 
of the electrons leads to an exceedingly weak combination between the 
two term-systems; this combination becomes increasingly stronger for 
the heavier atoms. 

We now enquire into the difference in the position of the energy-levels 
that belong to the systems u + v. These energy-levels are given to a 
second approximation by (16a) ; so their difference is 

AE a Eu _ t> - Ett + « a - 2 €i2 . . . (19) 

On the other hand, the mean energy-level of these two comes out by 
(16a) as 

+ Ett + v) = Ej + Ej -t- €ii . . (20) 

Eqn. (19) already allows us to come to a provisional decision as to 
how the allocation of u-^visio be made to the actually observed ortho- 
and para-states.. By (13) positive, since s is positive throughout 
and u and v, on account of their normalisation, are at any rate positive 
on the average (for a more exact proof see C). Hence, by (19), AE be- 
comes negg>tke. From I, Fig. 84, p. 323, we see, however, that the ortho- 
levels always lie a little lower than the corresponding para-levels (we shall 
presently discuss the ground-level n « 1 in greater detail). The difference 
ortho minus para is therefore negative. Hence> the states u v must 
correspond to the ortho-t&rms, the states u + vtothe parorterm. We arrive 
at the same result by considering the ground-state 1 S. We know from 
experiment that this is present only in the para-system. In our theoretical 
representation the ground-state is characterised by ri » 1, that is, u ^ v. 
For this state, then, u - v and » 2z4. Thus the system given 
by - t? has no state 1 S (a vanishing proper function never counts as a 
proper function). So, in agreement with our previous result, this system 
must be the ortho-system. On the other hand, the system belonging to 
U'k' 'O has the ground-state u if the normalisation is appropriate ; hence 
this is the para-system. (The normalising factor which in (17) was found 
to be 1/ y/2 generally is clearly 1/2 in the para-ground-state.) In the follow- 
ing section we shall show in yet a third way that our allocation of hP ^ 
to the ortho- and para-systems is correct. 

B. The Fine Structure of the HeUtm Spectrum 

In the case of helium as in that of all the heavier elements the fine 
structure is essentially due to the electron-spin.” As has already been 
shown in Fig. 10 of § 9, Chap. I, this spin also contributes together with 
the relativity correction to the fine structure of the hydrogen speotrom. 
Dirac has shown (of. § 10 of tibe present chapter) that the eleotoon spin 
has au fond the same root as the relativity correction. 
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Whereas there was a mutual aotion of electrical origin Bjg « 
between the centres of gravity of the two electrons, let there be a mutual 
aotion M 12 ■■ ^ 2 ) magnetic origin between the two electronic axes 

o-j, 0 - 2 . Further, we imagine an external magnetic field of axis H along which 
the axes <ri and o-^, each taken separately, set themselves. Let ^(o-) be the 
proper function of the individual electron in the field H ; we imagine ^(o*) 
formed, for example, after the manner of § 3, Chap. I, as the proper 
function of the rotator (in space or in a plane). In it there occurs the 
magnetic quantum number which we shall here call Wj or respectively. 
From Goudsmit and Uhlenbeck’s hypothesis (Chap. I, p. 86), subject to 
the proof in § 10, we assume that and m.^ can have only the values 
i We- then have the following combinations of quantum-numbers 
or proper functions, respectively. 


Vli. 

in^. 

Mg, 

Proper Functions. 

-1 

-\ 

-i 

1 

0 

0 

-1 



is the quantum sum + m.^. The proper functions a, c, d are 
calculated to a first approximation as products of the partial functions, 
just as u and v in section A. Of these four proper functions a and d are 
not degenerate, just as earlier the ground state of helium was not de- 
generate. On the other hand, h and c have the same exchange-degeneracy 
as the excited states of helium, since their magnetic energies to a first 
approximation in the field H, namely (Her]) + (H(r 2 ), are themselves equal. 
To overcome this degeneracy we have to carry out a perturbation-calcula- 
tion with the mutual aotion Mj 2 analogous to that previously carried out 
for the mutual action the determinative equation for the change 

of energy c to a second approximation the same coefficients occur as 
in (12a), except that now, of course, the perturbation quantity i is pro- 
portional to On account of its symmetry with respect to and (tj 
we here also have « cii and c « + € 12 . Hence the two combina- 

tions with which the proper functions of the second approximation 
are continuously connected are 6 c. The proper functions of the second 
apprpximation that develop from the non-degenerate states Ot and d, 
on t^ other hand, are clearly continuously objected with a and d them- 
selves.. So we have three proper functions symmetrical in o-j, 0*2 and 
oi&e unsymmetrical, namely, written to a first approximation : 

a,h Cjd and 6 - c, respectively. 

The first three form a triplet, the last a singlet of possibilities of orienta- 
tion. The magnetic quantum-numbers are, by the preceding table, 

Wf «• -H 1, 0, - 1 and 0, respectively. 



The proper functions of the whole problem, motion of the centre of 
gravity + orientation, are composed, to a first approximation, of the 
proper functions of the two partial problems. Four combinations are 
here possible, which we divide into the two groups (1) and (2) : 


(1) {u + v)[ 6 + c j, {u - v)(b - c), 


(2) {u + v)(b - c), (u - v)[b -h c 

d J 


Dur division into (1) and (2) is performed in such a way that all states of 
group (1) retain their sign when the two electrons are exchanged (sym- 
metrical states), whereas those in group (2) change their signs (un- 
3ymmetrical states). In itsMf, that is, without a knowledge of the helium 
jpeotrum, the group (1) of stated would be just as possible as the group 
[2). In eqn. (18), however, we have seen that combinations between 
symmetrical and unsymmetrical states are forbidden. Hence if a state 
3f the group (1) were realised, it would never be able to combine with a 
state of the group (2). 

The question as to which of the two groups occur in nature in the case 
Df helium must, at the present state of the theory, be answered by experi- 
ment. In the first group the para-system, which we had to allocate to 
the proper functions u + v, would be a triplet system, the ortho-system 
% singlet system. As we know, the reverse is the case in reality. The 
combination (1) therefore drops out and the combination (2) is alone ad- 
missible empirically. 

A deeper reason, namely the Pauli Exclusion Principle (§ 8, Chap. I, 
p. 85), becomes added to this. For in the ground state both electrons 
bave, on account oi u ^ v, exactly the same quantum numbers for the 
motion of the centre of gravity ; hitherto we have had to mention only 
bhe principal quantum number n, but it is self-evident that the angular 
(guantum numbers I and^ must also have coincident values for both 
electrons ; for from n = ^ it follows for both electrons that I « 0 and m « 0. 
By Pauli's principle the fourth quantum number which refers to the 
electronic axis, must be different for the two electrons. In our table 
this quantum number was called and Hence in the ground state 
we cannot have ; the orientation^ a (Wj » Wj ■■ + «J) and d 

«■ Wg « - -J) are not allowed to occur in the ground state. Hence 
the ground state is not allowed to occur in the triplet system, as was the 
oase in the combination (1), In the combination (2) the ground state of 
the triplet system drops out of itself on account of « v, and the ground 
state of the singlet system is associated only with the orientation 5 - c 
not witltaand d. 

We are still left with the problem of making assertions about the 
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magnitude and interval-relations of the fine structure. Heisenberg solved 
this on the basis of calculations supported on the old ideas of quantum 
orbits. The calculations are rather cumbersome and no longer correspond 
to the present state of the theory, which has been attained by Dirac’s 
work on the spinning electron. We therefore give only the result of these 
calculations in the form of the following figures taken from Heisenberg 
(Fig. 28). All three figures represent the term 2 p in the triplet system^ 
with the three subsidiary terms pg* Pv Po *he relative quantum weight 
2; + 1 which are in the proportion 5 : 3 : 1 (in Heisenberg’s diagram the 
negative energy steps are drawn and are so in the reverse order to our 
term-steps). Let us first consider the limiting case Z oo . Here we 
have the regular sequence of terms pg* Pv Po normal interval- 

ratio 2 : 1 (cf. AtombaUj p. 659) ; the term pg with the greatest weight 6 

has the smallest numerical 
value. For Li + we have a 
“ partially inverted ” (par- 
tiellverkehrte) order of se- 
quence ; the “ most intense ” 
level pg lies in the middle. 
In the case of He the order 
of sequence is ‘^inverted” 
throughout compared with 
the normal order ; this 
triplet, which is highly de- 
generate in its interval- 
ratios was, as we know, 
formerly regarded as a 
doublet experimentally but at the same time its apparent doublet char- 
acter doubted on theoretical grounds (cf. AUmhm^ p. 599). The Av’s 
marked under the figures denote cm”^ and are results of observation, 
below them and in brackets are the values calculated by Heisenberg. 
The data concerning Avj, that is, the distance p^p^ also follow from the 
formula developed by Heisenberg. 

W. V. Houston * has applied these results to other atoms with two outer 
electrons, namely to Cd, Hg, Sn, Pb. The anomalous Zeeman effects of 
these atoms also allowed themselves to be calculated theoretically. 

G. Quantitative Completion of the PertMation C(dcuLatiom 
Following the general plan of the theory of perturbations we have so 
far developed, we have built up the first approximation from the proper 
functions for hydrogen ^ for the case of a Zfold charged nuckus in 
eqns. (5) &nd (7)< But this is unfavoura'fie for the convergence of the 
perturbation calculation. The inner electron's indeed subject to the 
action of a Z^fold charged nucleus, but for the outer electron the nucleair 
charge is screened down to the value Z - 1 by the inner electron. 

*Phyi. Rev., 83,297 (1927). 


Hb,Z^2 U* Z=3 Z — oo 



Av- 1f07 Jv = 4,4 Jv 

(cah.0,62) (calc. 3,35) 

Ay. - j.Av Av^ ^j-Ai' 


Pio. 28.— Triplet resolutions for He, Li + and 
very ^rea4i nuclear charge. The weights of the levels 
are m the proportion 5:8:1, the ratios of the 
intensity in the case of these strongly distorted 
triplets of He and Li + will possibly not have the 
** normal ” values of the summation rules. 



§ 8. llie Helium Problem 285 


Heisenberg takes this into account by adding to the potential energy 
V ta - iu the case of each of the two electrons an additional energy 
/(f) which has the value + e^/r in the region of the “ orbit of the outer 
electron ’’ but is constant in the region of the “ orbit of the inner electron/' 
and so corresponds to no force. Let the boundary between the two 
regions be r « r ^ ; the graph of /(r) is given in Jig. 29‘. * In view of 
this additional energy term we rewrite the differential equations (2) and 



Fig. 29. — Diagrammatic representation of the perturbation function for the two 
helium electrons. < fo denotes penetration into the “ shell ” of the “ inner 
electron.” 


(%) of the first approximation. We first set A, =» 0 in them. For since 
X is a separation-parameter it would have to be of different signs in 
tho.two equations, but on account of the possibility of exchanging the 
two electrons it would simultaneously have to be of the same sign. 
Hence it necessarily follows that X = 0. The two eqns. (2) and (3) are 
then, if we take r < fo in the first and r > in the second, 



The nt*» proper value of (3') now becomes 
B, - - 


• (40 


The first proper value of (2') is 

Bj- 


1 * 


• ( 4 ") 


This fulfils the purpose aimed at above of making the electron near the 
nucleus subject to a Z-fold charge, that further away to a (Z-1)- 
fold charge. The constant addition term in the ease of the 
electron nearer the nucleus corresponds to an ** external screening” (ct 
Atmhm, p. 544). Nevertheless, we cannot> strictly speaking, con- 
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aider the proper functions of the two electrons as having been calculated 
from eqns, ( 2 ') and (S'), which are meant only for r<ro and r>fo, 
respectively, but we must consider them as coming from the equation 

+ . . (6*) 

which is common to the two electrons (i « 1 or 2), / signifying the sam 
function as that illustrated in Fig. 29 ; for otherwise we should introduce 
an asymmetry between the two electrons, which would destroy their 
interchangeability. By replacing these eqns. (6') by ( 2 '); (S') for the 
purpose of calculating the proper values of a first approximation ( 4 '), 
( 4 ") we have introduced an inaccuracy which, however, corrects itself 
in the next approximation. For the combination w >=* olu + pv formed 
from the products 

^ 0i(l)W2) or V - Wl)^i(2), 

we get the following differential equation ( 5 ') for the first approximation : 

L W = + B, - /(r.) - f(r^ 

Ze^ , ^ 

+ — + — )w =» 0 

n n/ 

If, as a second approximation we set ^ + ^, E » + 17, 

the differential equation for ^ now runs 

L(^) = (8 - €)w (10') 

as a comparison of (1) and (6') shows. The abbreviations s and e are here 
defined by 

*“C(£-/(r,)-/(r 0 ). c-C,. C = . (11') 

instead of by (11) ; the products and s</>, being small quantities of 
higher order have been omitted. Further, the meaning of the quantities 
cn *> €22 and C12 from eqn. (IS) must be changed. We now pass on to 
consider the calculation of 



1712 « ( 13 ') 

a little more closely. 

We form the functions that occur in u and v approximately 
as solutions of eqns. (S') and (S'), that is, as hy^ogen proper-functionp 
(^1 with the nuclear charge Z, ^ with the nuclear charge Z - 1 ) and, 
toking 4ip the normalising factors into the radial-components Bn, we 
set 


^,«Bi.l, ^n«BnPr(0O8d)s*»‘^,’ 
1 . 


We form ijn according to the scheme d cj^ in eqfi. (IS) and perform the 
integration first with respect to dj, then with respect to ai^ 

finally with respect to r,, in each case writing down only such ^tors 
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as contain the corresponding variables of integration. The first step 
gives 

. . ( 21 ) 

The factor 1 is due to 0i(l) in «, the two following factors are due to 
iff* (1) in v*.t In the integration the terms /(r J and f{r.^) which do not 
contain dj, drop out t in «. With 


»f* “ »i + »| - Srjrj 008 
008 0 » COS $1 COS dj + sin 6^ sin cos 

~ ® n T (oos 0), 

h, [r]/L ^ ’ 

0 

where [r] denotes the greater of the two radii r^, and x the ratio of the 
smaller to the greater r, we get from (21) 

, (cos 0) (cos di) e *" sin diddjjd^i . 


M 




For Py (cos 0) we use the addition theorem of spherical harmonics, eqn. 
(2) of §8, Chap I: 

I P; (cos dj) Pf (cos djj) - **), 


Pr (cos 0) - 


(y- 



(v + 


)l 


Of all the terms of this series there remains, on account of the integra- 
tion with respect to only the term /* = w, so that (22) becomes 
0» 

• • <23) 

where II « f PIf' (cos dj Pf cos (dj) sin djddj. 

Jo 

But by eqns. (24) and (30) of § 6, Chap. I, we have 
[0 ... 

n « ■{ 2 (i -f f») 1 , 

[ 2 / + 1 • ll - m) 1 •••’'“ 

» $ It is to be noticed that when the proper functions are written in the complex form 
the conditions of ort^onality (11a) are also to be written in the complex form, fox 
example 

J{< - 9)um*dT * 0. 

Accordingly the definition of 0 ^ in (18) most also be modified, for example, 

fj, * «a » » «* • 

t WeawJudf tb^case I - 0 (S-term). 
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Consequently (23) reduces to a single member (the factorial factor again 
cancels out) 

The second step consists in multiplying this expression by 
Pf (cos $ 2 ) . 1, 

where the 1 arises from v* and the preceding factors from u. In the 
integration with respect to <^2 (24) becomes 






rn, 


[r] 22 + 1 " 

with the value of n just now given, which does not vanish. Thus the 
second step gives 




(2 + m) 1 


[r] (22 + If (2 - m) !* 

We now come to the third step, that is, to the integration with respect 
to rj, r^. The expression to be integrated is [of. (13')] 

• f Bi(rj, Z).Bn(r„Z - 1 )V*-, 


’?13 


(25) 


Here we have (a «= radius of the first hydrogen orbit) 
B,(r.Z)-Ni(Z)e-^;>L}(/>)...,,=.-^r, 

Uf 

^(r. Z - 1) = N„(Z - 1)«-p'VLW(p') •••/»'“ 


The last formulae hold for r » as well as for r r^. The factors N 
contain both the normalisation for the dependence on ^ as well as on r 
and run 



« 1 1 
’2‘27r’2’ 


NS{Z - 1) - ( 


2(Z - l) y (n - 2 - 1) 1 1 22+ 1 J2 - m)\ 
na ) 2n{n + 2) I * Sir 2 (2 + m) 1* 


We restrict ourselves to the case ^ » 2 +^1 (circular orbits in the 
earlier sense), where the polynomials L become of zero degree, since 
then ^ 


- const. « - (22 + 1) I 

holds. According to the definition of the quantities x and [r] the integrals 
in (25) are to be performed as follows : 






fr.s-'nir,! 


(9B) 
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Here a denotes the abbreviation 

we must imagine the constant factor 


[22 1]» Ni»{Z)N*„(Z - 1) . 


to be added. The rather laborious working out of (26) gives 
a-ai-6,2-»^-8.(2i + 2)!.(2i + 5). 

Taking into account the constant factor we get 

Z3(Z - 1)2« + * (/+ 1)2(2/ + 5) 

2 / + 1 


« QT3t. < 


• (27) 


where R = Rydberg's number. 

This is our final result ; 2r}^2 gives to the approximation in question 
the energy-difference between para- and ortho-levels [of. (19)], with the 
assumption w = Z + 1 for helium-like atoms of nuclear charge Z. 
Numerical values of have been calculated by Heisenberg. We 

have tabulated them in Table 5; the bracketed values are the corre- 
sponding values obtained by observation. 


TABLE 6. 



1 - 1 (2P). 

1 - 2 (8D). 

<-8(4Jf). 

Z»2 

7-65. 10“* 

2-57.10“* 

6-26.10“* 


(9-4 .10-*) 

(1-84.10-*) 

— 

Z = 8 

3-07. 10 “2 

1-89. 10-* 

6-96.10“’ 


— 

(1-34.10-*) 

— 


There is agreement between the results of observation and calculation 
in order of magnitude, particularly for greater values of Z ; we have reason 
for believing that this agreement can be made perfect by carrying the 
perturbation calculation still further. More important than this quanti- 
tative agreement is the qualitative agreement of the structure and fine- 
structure derived in sections A and B with the results of experiment, 
and the numerical calculation of the ground term (the ionisation potential, 
of. the introduction to this §). We may therefore say that the helium 
problem has been solved by wave-mechanics and that therefore (of. § 1, 
p. 144) wave-meohanies need no longer be daunted by the problem of 
three bodies. 

The method that Heisenberg has developed for the helium problem 
inay be applied to the problem of several bodies, that is, to atoms with 
more than two electrons. With the increase in the number of electrons 
the exchange-degeneracy (Austcmch Entartung) increases; the deter- 
minant for calculating the energy-perturbation < becomes of degree N1 



for N electrons ; in the general case several mnltiplet systems occur in- 
I stead of a singlet or a triplet system. The detailed investigation of 
these systems by the principles of the theory of groups has been advanced 
particularly by the papers of W. Heisenberg, B. Wigner, J. von Neumann, 
and H. Heitler. • In the general case, too, the possible proper functions 
resolve into several systems unable to combine with one another, which 
correspond to the groups (1) and (2) of p. 233. In nature only one of 
these groups, namely that of anti>symmetrical character, is actually 
realised. This anti-symmetry of the proper functions is the wave- 
mechanical equivalent to Pauli’s principle and at the same time the most 
general way, of formulating it. 

The same methods have led Heitler and London * to a solution of the 
two-electron problem of the H^-molecule, namely, to a determination of 
the energy and the moment of inertia of these molecules in the ground 
state. Finally, it can be predicted by theory that on account of the spin 
of the two hydrogen nuclei this ground-state can occur in two different 
forms, an ortho- and a para- form, according as the spins are parallel 
or anti-parallel. The ratio of these two forms of Hg, which is 3 : 1 at 
higher temperatures, may be altered experimentally at low temperatures, 
as has been shown by Bonho^r and Harteck t and also by Bucken.t 

§ 9. Wave-Mecluinical Transcription of Olassical Quantities 

We start from Schrodinger’s definition of density p » uu* and form 
with it the wave-mechanical mean value of the co-ordinate q or, as we 
may say, the co-ordinate of the centre of gravity of the wave-picture given 
hyu: 

q =» jqpdr « ^quuHr . (1) 

For the sake of brevity we make our calculations with ah individual 
point-mass and so take dr as standing for the three-dimensional element 
of volume ; we remark, however, that all the following calculations may 
easily be extended to arbitrary systems of point-masses or electrons. 

If in (1) we make u and u* in particular equal to the ntt proper func- 
tion of a wave-mechanical problem defined in some way, then J simul- 
taneously denotes the nth diagonal-element gnn of the co-ordinate-matrix. 
We extend (1) by replacing uhy and w*^by and so obtain the 
general matrix element ^ 

gnm “ .... (la) 

* Zeitiohr. f Phys., U, m (1927). 

f Sltoingiberiolite dar Ptauudaohan Akadamie, Barlin. p. 106 (1929). 
jKatorwl8i.,17i 182 (1929), r* i / 
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A. Energy and Momntim 

We define the wave-meohanioal mean value of the potential energy V 
analogously by* 

U = ■ ■ (2) 

If in particular u ^ Un proper function), then U = Vnn (diagonal 
element of the V-matrix). Here, too, we may generalise and pass on to 
the arbitrary matrix-element Ynm- 

If V is independent of t the energy-law in ordinary mechanics holds 
in the simple form 

E =* K + V (K = kinetic energy) . . • (3) 

and in wave-mechanics the differential equation for u reduces to the wave- 
equation, which does not involve the time, 

q^A^+{E-V)^ = 0. 

By multiplying with tft* and integrating we get from this 

g-^|A#*<ir + B-U = 0 . . . (4) 

We have here taken into account that owing to the constancy of E and 
of the normalising condition for ip, we get 

= B, 

and that because of 

the mean value U defined in (2) is now identical with 

u =. j Y^^*dr. 

A comparison of (4) with (3) invites us to regard as the wave-mechanical 
analogy to the kinetic energy the expression 

To bring this expression externally into correspondence with the element- 
ary definition 

K = ^(p|+|>*+pf) . . . . {6a) 

we could re-write (6) by Green’s theorem in the form 



But we shall soon learn that the true analogy to (5a) occurs not in the 
form (fib) but actually in that of (fi). 

*The spnbol U haze introduced baa nothing in oonunon, of oouiae, with the euUer 
iQpabol V « B5, + U. 

VOL n.— 16 
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First we must find the wave-meohanioal expression analogous to the 
momentum p 89. Its definition is really already contained in that of 
the current S, eqn. (8), § 8, Chap. I, For if we multiply S by mje we 
pass from the waye>mechanioal or probable value of the transported 
charge to the correspondingly defined value of the transported mass. 
This is the specific momentum for a definite point of the wave-mechanical 
field, just as S was the specific current. Thus we obtain 

m h 

— S « ^(u grad u* - u* grad w) . . . (6) 


To obtain the total momentum from this we have only to integrate with 
respect to ^r, 




- u* grad u)dT . . . (6a) 

At the same time we obviously have 
h C 

0 « grad u* + u* grad u)dT . . . (6b) 

for the integral in this last equation may be written in the form 


1 


grad (uu*)dTf 


and may be reduced by integration by parts to a surface-integral at in- 
finity which at any rate certainly vanishes for the solutions u defined 
with discrete * proper values. By adding the two eqns. (6a, b) together 
we then get as the simplified form of (6a) 

h 

^ ^ 2iri 


[ u*dT 


^jitgrad 

.raphrase 
spresent 

Pnm = g»d «** . 

mb 

1 ’ 


( 7 ) 


This is our wave-mechanical paraphrase of the classical conception of 
momentum. We extend (7) to represent the momentum-matrix 

. . (7a) 

We shall give (7) a symbolic form that will be important in the 
sequel : 


h h 


( 8 ) 


2?rt 2frt j 

^e call IT the “ momentum-opautor.” It is to be applied to the quanti^ 
i* which follows it. The order of sequence in which the operator «■ and 


the cMe of the proper funotiouB of the oontinuotts roeotrom the order of 
vaa i ria in g at infinity is much Wi, so that a certain oaotton is advisable. In the seqni^ 
we assume discrete proper values in order that we may always omit the surface-iategials 
at infinity, as will be done in individual oases without farther eaplanation. 
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the factors Uy ooour is, of course, of essential importance. Operators 
are not commutative. On the other hand, we can exchange the order of 
sequence in eqn. (1) in which only ordinary factors ooour, and we can 
obviously bring this equation into the form 



which is analogous to (8). In Dirac's terminology ordinary numbers are 
called ‘‘o-numbers” (classical numbers), while operators are called 
“ q-numbers " (numbers arising from the quantum theory). 

The introduction of the operator tt is connected with the association 
of the momentum p with the action-function S in classical theory [S will 
further be used in a sense different from that in eqn. (6)], namely 



We recall the original introduction of the wave-equation in § 1, Chap. I, 
and its derivation from the Hamiltonian equation 

If we here insert the symbol tt, that is, the operator 'bj'bg, for p or 

the differential quotient 2)8/2)^ respectively, and apply the whole equation 
to 0, then we actually get the wave-equation in the exact form (11) of 

p. 6. 

This at the same time justifies our expression (5) for the kinetic 
energy. For if in each case we insert rr in place of p in the classical ex- 
pression (5a) and integrate after the manner of eqn. (8), we get 


K 


+ TT® + TlfKdT 

2roV2irt) 33 /* 32V 


■ {8a) 


and this is, in actual fact, exactly our expression (5), except that now 
u and have taken the place of the earlier quantities ^ and which 
were a little more special. 

To illustrate our definition (7) of the wave-mechanical momentum we 
consider the case of an electron which moves under no forces in the 
ir-direction. We represent it by a plane wave (of. also § 1, Chap. I) 

Here k and co are defined by 

. 27r . — 

A; - j 

B • + K « rest energy ’ ‘ 

+ kinetic energy of the electron 
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On account of our special form of u we obtain for the density p and the 
current S 

p = e.a\ S,-S,.0. 

and for p, by (7) 


p ^Px ■■ 


But = 1 (normalising condition),* hence 


hk h 
“ Stt X 


(8c) 


where X, as in § 1, Chap. I, signifies the de Broglie wave-length of the 
particle. The fact that this quantity plays the part of the momentum is 
easily seen. For we have 


since by (8b) 




K 


1 W it 


B. Law of Conservoitim of the Centre of Mass t 

We split up the law of conservation of the centre of mass of classical 
mechanics into the two equations definition of momentum ” and “ law 
of momentum ”) : 

p ^ mq and p « - grad V. 

We transcribe them wave-mechanically by taking q and p to stand for the 
expression (1) and (7) and forming grad V according to the process of 
eqn. (2) : 

p ^ m q , . . (9) p « - grad V dr . (10) 

To prove this we calculate from (1) and (7) 

q = -h uu*)dT (9a) 

h f 

p « u* + u gnd u*)dT . (10a) 

(observing that q in (1) and grad in (7) a^ independent of the time). 
Here we must insert the differential quotients with respect to the time 

* Thus a becomes infinitely small, as is to be expected, for the density of the 
electron in a plane wave is spread evenly over Uie whole of infinite space (ot also 1 8, B, 
aDd the g 7, D, of Chap. I). 

fOt the somewhat more special statement of this law for <me dimension by 
P. Bhienfest, Zeitsohr. f. Phya, 45 , 456 (1937) ; also A. B. Buaxk, Phya Rev., m 
(1936). 
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» 

from eqns. (13) and (13a) of § 5, Chap. I ; 




/ 8ir%, \ 

i(“ - -Sr''*) 


“• - - mK - t’"")] 

Then the term in V cancels out in (9a) and there remains 
• h C 

mq =» - wAw*)dT 


(11) 


( 12 ) 


But 


w*Aw - uAu* = u* div grad w - « div grad u* 

= div (tt* grad w - w grad u*). 

By integratin'^ (12) by parts we do away with the “ divergence." If, for 
example, q x, then, of the three differential coefficients, of which div is 
composed in rectangular co-ordinates only that with respect to x gives a 
value 'different from zero. In this case we get from (12) 


i. ^ f/ 


but by (6a) the right-hand side is nothing other than pj.. Hence eqn. (9) 
is proved. 

To prove eqn. (10) we first form (10a) by integration by parts of the 
second term on the right-hand side. We obtain 


p = ^J(^ grad u* - u* grad w)dT. 


Substituting from (11) we get 


+ 

I ■» |(Am grad V* + Au* grad u)dT 

II - - ^j(V« grad 11 * + \ii* grad lijdr . 


• (13) 
. (13a) 
. (13b) 


We first occupy ourselves with II, By integrating again by parts, it 
follows that 


|v« grad 


u*dT « - 


u* grad {Yu)dT = - grad Vdr 
- grad udr. 

If this is substituted in II the last term cancels out and there remains 
II - grad Vdr. 
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If we assume that I - 0, which we shall presently prove, (18) becomes 

grad Vdr 

and this is precisely the eqn. ( 10 ) which was to be proved, that is, the law 
of momenttm or the second part of the law of the dentre of mass. 

The proof that I vanishes rests on the following identity : 

Aw grad u* + Aw* grad w = div T . . . (14) 

Here T is a symmetrical tensor * with the components 

^ “ ^Xi TiXk Ixi Dxi Z ' ‘ ^ ^ 

i, Jc, j have the numerical values 1* 2, 3, where we are to imagine x^ » a?, 
** well-known unit tensor ; div T signifies a 

vector whose i-oomponent is given by 

and hence, according to (15), by 

lu ^ yw* "bu* ^ yw ^ yw ^w* ^ D^w* ()w 

Z. ^^k ’ 

In the last term, on account of the meaning of 8^1 we have replaced 



and, for convenience, have written h for the summation index j used in 
(16). If we carry out the differentiation in this last term we see at 
once that it cancels out with the two precedmg terms. But the first two 
terms are identical with the i-component of the left-hand side of (14). 
This proves (14), and it also shows that I vanishes. For by (13a) and 
(14) we have 

C. The Law of Sectorial Areas (Keplir^s Third Law) 

To formidate this law we require the wave-mechanical transcription 
p£ the conception moment of momentum*' on the one hand and 
<<m<»n 6 nt of a force” on the other. The moment of momentum with 
respect to an arbitrary origin from which the radius Vector r ia reckoned^ 

* Oar T is closely related to the tensor S intiodnoed by Sdhrddinger, Ann. d. Fliys.t 

umiirn). 



’ * 
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is classically defined by [rp]. By eqn. (8) it is symbolised wave- 
mechanically by 

P » |w[r7r]w*dT «» g^ad u*]&r . . (16) 


The moment of a force is given classically by - [r grad V] with respect 
to the same origin, if a potential V exists, and translated into the lan^age 
of wave-mechanics it is 


M » - |w[r grad V]w*dr . 

■ ■ (17) 

Now, the law of areas asserts that 


f-M . . . 

■ • (18) 

To prove this we must work out 


P B ^||w[r grad w^Jdr + |w[r grad w^ldrj 

• • • (19) 

The second integral is next transformed in accordance with the scheme 


. . (19a) 

With V »= w*, this gives 


|w[r grad w*]dT *= - jw*[r grad wjdr. 


Hence we get, instead of (19), 


P « u*]dT - |w’^[r grad w]dT 

1 . (20) 

We have now to enlist the help of eqns. (11). We write, in a similar 
way to (13), 

+ 

■ ■ (31) 

I - |{A«[r grad «*] + M*[r grad 

. . (21a) 

n - - ^|{V«[r grad «*] + V«*[r grad u])d 

T . (21b) 


Here, too, the integral I vanishes. For, taking (14) into consideration, 
we have 

I - j[r, Aw grad w* + Aw* grad w]dT » j[r, div TJdr. 

By considering the component given by the indices %h of the vector- 
product and using the index notation of (15) we get 
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From this it follows by the rule of (19a) that 

I - - {{Tk - Ta}* . . . . (23) 

and this is in actual fact equal to zero on account of the symmetry of the 
tensor T. 

We next apply the rule (19a) to the first integral in II : 

|vw[r grad u*]dT =» - grad (yu)]dr 

Here the last integral cancels out with the second integral of (21b). Hence 
we get from (21b) and (17) 

II =. ^^uu*[x grad r\dT = - . . (23) 


Through this result eqn. (21) becomes identical with (18). 

Thus our law of area is proved in its general form. The special form, 
such as occurs in the Kepler problem as the law of conservation of 
moment of momentum or the law of the constancy of areal velocity, occurs 
if we assume V to be a function of r alone (central force). Then 


and hence 


grad V 


r^ 

r dr* 


[rgradV]=JJ[rr]=0, M = 0 . 


• ( 34 ) 


In particular it follows that 

P = 0, P = Const (25) 


D. Lorn of the Virial 

Whereas the moment of a force is defined by the vector product of r 
and -‘grad V, the vkial is defined by the scalar product of r and - grad V. 
Calling the virial K (say) we write classically 

B « - (r grad V). 

The wave-mechanical paraphrase will then be 

E « - ||w#(r grad V)dr . (26) 

In classical mechanics the name law of virial is given, as we know, to the 
following relation, which follows directly from the law of momentum : 

|(^)-2K + E . . . . (37) 
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Applied to periodic or quasi-periodic orbits it allows us to infer that the 
mean value of twice the kinetic energy is equal and opposite to the mean 
value of the virial. The same inference is also useful for wave>mechanics. 

We prove the wave-mechanical analogue of eqn. (27) by starting from 
the quantity constructed analogously to (r, p) [cf. (8)], 

Q - ^u{rTr)u*dr « grad u*)dT . (28) 

Its derivative with respect to t corresponds to the left-hand side of (27) : 

Q = ^.|{tt(r grad ^A*) + tt(r grad u*)}dT 

If • 

- 2Sl u)]]dT 

In the last transformation use has been made of the following relation 
which is related to (19a) : 

“ - + 2 i - 

If we insert u and u* from (11) in (29) we get 


■ • • 

with the abbreviations 

I =» |Aw(r grad u^) + + (r grad u)]dT 

n = - ?^j{Yi^(r grad u*) -I- W[du + (r grad u)]}dT 
We first transform I by introducing the tensor T from (14) ; 
I =a j'(r div T)dT + %^uLu*dr 
The filrst term reduces by integration by parts to 

’ lu j 
Z OiT 


(29a) 


(30) 


(31) 


(31a) 




If we introduce the second term from (31a) and toke into account (8a) 
we get 

8ir*m 






A* 


.2K 


(81b) 



250 Chapter II. Pertuihatioas. Diffiraetion ProbleolB 


We then transform the first integral in n by (29a) : 

|vw(r gi»d - - 3|v«»*dT - |v»*(r gad u) 

- grad V)dr. 

The first two integrals on the right cancel out with the two last terms 
in the equation of definition (31) of II, and, by (26), there remains 

II = grad V)dT = - . . (Slo) 

Substitution of (31b, c) in (30) thus gives the analogue to the classical 
form (27) of the law of virial : 

0«2K + E . . . . (32) 

If, in particular, we are dealing with a stationary state in which 
u and u* depend on the time in the manner given by 



then Q becomes independent of t and Q =» 0. Thus whereas in classical 
mechanics we must explicitly average over the time in order to make 
the left-hand side of (27) vanish, the wave-mechanical method con- 
tains this averaging over the time implicitly and makes the left-hand 
side of (82) vanish spontaneously. Hence for stationary states we always 
have 

B « - 2K . . . . . (33) 


If, further, all forces included in V are of electrical origin, then V 
becomes a homogeneous function of the ~ 1^^ degree in the co-ordinates, 
and Euler’s theorem holds (of. I, p. 548) : 


(r grad V) = ~ V. 

From (26) and (2) it then follows that 



B 


1 


m*ydr - U. 


Thus (33) states that the wave-mechanical mean of the kinetic energy is 
equal to half of the wave-mechanical mean of the potential energy taken 
witii the reverse sign. The usefulness of the corresponding theorem in 
the older quantum theory is well known. In wave-mechanics we have 
idso made use of it occasionally (cf. § 7, B, Chap. I). Note the parallelism 
libweeh our present proof of the theorem and the former proof in 
I, Note 6, p. 647. 

It is retnarkable that the preceding calculations can be ext^ded so 
that not one wave-state u is considered but emuUammly two states 

and ttfM* It is only necessary to replace in forming the wave- 
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meohanioal mean values by or, respectively, u grad u* by 

Un gra>d , etc. In the language of matrices this means that we 
can pass from the diagonal elements of the matrices in question directly 
to an arbitrary non-diagonal element. 

B. Lm of Areas in DiffererUials 

Besides the integral lam of arsos^which we have treated under C there 
is also a very interesting differential or specific law of areas, which will be 
useful to us in the following section. We shall restrict ourselves to the 
simplest time-free wave-equation, which we shall write in the abbreviated* 
form : 

(A + X)0 = O, X = ^E-V) . . . (34) 

From this equation we form the moment with respect to an appropriately 
chosen point r « 0, that is, we apply to each member of (34) the 
“ moment-operator ” 

M-[rgrad] (35) 

We get 

+ Khlift =» - MX . ^ . . . . (36) 

Since B « constant, 

- MX--?^[rgradV] 

denotes the rum-integrated moment of the force (except for a constant factor) 
in contrast with the previous integral moment M of the force of eqn. (17). 
We shall show that 

. . . ' . . (37) 

holds, so that we may also write 

(A + X)M^ =« - MX . ^ . . . . (38) 

This equation is particularly interesting in the case where V is a pure 
function of r and hence, cf. (24), MX becomes equal to zero. Then, by 
(38) satisfies the same linear differential equation as tj/ itself, namely 
the equation 

(Ah-X)M^-0 .... (39) 

Thus must be built up in a certain sense linearly with constant co- 
efficients from the integrals of (34), that is, from the proper functions ifi 
that belong to the same proper value B. This is the wave-mechanical 
equivalent of the special law of areas, that is, the conservation of the 
moment of momentum, being now in a differential and not, as above, in 
an integral form. 

W6 have yet to supply the proof of (37). We first do this somewhat 
unsymmetrically in rectangular co-ordinates x,y,z\ it is sufficient to con- 
sider the tsomponent 
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' We apply it separately to the three summands of 
we obviously get at once 




In the case of 


On the other hand, we get in the case of the other two summands 




~ ** bx^vby " ^bx) bxby * ^ ^ 


.^2^ 2)*0 2)8 y ^2 / 2)^ 2)^' 




(f-c) 


+ 2 : 


y0 

2)V 


(39b) 


In the sum of these three expressions the additional term actually 

drops out and we get, in agreement with (37) : MA^ =» AM0. 

Our proof is not quite satisfactory, as M is a vector, whereas the 
differential operator A is only to be applied to a scalar. This circum- 
stance is known to be of no account in the case of rectangular co-ordinates, 
but is an obstacle where other co-ordinates, for example polar, are used. 
We therefore give in addition to (37) the general vectorial form, that is, 
the form valid for arbitrary co-ordinates : 


MA^ w - curl curl .... (37a) 
so that we get instead of (38) 

( - curl curl + X)M^ *« - MA. . ^ . . . (38a) 

The proof of (37a) is most conveniently carried out by means of the 
symbolic V-operator of ordinary vector-calculus. We have 

curl Utjt « [V[rV]]^ « r( VV)^ - V(Vr)^ 

» rA^ - 3 grad 

If we once again take the “ curl here, the last term drops out and we get 
curl curl = [Vr]^^ * - [rV]A^ » - MA0, 
that is, (37a). 

We apply eqn. (39) to the Kepler problem or, more generally, to a 
motion under the influence of arbitrary central forces that originate in 
a nucleus at the point r » 0. We conclude as above that must be 
Imilt up linearly with constant coefficients from the proper functions ^ 
that belong tO’ the same E. (Only the proper functions come into question 
for this, that is, only the continuous solutions of the wave-equation, not 
^ sdutions that are discontinuous at the singular points, because has 
tl^ same properties of continuity as ^.) In the case of the Kepler problem 
tbeie belong to a proper value E » £» all proper functions that have the 
same principal quantum number n; in the case of an atom with an 
lubitrary central force the degeneracy is less, the proper value £»£,!, { 
dependit cm I as well as on n (separation of the Balmer terms into the 
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S-y D- . . . terms). The degeneracy then aSeots only the third 
quantum number m, so that to a given E there belong only 21 + 1 different 
proper functions ^ which differ in the values of the suffix m. We 
must therefore assume generally as a linear combination of these 
proper functions '• 

.... (40) 


where the Cm’s are constants that must be determined for each individual 
case. 

This is done most simply in the case of the (r^-component ot M the 
moment about the z-axis ”). For here 




lilf 

X:^ - ^ . 


■ ( 41 ) 


holds, according to the remarks made in connection with eqn. (2) in § 10, 
Chap. II, so long as we choose the 2 r-axis as the polar axis of an r, B, 
^-system. If, moreover, we write the proper function ijj, from which we 
start, in the form 0 = E . Pf (cos 6) then by (41) - im^. So 

the sum in (40) in this case reduces to one term ; we have Cm ^ m 
and Cm' “ 0 for all m'’s, which differ from the m of the initial function 


On the other hand, we find for the other two components of M by means 
of calculations with spherical harmonics that we shall suppress here : 


= ( - sin - COS cot 

= - + 1 + W + 1) - (w “ l)w}lA»» - ‘J 

= (cos ^ - sin ^ cot 
= - + i - W + !)-(«*- 


(41a) 


So the sum (40) in the present case consists of two terms. 

It is clear that the process which brought us from (34) to (39) may be 
repeated. For if we again assume, for example, that MX 0, that is, 
V » V(f), and take Mj, as standing for any two rectangular com- 
ponents of the moment-vector (35), we obviously have 

Mi(A + X)M20 » (A + X)MiM20 » 0. 

Thus, in ihe sense of eqn. (40) must also allow itself to be built 

up linearly from the proper functions iji of the same proper value. The 
holds^of a sum of such products or of a product of more thsn 
two factors M. 

We consider in paridcular, as a preparation for the following section, 
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the Bum of the squares 

+ + . . .(42) 

appUed to any proper function of the Kepler problem with the 

quantum number I, and assert that then the exptessimi (40) resolves into 
the simple relation 

MV « - + 1)0 . . . 

For, by (41) and (41a) the meaning of the operator (42) is 

^ (““ •>‘h + 

+ (cos - sin ^ cot dl)* ■■ 

= + cot ^ ^ — 

But by eqns, (1) et seq. of § 2, Chap. I, this is precisely the differential 
expression in the equation of the spherical harmonic functions (cf. p. 8) ; 
when applied to a spherical harmonic function of degree I, that is, to an 
aggregate of the form 

+ i 

® ^ (cos 6)e^”^ 

it gives, by eqns. (la) and (11) of § 2, Chap. I, the value - 1(1 + 1) 8. This 
proves eqn. (43). 

If we further alter the meaning of M in (35) by adding the factor 
which is consistent with the sense of the definition of the 
momentum-operator v in eqn, (8), that is, if we write in place of (36) 

(«) 

(43) becomes converted into 

MV-l{l + l)(0f 

^^can then say, if we extract the square root in a rather daring fashion, 

|Ml"v'^n)^ .... (48b) 

ifes formula replaces in a certain sense the representation of the orlntal 
Bsomeiitdm in the old quantum theory 


• (43) 


. {43a) 


h 
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and leads to the substitution of P by l{l + 1) which we found necessary, 
for example in Atmhau, Chap. Vni, p. 629, in order to be able to make 
the derivation of the anomalous Zeeman effect on the basis of the atomic 
model fit the experimentally confirmed ^-formula of Land6. 

F. The Uncertamiy-Belation arid Indefimteness 

Schrodinger has shown by using the oscillator as an example that in 
some circumstances a wave-group limited in space, that is, a wave- 
packet,” can hold together without appreciably diffusing. Some other 
simple forms of movements (free fall, circular motion and so fo|bh) have 
also been investigated from the same point of view. The interest in these 
problems was probably aroused by the wish to build up the material point, 
for example, the electron, wave-mechanically and to reduce it to con- 
tinuous distributions of field. We regard this objective, as already 
mentioned in the preface, as illusory. That is why in the preceding pages 
we have not enquired into the way in which the wave-pictures hold 
together in space but into their behaviour towards the fundamental laws 
of mechanics. No matter how much the wave-picture diffuses in the 
course of its motion, one point can be sharply defined that obeys the 
ordinary law of conservation of the centre of inertia. In the same way 
on the basis of the wave-picture a moment can be defined which under 
certain circumstances remains constant during the motion, and under * 
other circumstances behaves just like the moment of momentum of the 
ordinary law of areas. 

The questions of the conservation or flowing apart of wave-groups has 
been brought into a more general theoretical relationship by an important 
paper by Heisenberg,^ To describe Heisenberg’s ideas fully we should 
have to discuss the transformation theory of Jordan and Dirac, t which, 
^th all other quantum-statistical questions, we wish to leave out of con- 
sideration. We therefore satisfy ourselves here with a few indications 
only. 

We start out from the fundamental equation of quantum- mechanics 
in the form in which we set it up in eqn. (5), § 4, Chap. I, 

W 

We see that in (45) p, q cannot have the classical meaning of these 
quantities, for otherwise we should have zero on the right-hand side. So 
we assume eqn. (45) to be correct^-and we have no reason fi)r doubting 
its validity — ^we must obviously revise our conceptions of locality and 
velooity. 

\ 

'"'W* Hcdsenberfft Uber den ansohaulichen Inhalt der quanten-theoretisohen 
KiaamatUc und B^anik, Zeitaohr. f. Phys., 43* 172 (1927); of. also N. Bohr, 
Naturwias.«U 245 (1928), 

t Ct xefMenoes in Ohap, 1, p. sa 
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To fix the position of an object, for example, an electron, we must 
perform experiments. Thus, following Heisenberg, we may choose to 
direct a “ y-ray microscope ” on to the particle. The wave-length of the 
incident light is then very small and we ean fix the position of the elec- 
tron very accurately. For the width d of a structure just within the 
range of resolution for a wave-length \ of the light used is related to the 
numerical aperture c of the instrument by the equation 

( 46 ) 

If we now assume that the incident light is parallel, then we know, 
besides the quantity h/k of the momentum of the incident light-quantum 
(photon), also its direction. On the other hand, the finite aperture of the 
instrument will prevent our being able to measure accurately the recoil 
that occurs owing to the Compton scattering of the light-quantum at the 
electron ; we only get the momentum-component situated in the plane 
of the object after the collision with an error which is proportional to the 
size of the aperture and to the initial momentum of the light-quantum, 
that is, proportional to 

2€hlk (47) 

Hence, by (47) and (46) the product of the accuracies and with 

which the momentum p and the position q of the electron can be deter- 

mined becomes 

(48) 

This is Heisenberg’s relation of indefinitemss*' It is postulated as 
being generally valid for arvy paw of canonkaWy conjugate variables. If we 
choose the energy and time as such a pair, then (48) teaches us directly 
that foT stationary states in which the energy has a precisely fixed value, 
all statements about motions of the electron in time become meaningless. 
If one of the conjugate variables is fixed then in principle the other re- 
mains indefinite. This point was mentioned on pp. 84 and 122. 

As Heisenbei^ shows, (48) is intimately connected with the transfor- 
mation theory, due to Jordan and Dirac, of the probability amplitudes in 
the pliase-space. To every particle there may be assigned a probability- 
packet” {Wahrscheinlichhitspdket), the regiqn of which expresses the 
possibility of sojourn (Aufenthaltsindglichkeit) of the particle; this 
^ packet ” spreads out in the course of tinfe. If, say, we have fixed the 
^ pofsition 09 of an electron with an accuracy Ao; at the time then after the 
interval t^e probability-packet has spread out over a region in such a 
way that in %new measurement the electron will be encountered at every 
^ point of it wi^ equal probability. The new measurement again contracts 
the range of play (Spielraum) to its original value Ao;, and so forth. In 
the dassioal theory this was aUK) the case in principle when the initiM 
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e^te was insufficiently known. The only new features are the statistical 
character of the laws of motion and the restriction of the accuracy of a 
coordinate by its conjugate.*'^ 

But whereas in the classical theory the object was to render all laws 
objective and to release them as much as possible from the observing 
subject and the observing apparatus, this is no longer possible, according 
to Heisenberg and Dirac, now that theory and the means of observation 
have been refined ; indeed, with Heisenberg we may regard the root of 
the quantum theory to lie in just that range of play in which according 
to theory the observation must become indefinite. 

§ 10. Oonceming the Nature of the Electron 

It is difficult to report on the work of Dirac (cf. the reference in Chap. 
I, p, 118) in its present stage of development. But we cannot refrain 
from doing so, one reason being that his researches are of pre-eminent 
importance and another that they urgently call for a simplified treat- 
ment. 


A. The Electron under No Forces 


Dirac starts out from the relativistic wave-equation of the electron, 
which we have formulated in eqn. (7), § 9, Ghap. I. He objects to this 
equation on the ground that it is untrue to its model in classical mechanics, 
the partial differential equation of Hamilton. With respect to the energy 
or the time differential quotient Hamilton’s equation is of the first degree. 
Hence in the corresponding wave-equation we should also expect only a 
differential quotient of the first order with regard to t. But our relativ- 
istic wave-equation was of the second order both in t and in the space- 
co-ordinates. For it was 

4 

. . . . ( 1 ) 

1 


Here, as there is no field in this case, Sis denotes, in consequence of eqn. 
(6a) of § 9, Chap. I, simply the differentiation with respect to oj*, and A, 
owing to eqn. (4) of $ 9, Ghap. I, signifies the abbreviation 


V - 


( 1 *) 


^ere a <■ the fine-structure constant. Bo « twc* - the rest-energy, 
m » the rest-mass. 


* Aoooiding to B. H. Eennaid, ZoitBohr. f. Phycu, 44» p> 826 (1927), the relation 
(4^ may be zeduoed to the more pnoiee form 

HWiUBWillMtton lattvtit vUttuy quintitiM ii tmM by 3. T. Oondon, 
Vm, aal ^bwtMD, HttON, U«. 

.. .-Wt'll— 17 
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Oil the basis of this postulate of Dirac we shall try to resolve eqn* (1) 
formally mto two Imesur factors, of which one, when equated to zero, is 
then to represent the wave-equation of the (negative) electron. 

It is true that it is not possible to resolve (1) into linear factors within the 
ordinary range of numbers even if we treat Qt, as is suggested by our way 
of writbg ( 1 ), not as proper differential quotients but as differential opera- 
tors. But we force a resolution if we introduce new numbers ocji whose 
laws of calculation have yet to be determined, and write in place of ( 1 ) 

4 4 

oLkQk + a|w = 0 . . . ( 2 ) 

The ocik’s are to be constants, that is, quantities independent of the co- 
ordinate-values ajj . . . ^ 4 . Their laws of calculation result if we multi- 
ply out ( 2 ) and compare the powers of Q with ( 1 ). We find in this way 
that 

OLkOLl - 1 . . . I ^ k, ( 8 ) 

a*a/ + a^a* ^ 0 . . . I ^ k . . . . (4) 

In setting up (4) we have taken into account that with the present mean- 
ing of Q (in contrast with ‘the following section) Qki^i ^ QiQk ; the left- 
hand side of (4) is the sum of the factors of both products QkQi and* 
QiQk- It must be equal to zero, because no such product occurs in ( 1 ). 
The form of (4) already shows us that our a’s are not commutative ; for 
we have by (4) that 

a*ai = - am . . , l^k . . , . (4a) 

We now regard as the wave-equation of our electron under no forces the 
second factor in (2). [The first factor of ( 2 ) is only apparently different 
from it, for we can balance the change of sign of A with a common change 
of sign of the a’s, which is always possible by the equations of definition 
( 8 ) and (4).] So we assert that the behaviour of the electron is described 
by the following differentM equation of the first order 

4 

|^<4O» + Aj«-0 . . . . (6) 

mlsoee coefficients a do not belong to the series of ordinary numbers. 

In doing this we have really overshot our objective. We desired to 
have a differential equation which was to beyof the first degree on]y in 
^t Is, in the relativistic co-ordinate Instead of this we have found 
i differential equation which is of the fiirat degree also in x^^ x,. This 
contradicts the model d the classical Hamiltonian equation in the other 
direction. For the Hamiltonian equation is of the second deg^ in ^e 
differential quotients with inspect to the spam-co-ordinates, and hence 
would lead us to ezpeot a wave-equation of the second odist in 
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Henoe we should probably regard the way that led us to (5) only as a 
heuristic method. 

We have differed from Dirac in that we have added * the co-efficients 
oejfc in a symmtricdl manner to the four operators Qt, whereas Dirac dis- 
tinguishes the differentiation with respect to the time (he writes 
for and gives it the coefficient 1 ; on the other hand Dirac attaches his 
four coefficfents (which he calls oc^, 02 , ag and p) to the quantities 
^3 ( 0 ^ Pv jP 2 » Pi respectively) and A. This can make no material differ- 
ence. We shall see that our symmetrical choice of the a’s offers certain 
advantages. 

We shall postpone the detailed investigation of the a’s till section G. It 
will be sufficient to obtain a special solution, and one which is as convenient 
as possible, of eqns. (3) and (4) without our requiring to discuss the 
question of the general form of the solution. 


B. The Electron in the Electromagnetic Field and its Magnetic Moment 
We describe the field in terms of the 4- vector $ of p. 100, 


♦ 1 . *>- *1 


^vie . 27ri- 


he 


he 


( 6 ) 


where A and are the ordinary vector- and scalar-potential respectively, 
and we now define Q (cf. p. 101) by 




(6a) 


The equation of the electron is to retain exactly the form (5), the 
significance of the coefficients a being unchanged so that, as before, they 
are to be constant quantities and, in particular, independent of the field. 
We enquire what equation arises from the multiplication projected in (2), 
if the fl^s now have the meaning (6), that is, depend on the field. 

Instead of (2) we now write more simply 
4 4 

A*)« = 0 . . . (2*) 

'‘1 1 

To multiply out the two sums let us firstly consider two terms with the 
same summation-index : 

dkQk . oLkQk ( 7 ) 

uid, secondly, let us combine members of unequal summation indices k 

and!: ^ ^ /m 

oikQk • oLiPi + ajfij . . . . • (o). 


* nB lame ii done by F. MCgUdb. Zeiteobr. f. J. V. Neonuim, ibid,, 

mt E TiMi, m, 40, 868 (1928). 
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The ais being constant quantities may be commuted with the Q^s ; in- 
stead of (7) we may therefore also write 

oL^hOk » Qk account of (3)] . . . (7a) 

For the same reason we may write in place of (8) 

OLkO^iDk^i 4- (x.i%kOiQk » cLkf^iiQkQt - OiQk) [on account of (4a)]. 


Now, by (6a), 





"hXkbXi tXk 


. bw 


If we form QiQkU in the same way, then in the expression for the differ- 
ence the first and the last terms cancel ; but the middle terms only partly 
cancel. For there remains 


(iJtO, - = t(^' - . . . (8b) 


The bracket on the right is the ** four-dimensional curl of the four-vector 
0, According to the well-known rules of the theory of electrons this is 
connected, on account of (6), with the field-quantities E and H in the 
following way ; 

for k, 1 - 1, 2, 3 : 


b^ 

'bXk 'bXi 


^ire 

he 


ourlft{ A 


27rS_ 


(fe) 



fori»4, &-1, 2,3: 



(9b) 


Our method of writing the quantities H and curl with two indices is fully 
Juitifi^ mnoe, m contrast with E and grad, they are not polar, but axial 
Quantities, not distance but surface quantities. 

we collect togetiier all terms (7) and (8) we get from (2a) by (7a) 
and (8a, b) 

1 t,i 

I ^w o a n^ iom oompriaes not 4 . 8 - 12 temi^faatoiUyrix, iiim«iwiir 
jMiigd ct diKimtioit tiwtj non^r-pair fe, I i« to be token <»>^0Me. 
acmnge tiieee riz immt in gronpi.of tlnee, e(»tniftfi»a>g to |9e} 
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(9b), namely ■ , 

+ ^*8223 + a 3 aiH 3 i)tt . (10a) 

* + * 2 ®a + *8^3)^ • • • 

JSarace, aacwding to Dirac, ovr earlier relatvmtk ware’^qmtion (1) is to 
be euppUmented by these expressicms as correction term. As they are attached 
to u they become adc|^ in a certain sense to the potential energy Y. We 
recall, for example, the two simplest (non-relativistic) forms of the wave- 
equation : 

A0 + ^(E-V)^-O [eqn.(ll),§l,Chap.I], 

and g - = 0 [eqn. (13), § 5, Chap. I], 

A comparison, particularly of the last equation with (10a, b), shows that 
we must divide the expressions (10a, b) by - in order to make 

them comparable with V. In this way we obtain quantities that we shall 
• call and Y« as contributions tto the potential energy : 

=• + a3aiH3i) 

4 «4)(*iBi + 02^2 + aa^s) • 

Our immediate interest is with thei first factor 

e h 

^ “ m 47rc ’ 

It denotes the value of the Bohr magneton, I, p. 249. Although we 
have assumed nothing about a magnetic axis or a magnetic moment of 
an electron we thus find that the characteristic expression of a magnelric 
moment, derived in a purely formal way, here presents itself; and to an 
amount exactly equal to that of a whole magneton such as the hypothesis 
■ of Gk>udsmit and Ublenbeok demands for the electron. We also have 
the same factor in Y$, the electric energy, as in Ym, the magnetic 
exmrgy ; this means that' the electron also has an electric moment of the 
same amount; which corresponds vdth an earlier postulate by J. Frenkel, 
who, for reasons connected with relativistic invariance, ascribes to the 
ekfotron a moment of the character of a six-vector, with three real 
inibgnetic and three imaginary electric components. 

B! this were a question of a process of adjustment of an ominary 
in whkdi the magnetic axis of the electron formed the direotwn 


. (11a) 
. (11b) 

. ( 12 ) 


ZMax* f. Phya, 37. 248 (1926) ; 47, 786 (1928)* 
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cosines oc^, Vt with the co-ordinate axes, the magnetic energy of the 
electron in the magnetic field H would be given by 

Vn « (JT, H) - fi(aA + OyHy + 

According to this OLg corresponds to our factor ( - i) oc^ in eqn. (11a) ; 
corresponding results hdd for a«, CLy and for the position into which the 
electric moment adjusts itself. 

We must, however, emphasise that the interpretation of the sup- 
plementary terms (10a, b) as magnetic and electric moments has a 
historical rather than a real foundation, as is shown by its derivation from 
the differential equation of the second order (2a). The true differential 
equation of the problem, which according to Dirac is of the first order, 
does not lead directly to these moments. In agreement with this we shall 
actually in the sequel not have to deal with them explicitly. 

C. The Mechanical Moment of the Electron 
We next show that the “law of areas” does not hold in the form in 
which we developed it in the section 9, E. For this purpose we shall 
assume that, as in the case of the hydrogen atom, the electron is situated 
in the field of a central force, so that the potentials (6) assume the values 

= = *4 = -^V(r) . , . (13) 

We take M to stand for any spatial component of the momentum- 
vector, for example, 

for which we wrote in § 9. Applied to Qi or components 

give, similarly to the results of eqns. (d9a, b) of § 9, 



'5 a \ 






/ J b 

)*i; 

*• *1" ^1* 




Further^ we clearly have and, '‘also, on account of the 

vamshing of M^sy(r), Thus if we denote the linear 

4iil&relitial expression on the left-hand side of eqn. (5) by the al^reviation 
we have 

MijL(«) » LMij(«) + {afii - . . (14) 

. In o^trast with eqns. (39a, b) of § 9 the su]^plemenjary terms ariidng 
ton the differentiation do not now cancel. One reason lor this is tot 
cnr differentiid equation is now of the first order and not, as before, ol to 
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second order; another reason is that now our ooeffioients a^, ct^ have 
inserted themselves. We may formulate this result by saying : 

The law of areas in its ordimry form^ representing the conservation of the 
moment of momentvm is not obeyed in the case of the electron in spite of ovr 
assumption of a centred field offeree. 

But we can restore the law of areas if we change the operator M of f 
the momentum to 

N -'M + (16) 

where is to be a number of the same character as our coefficients a, to 
which we shall presently assign convenient values. Just as the a’s are 
not commutative among themselves "(cannot be interchanged ”) so p is 
not interchangeable with the a’s ; accordingly j3L + LjS. We next form 
NL - LN = ML - LM + ;8L - LjS . . (16a) 

and consider, in particular, the component N 12 . We then have, if we 
take (14) into account, 

N 12 L - LNij = Oafli - ajfla + )9L - Lj8 . . (16) 

If we now choose jS so that 

OafJi - 0.^2 + jSL - Lj8 =» 0 . (17) 

then eqn. (16) asserts that 

Ni2L = LNi2 (18) 

And the same equation holds for every other purely spatial com- 
ponent of N, that is, for any two indices k and I of the series 1, 2, 3 : 

NttL = LNw A?, 1=1, 2, 3 . . . (18a) 

so long as we only determine p from the equation of condition 

ajfljk - ajbJQt + iSL - = 0 . . (17a) 


which is analogous to (17). 

The fact that the eqn. (18a) does not also hold for the space-time 
components, for example, for fc = 1, 2 = 4, is due to our having used the 
relation MwV(r) « [r grad] V(f) = 0 in deriving it, which is true only so 
long as r denotes the spatial radius-vector. 

We shall see that the eqns. (18) and (18a) respectively already contain 
the fact of electron spin. First we shall deal with the resolution of eqn. 
(17) in terms of /3. We write (17) explicitly as 

4 4 

OglJi - aA + jS J - ^(nQiP • (18) 

1 1 


In tbifl expression we have twice omitted the term in L involvmg A 
since A is an ordinary number and hence, certainly, ^A - A^ « 0. In 
(19) the coefficients of all four fi’s must individually equal zero. So we 
obtain four equations for determining P : 


^ 4 * 


^ aiiS = 01 

- ogj- oj 


(20a) 


^o, - a,^ « 01 
pOL^ - a4^ - 0) * 
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Aooording to (20b) is commutative with Og and This is certainly 
the cMe if we set 

fi - e*i«s (21) 

where a is an ordinary number. 

By applying the commutative rule (4a) we actually get 

jSttj « coL^ot^oti « - « + ccL^OLicq « ajCajiXg « ag)?. 

The first eqn. of (20b) is therefore fulfilled by our assumption (21). The 
same holds for the second eqn. of (20b). 

If on the other hand we insert eqn. (21) in the first eqn. (20a) we get 

otg + caia2ai - cajajag ** 0, 

or, in view of (3) and (4a), 

ttg - ccc^oLi^ - cai^Og = ttg - 2ca2 «= 0, 

that is, 

c « i (21a) 

But the second eqn. of (20a) leads to the same value of c ; for by similar 
calculations we get 

~ aj + caia2a2 - cocgajag « - aj + 

+ 2cai. 

We thus have, if we at once generalise! (21) for arbitrary indices, 
kfl » 2, 3, as a possible solution of eqn. (17a), 

« ioLkOLi ( 22 ) 

and for the symbol (15), 

Njfc; * Mw + 

As at the end of § 9, E, we here wish to make a correction in the definitions 
of N and M by taking up in these definitions the appropriate factor hftvi 
From the preceding equation there then arises 

A, . , . (23) 

Vidddi we supplement with the corresponding equation of definition of 



We now revert to eqn. (18a) and apply it to a solution of the eqn. 
hu ,«« 0. On account of the vanishing of t^ left-hand side (18a) then 
itites that, besides is also an integral of L 0. From this we 

as in S 9, E, that 

. . * ’. (24) 


or more generally an aggregate iSQvi of solutions % which satisfy 
same diisrential equation L « 0. 
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Introducing polar coordinates r, d, we assume for u (with the usual 
special form of dependence on the time) the form 


Et 

u = .... (26) 

and choose k *^1,1 ^ 2. 

We then get [of. eqn. (41), § 9, and our above cctnvention about the 
factor hj27n that is to be added] : 




h ‘bu 
2iri b(f> 


and our equations (23) and (24) state [it is sufficient in this case to use 
eqn. (24), that is, the single-termed form of the right-hand side] : 

h bu 1 h . _ 

= . . . (26) 

Thus u satisfies a linear differential equation in </> with constant co- 
efficients; such an equation is generally integrated by means of the 
exponential function. Hence we are justified in setting 

$ (26a) 


where^on account of. the one- valued character of u, m must be an integer. 
Consequently eqn. (26) runs 

^(m - » C .... (27) 


'• It determines the value of the constant of integration 0. Further it 
tells us that C has the significance of an areal constant, that is, of the , 
moment of momentum for the 2 ;-axis (the axis 6 » 0). This moment of 
momentum has not, as in the earlier theory, the value m/i/27r but is sup- 
plemented by a moment of momentum of the amount 

1 A 

2 27r’ 


which we must inCerpret as electron spin. The factor - ioL^oLi in (27) is, as 
we have already remarked in connexion with eqn. (11a), a sort of direction 
cosine, namely the cosine of the inclination of the magnetic axis of the 
electron to the ^-axis We may therefore say: the inclination of the 
electron spin coincides with the inclination of the magnetic axis. But whereas 
the value of the magnetic moment is that of a complete magneton^ the 
mechanical moment is equal to only half the quantum unit hj^w of the 
mment of momentum. 

,In this way the hypothesis of Goudsmit and Uhlenbeck is derived as 
re^^s not only its magnetic but also its mechanical moment in a purely 
filmed wapf without our having had to base our argument on. an arbitrary 
nliMlcl oopoemlng the , structure or the motion of the electron, So 
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hypothesis loses its peculiar character and is placed on a firm mathe* 
matical foundation. 

What we have here said about the ^-axis may, of course, be extended 
to every other axis fixe! in space, so long as, in given oases, the generalisa- 
tion instead of Gt^) provided for in (24) is taken into account. The 
fact of our favouring the ;3;-axis is due to the particular choice of the polar 
co-ordinate system, which distinguishes the ^-axis as the polar axis. 

D. Tramfcyrniation to Polwr Co-ordinates 

Our original differential equation is, in rectangular co-ordinates if w® 
insert the meaning of Q from (6a) and (13), and that of A from (la), and. 
eliminate the dependence on time by (25) : 

To transform it to polar co-ordinates r, d, we follow Dirac by intro- 
ducing the quantity 

r = 

1 

y is a function of the ratios of the co-ordinates ajj : ajg : a;^, that is, in- 
dependent of r and dependent only on 6 and but, on account of 
the occurrence of the a’s, not a function of the ordinary continuum of 
numbers. Obviously / » 1. For from (29) it follows that 


8 3 



that is, if we write the terms h » I and k 4= I separately, 

i.l 

and on account of (3) and (4) this actually gives 

7^ = 1 (30) 

We next transform the first term of (28) by multiplying it by 
y* 1. (Hiis gives 



1 1 

We again separate the terms with { k from those with ^ 4: On 

aooount'of a| » 1 the former give 
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In view of (23a) the latter give 

in which the pair of indices fc, I run through the values 1, 2, or 2, 3 or 
3, 1. We here introduce the important abbreviation 

27rt 

^ *2*3^2, + «aaiM„) . . (34) 

In virtue of the quantities M, X is a differential operator, but in view 
of the factors a it is not an operator that can be applied in the range of 
ordinary numbers. 

Hence our expression (31) is as a whole 



Since this represents only an identical transformation of the first term 
of eqn. (28), (28) is identical with 

+ + + 

This equation depends explicitly on the variable r only ; the variables 
0 and are contained implicitly in the differential operator X and in the 
quantity y defined by (29). 

, E. Introduction of Matrices with Two Bows 
We now pass on to the formal study of our coefiBoients a. We proceed 
in steps, beginning with the trivial case of one quantity a and one variable or. 
The equations of condition (3, 4) 
then reduce to the one equation 
a* « 1, a « ± 1. If we regard 
a as an operator that is to be 
perfqrmed on x, ouj « + a? de- 
notes identity f our = ~ a; denotes 
reflexion at the origin. The first 
operation is of no interest, the 
second produces from the point 
P the symmetrical point Pj (cf. 

Pig. 30a). 

We next consider the case of 
two operatorSf which we shall call 
cs to distinguish thiem from the 
shove a, and two variables x^. 

The condition (4) runs 

- - Cjfi . (37) 

So we.look for two operations that are “ anti-oommutative ” that is, 
sooh that when their order is changed the result is reversed. The 


P,-aP 1) 'P 

Fio. 30 a. 
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conditions (3), that is, » 1, are of no account here since they 

allow themselves to be fulfilled afterwards by normalising the two opera’' 
tions (addition of a scalar factor to each), without the condition (87) 
being affected. 

We choose and as reflections, as the reflection at an axis for 
which we may take the ir^-axis, ^ as the reflection at an axis A^, which 
we shall suppose forms the angle y with Aj (cf . Fig. 30b). transforms 
any arbitrarily taken point P into P^, C 2 transforms the same point into P 2 . 
Let the point Pl2 correspond similarly to the combined operation ciC 2 (first 
C 2 and then cj, and the point Pm to the combination caCj. We write down 
the angles at which these points lie, counting from the 2 ;^>axis and assum- 
ing that is the angle corresponding to the initial point P : 

^ ^1 ^ 

^ ^ 4. 2(y - - 2(y - <^) - + 2(y + 4 )* 

The condition (37) is equivalent to the condition that the points P^a and 
Psi should lie diametrically with respect to each other, that is, their 
angles are to differ by v. This means that 

- ^ + 2 (y + ^) + 0 + 2 (y - ^) *» 4 y « ± tt. 

Thus the axes A^ and must form an angle of 46^ with each other. Our 
result is unique except for a common rotation of the axes in their plane 
and irrespective of which of the two we call A^ or Aa. The conditions 

m mt I are clearly also fulfilled in our reflections, so that in' this 
case it is unnecessary to add particular normalising factors. 

Our result recalls the characters of symmetry in crystallography. 
When we speak of a *Hwo-dimensional cubic crystal, that is, of a 
square, its elements of symmetry are reflection at the sides and reflection 
at the diagonals. 

We next write down the Unea/r Pramformations that correspond to the 
operations and C 2 . Let X 2 be the co-ordinates of the initial point P, 
and Xi and xf those of the transformed point P^ or Pj respectively. We 
oleariy have the following, expressed in the usual diagrammatic way, 



f 1 

1 *1 X, (\ 

aJi 


«r 

a;' ' 

I 

1 0 

caj Xi 

0 

1 


1 

0 - 1 

[ 

1 

0 


Whieh scheme corresponds to the order €^€2 and which to C 2 C 1 ? For t^d 
sake of generality we first investigate this for the general transformations 



[ 




f 

®i 


A^ 



Oii 

B- 

*1' 




[ ^3 

021 

022 


[ <»» 

5j2 



To fbrxa AB we therefore apply the operation A4o the point xfxf whieh 
has already been transformed by B, and we obtain a point 
namely: 
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■“ + ^12^2) ^12(^21^1 ^22*2) 

^ “ (%1&11 + <hM^l + (<hl^2 + ^12^*2 
Xel * ■■ + ^2^2 “ ^2l(^ll®l ^12^2) ^2(^21®! ^22^2) 

■* (^1^11 + %^2l)®l + (^21^12 + %^22)®2 

The result is the “ multiplication of matrices ” defined on p. 31, but 
here taken over from schemes of an infinite number of terms and ap- 
plied to quadratic schemes. Thus the “ composite matrix ” AB is formed 
according to the rule : a row of A multiplied by a column of B and is 
represented by the scheme {k = 1, 2) : 


1 

1 

r 

1 

a?! 


ABj 

X " 

1 ^1 

Soii&fa 

SOaib&jbi 

%0/ik^ka 


Applied to our operations and €2 the rule obviously gives, if we leave 
out the variables x from now on, 

- ejCg . (38) 



0 

1 

0 

- 1 

« 1<2 “ I 

- 1 

0 ' 

Hh ^ 1 

0 


with Fig. 80b. 

In addition to the two fundamental operations tj, cg we take the 
operatiop ciig derived from them, after having normalised it precisely 
like €i and cj. Thus we set 

€3 = C € iC2 

. 1. This clearly gives c*® - 1, 


and determine c from the condition €3^ 
c « 2 ; for on account of (37) we have 

*1*2*1*2 *1^*2^ =» — 1. 

Thus our three operations, with this normalisation of 
(38), run, 

1 0 
10 -1 


and in view of 


0 i 
0 


(39) 


They not only fulfil the condition = 1, but also for emy pair of indices 
k, I they also fulfil the condition 

ejkC{ ■■ — . • • • • (39a) 

This U shown either by working out the correspondii^ matrix or 
more simply on the basis of the definition of c, by the following equations : 

( CjC, - iciCifj »■ + ««2» 

fcjfj * *<2«1«2 “ •“ ^1*2*2 “ ■“ '‘*1> 

\c,C2 « i€i€2«2 « + ^1- 

It is inteieiting also to consider the quantities normalised to - 1, 
they ditor from those nornmUsed to + 1 only une..«.hally. 
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namely by the factor i. We call them 






i 0 
0 - i 




0~ 

1 


1 

0 



Like the c*s they also behave anti-commutatively. But the following 
oyclio relationships also hold between, them : 

S1S2 =• S3, § 2^3 ^1* ^8^1 “* ^2 . . . ( 41 ) 

We recognise this from the relationships between the S’s and c’s: 

S1S2 “ ^8 “ ^8> 

^2^8 *^*2*3 •=" “ Sj, 

^8^1 ** ^^^8^1 ** ^2 ~ ^2* 

Consequently the S’s become identical with the units i, j, k of the theory 
of quaternions introduced by Hamilton (the double use of t as a quaternion 
unit and as the imaginary root of - 1 is unavoidable here). Actually, the 
quaternion units are defined by Hamilton by the relations 


ij = k, jk » i ki^ j, 

which are equivalent to (41) ; to these there are added the normalising 
conditions na ^ ^ fc^ ^ - 1 and the commutation rules ij « - j% etc* 
in complete agreement with our rules of calculation for the S's. 

The quaternion units and likewise our quantities S form, when supple- 
mented by the real unit ± 1, a closed group of four elements which 
reproduces itself after arbitrary multiplications among its elements ; it 
forms a “ four-group.” In the case of our c’s this holds only when they 
are extended not only by the real units but also by the imaginary units 
± t, on account of their different normalisation. 

The quaternion units have already been introduced into the theory of 
electrons by Pauli. Linking up with this, Dirac elaborated Pauli’s two- 
dimensional matrices to four-dimensional matrices. We shall return to 
this point later. For the present our two-dimensional matrices, which 
are due to Pauli, are sufficient. 

Our matrices c are Hermitean in character [that is, are conjugate 
imaginaries with respect to the prmcipal diagonal, of. cj in (39)]. It is 
interesting to note that in the region of three variables rcj, o^, matrices 
of this character, which are at the same time anti-oommutotive, cannot 
exist* The existence of four-dimensional matrices and the fact that they 
can be reduced to our two-dimensional mati^ioes is clearly due to the 
circumstance that 4 « 2.2. 

i 

F. Integration in Angular Co-ordinates 
' We can put our law of areas to still further use than we have already 
done in section 0. As mentioned in § 9, E, the moment operate can 
be repeated. We are now dealing with the operator N, eqn. (23), which 


am indabM to my oolleagne Dn S. Boohsar for the proof of tfali. 
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by (18a) and (24) is an integral of Ae eqn. L = 0, and not with the 
original operator M. Thus we form 

N* « Nja + Nfa + N|i .... (42) 

then the eqn. N^L =. LN’-*, analogous to (18a), also holds for ; so, if u 
is a solution of L » 0, N^t(i is also a solution of the same equation, 
whence the following relation, analogous to (24), follows : 

N^u = Dtt (43) 

D is a new “lintegration constant,'* which we shall soon find is 
j{j + 1) ( ^ ) , where j is half-integral and corresponds precisely to the 

total momentum of the motion used earlier. In the sense of § 9, p. 264, 
corresponds to our earlier I ; but, in contrast to N*, is not “ con- 
stant,*’ a fact we indicated on p. 96. 

On account of (23) and after reduction, (42) runs 

<«•) 

Here we have used the equation of definition (34) of X and the 
equation that follows from the rules of commutation, namely 

(atai)2 « oLkOLimi « - olIol] « - 1 . . . (44) 

Hence eqn. (43) assumes the form 


In X the products aj Og, otjj aj, occur. We shall show that they 
can be allocated to our three quaternion quantities 3. It is evident that 
they correspond to them in their general properties;' for, like the latter, 
they are anti-commutative in pairs and are normalised to - 1 [cf. (44)]. 
The way in which this allocation is effected in detail is as follows : 

Calculating with matrices of two rows means in the first place that 
we have to consider not one unknown function u but a pair of functions 
%, which take the place of the pair of variables Thus, by 

eqn. (40), for example, corresponding to the first or second row of 
this matrix, signifies 



i.-Mj + 0.%2 - Wj, 

O.ttj - « - iu^. 


Linking up with (25) and (26a) we assume the two functions ^ 
be of the form 

. ( 46 ) 
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that is, with different m’s (as also \^th different B’s and ®’s), but ol eonxse 
with a common proper value E, which is characteristic of the whole state, 
not of the individual variable of state. We insert our assumption (46) in 
(27). Since the constant G is to stand on the right-hand side, or, ex- 
pressed more fully, the quantity in the first, Cu^ in the second row of 
the eqmtion, then in our assumption (46) giving the way in which the 
tt’s depend on the left-hand side of (27) may contain only the factors 
and 11 ^ in the first and second row. But then the matrix ajOg that 
occurs in the left of (27) must be diagonal in form. The only one of the 
three quantities Sj, Sg, Sg, that has this property is 8^. Hence it follows 
that 

- i 0 

«1«S=-«1= Q_. • • . . (47) 

Eqn. (27) therefore resolves into the two following statements : 



If we write then it follows from (48) that 

TOj - »» + 1 , C = + Vs) . . . (48a) 

Having set otjOCg equal to we have left for the other two products 
ocga^and aga^ the quaternion quantiti^^ 83 and 8 g. We choose 

oCgOCg “ Sg *■ Q , thus ttgOCi “* ^2 *" |j* Q • • (^®) 

and we shall soon show that the reverse choice is in contradiction to our 
assumption (46). 

Our quantity X in (84) is then determined as follows : 

2iri \ - 

here substitute from equation (23a) of this section and eqns. (41) and 
{41a) of § 9 and obtain 



The finit row has all three terms multiplied by e^, the 8 eo<md by 
as follows from the form of in (46), and the mearih^ 
el #i|, in eqn. (48a). Thus our choice (49) lias stood the test; the 
rewse choice woidd lead to the individt^ termsf of 31 depeilliidi)Di|{ 
iBSu«2^yoQ^imdj8tiuttetoet^ ^ 
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Like X BO eqn. (45) is to be written in two rows. After the factor 
^ or respectively, and the dependence on time have been 

cancelled, it runs 


d®a 

+ i(fWf + 1 ) cot $ H 2@2 "i* ^ 

d[0 

A 2 R 2®2 - cot ^ Rl 01 + ^ 


. (61) 


with the temporary abbreviations 


A, = (^)V* - D) + « + 1 - 


Here the dependence on 6 must also cancel out, if these equations are to 
hold simultaneously for all values of $. This is the case if in the first 
and second equation the factors of iR 2 and become proportional to 
0 ^ and 02 , respectively, and if, besides, the two factors A^ and A 2 
become independent of 6. The first condition demands that 


(m + 1 ) cot ^ @2 + 


d®9 

W 


a 001 


- m cot ^ 01 4- 


d0i 

W 


b®2 


(62) 


in which the two factors of proportionality a and b here introduced are 
constants. Elimination of 02 llom (52) gives for 0 i the dififeiCntial 
equation 


d% , . (i 0 i 


+ 1 ) - 06 - 


sin* e, 


i)®i 


0 . 


By eqn. (lb) on p. 8 this is the differential equation of the spherical 
harmonic 

0 i = P^(co 8 ^) (62a) 

if we make 

li(h + 1) “ + 1) - a 6 . . (63j.) 

In the same way the elimination of ^i from (52) gives 


^‘ + cot 9 ^ + (m(m + 1) - 06 - - 0, 

that is, again, the differential equation of a spherical harmonic, namely of 
®, = pr+’(cosff) . . . . (62by 

where now 

+ 1) « fn{m + 1) - a6 • . . . (68b) 


The assumption (52a, b) of a spherical harmonic form tea dj, 0 ^, how* 
^ver, also satisfy the other condition that we made for albwlng eqn. 
(61) to be namely the eonstonoy of the factors Ai^, A^. for 

TOli. IL— IS 
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denotes precisely the differential expression of the spherical harmonic 
functions [eqn. (43a) in § 9], so that on account of (62a, b) we get in the 
first and second eqn. (61), respectively (note the factor hJ^Tri in the present 
definition of M), 

(t) - h9i + 1). A, - - lift + 1) - ly - TO - 1, 

- - Ijft + 1), A, = - l,ft + 1) - D' + TO + 1 - I 
We have here used the abbreviation ^ 

(54a) 

Prom (63a, b) it follows immediately that 

^ 2(^2 + 1) =* ^i(^i + 1) 

and hence either => Zj or Z2 =» - (Zj + 1). But since the Z’s, being 
proper values of the spherical harmonic problem, are necessarily positive 
we must exclude the second choice ; so we may write 

“ ^2 “ ^ (64b) 

From (63a, b) we then also get 

ab = m(m -h 1) - l(l + 1) . . . ( 54 ©) 

But, by (62), a and b are also determined individually, namely 

6 » - 1, a » Z(Z + 1) - m(m + 1) =. (^ - m)(l + m + 1) (64d) 

It then follows from (51) by eliminating the E/s and B^'b and taking into 
account (62) that 

^ “ ib A2 1 “ 

If we substitute for Aj, A2, ij, ^2 ftud ab from (54) and (54 b, c), then a 
quadratic equation for D' results which, using the abbreviation, 
f - 2(1 + 1) + f + D' 

we may write 

f* - f - Z(Z + 1) or (f ~ i)2 « (2 + i)2 or f « I ± (I 4. j). 
Accordingly, * 

I^'“it(^ + i)-2(2 + l)-|=±(2 + i)-(2 + i)2 . (56) 
D' may also be written in the form 

D' » -f ” 

oojpresponding to the positive or negative sign in (66). So if we set 

^ ? 2 • y " orbital moment of momentum + electron spin 

— total moment of momentum . . ! , (56a) 

tf^n D' assumes theibrm 


D'--;(^* + l). 
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From this it follows by (54a) that 

and by (48) that 

N-Vj(7+T)^. 

Thus we again find here the characteristically replaced by j(j + 1) 
and we also see how the quantum number j is not introduced by a special 
hypothesis but arises spontaneously out of the structure of the equation 
L « 0 and its integral Nl 

To the two values o/ D' in (55) there correspond two values of om 
operator X. For if we apply eqn. (45) to one of the two solutions u^ or 
tt 2 » then we certainly get 

‘‘-1(1+ 1)^ 

and eqn. (45) gives 

[- Z(Z+ 1) + X ~ J - D']u « 0. 

It therefore follows that 

Xu =■ [1(1 + 1) + f + D']u *3 [[I + ^)* 4* 

= ± (2 + i)]u. 

So we have for both functions u 

either Xw « (i! + l)u> or Xw = - . . . (56) 

This circumstance is the first indication that our pair of functions, 
that is, our two-dimensional scheme of matrices is not sufficient. The 
double value of ^ shows that there are not two but twice two functions 
(u^t u^, u^) that are coupled with each other. 

We next complete the representation of our functions u^, bo far 
used and then supplement them by the functions u^, u^ yet to be intro- 
duced. If we disregarded the time-factor that is common to all the i^'s, 
we should have, according to (46), (48a), (52a, b) and (54b), 

(cos 6)6^”^, (cos + »)♦. 

Between and B^, however, there still exists the relationship expressed, 
for example, in the first row of (51). In view of (52) it states that 

AiBi + iaBg - 0 . . . . (57) 

in which, on account of (54) and (55) 

Ai « - w - i q: (2 4- i) . . . (57i) 

F^om the law of areas our value D' in (55) followed, which; ^ ing a 
tm integration constant, must be common to all solutions, Tbus the 
Jb)uMe sign in (55) does not signify that there are Iffo d ly but 
, kalher there are two different possi^ties for the aHooi^iion di to D'r 
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If according to definition we relate the upper sign in Aj, D' to 
the lower* to u^, M 4 , we have 

2 ^ 1 ; - 1 


and as expressions for Ui, % • 

(cos 

The corresponding substitution for runs 

«t, =. E,I?' ( 00 s «i^ = E^I^'+‘(oo 8 »)e<i>»' + »» . (59) 

In this we have already used the fact that the new numbers l\ m! must 
agree with the consequences (48a) and (54b) deduced from the law of 



areas. ^ 

Having chosen the upper sign in (55) for I and the lower sign 
belongs to V and u^. ^ we conclude from (55) that 

'+ (« + i) - (i + - (i' + « - (i' + iY 

and this is equivalent to 

{I' + 1)’^ = P, 

On account of the positive character of I and V it follows from this uniquely 
that 

r « f - 1 (60) 

There further results from (60) the restriction 


1+0 (60a) 

as otherwise V would become negative. 

From the allocation of the signs in (55) to u^, and I on the one 
hand, and u^, and V on the other, it further follows that in (56), too^ 
the first value is to be allocated to u^, I, the second to u^, u^f V, 
Accordingly, eqn. (56) now runs 

Xw « (1 + l)u for w « Wi, Wg • • • (56a) 

and 


Xtt « - I'tt « (- 1 + X)u for u =» Wj, W 4 
By means of the matrix of fowr rows 



10 0 0 

0 10 0 

0 0-1 0 

0 0 0 -1 


. (66c) 


wq oompresfl the two cases into the single form 

Xtt-(l + €l)« .... (81) 

*fbfl fiot that we may not take the some sign lor Uj, ^ and it., in Ai« D' (that 
is the umer or the lower ei^ for each of ««» »4 siinultaii^sly) follows £»» the 
iSot tiii^^Dibenfise, by (66), f(|, o« would acquire the same 2«vame ^ &e spha^^ 
oal hsm»do fiMiotlon), and i^t would mean that UHi » const, u would be tme sdlb 
the same ecnstmit lor alls»'%-which is impossible, for oannot be an 
If * 0»!daed(lI*Xt - 1 j1|2) 11 + 0(ol sqb-seo(don 0). 
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like D' or D the quantity 0 introduced in (24) is also a true integra- 
tion constant of the problem, which must have the same value for i «4 
as for u^. Hence (48) shows directly that 

m! = w. 


To make our assumption (69) quite precise we must use eqn. (57) with 
Bg, B 4 in place of B^, and with the lower sign of Aj in (57a), I being 
replaced by Z' => Z - 1 . In this way we obtain 


R4 


+ % 

I + m 


a.. 


and finally 

Wj a BgPfl. 1 (cos $) 


(62) 


But eqns. (58) and (62) do not exhaust all the possibilities of integra- 
tion. In eqn. (57a) we could have carried the lower sign of Aj over to 
Ui, U. 2 . The values of Wi, then simply change places vMth those of 
ttj, ; in this process it is, of course, permissible to call the radial com- 
ponent of and Bj and Bg, respectively, as before. We shall write 
down the solutions that result in this way : 

. Ui => BjPp^ j 

% = 7-L.ILI7 + » + 

W3 = BgPj" 

* Z - m ^ * 

Further, we then have 

Xtt « ( - Z + 1 )m for tt =» Ui, u.i, 

Xw « (Z + l)u for w « Wg, W 4 , 

m. that is, Xm * (1 - €Z)w (61a) 

with the same matrix c as in eqn. (55c), Thus the two "systems of 
solutions differ in X only in the sign of Z, as we recognise by cpmparing 
(61a) with ( 1). For Z the relation 

' Z + O, 

again holds. 


(58a) 

(62a) 


G. Determination of the Matrices oct with Four Bows 

We first show that must be equal to our matrix c of eqn. (56q). 
This follows from the fact that 0(4 (X - l)u is, with u, an integral of our 
equation Ij » 0, or, expressed otiierwise, that 

flC4(X-.l)tt«Fw . . . . (6$) 



278 Obapter II. Ferturbations. Diffractioti Problems 

where P is an ordinary constant of integration (not a matrix). For, on 
. account of (61), (61a), we see that (63) is equivalent to 

♦ ± » Fw (64) 

Hence it follows* that F - ± Z and a 4 c « ±1, and so, on account of 
- 1 : 

11 0 0 01 



0 0 0 -1 


It remains to prove that a 4 (X - 1). is really an integral of the equation 
L » 0. The criterion for this is 

0L^(X - 1)L - La4(X - 1) - 0 . . (66) 

To prove this we first consider the term with the factor - 1 in (66), 
namely 

olJj + La^ (66a) 

Since behaves anti-oommutatively with respect to each of the three 
summands of L, but commutatively with respect to 

both the remaining and A, (66a) becomes equal to 

2(flCi«4f2i + 

We next consider one of the three terms 

of which X is made up. Using the cyclically generalised eqn. (14) we 
transform 

MjbiL into LMjki + ociS?i - aM, 
and obtain as the contribution of this term to (66) 

{a 4 aibaiL - Lac^ccit(Ki}Miki + x^khX{(<xiQiii - Xki?i) . (66o) 
Here the second summand is equal to 

and summed up over all three terms of X, this gives 
J * 

. . . (66d) 

So it cancels with (66b]. Lastly we show'^that the first summand in 
(6%)) alto yanishes for all terms of L with the exception of that whose 
in^x-^^y /— difers from I and 4. For this term gives 

Mju. 

*T1m two dgiu in F « ± ; are hers' not nnkraely aUooated to the two tystientef . , 
•etattoni (58», p) and (S8a). (SSa) ; rather, F » ± 2 oan belong to ^ 879teiQ» 
heBoeakoQ^* ± «. 


I 2 «40^i ■ 
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If we sum it up over all three pairs of ipdioea 2 2, ; » 3 ; ^ » 2, 3, 

j - 1; and ft, Z *» 3, 1, 2 we get 

2a4(aia2a3l}8Mi2 + ocgajaif^iMga + 

=* 2lX^jX^OC20C3(I?3M|^2 ^1^23 "t* 

and it can easily be verified that this last contribution vanishes, because 
I ?3 Mi 2 + Qi M 23 + Q 2 ^ai becomes equal to zero. Hence eqn. ( 66 ) is 
proved. 

Having found in (65) the meaning of (a 4 ) we can now also determine 
aj, otg, a 3 . The relation 

ctk€ « - ca*, ft =» 1, 2, 3, 

which follows directly from our pdstulate (4) serves as our starting-point. 
If we assume in general that 

All Ai2 . Ai4 

at= ■ • . 

A^^ . . A^^ 


then we get on account of (56o) [by the rule rows multiplied by columns 
of p. 267, applied to our four-row matrices]. 


ate = 


- ca* ’ 


An 

Ai2 

- Ai 3 

- Ai 4 

A2I 

A22 

- A23 

- A24 

A3I 

^32 

- A33 

- A 84 

A,i 

A42 

- A43 

-A44 

-All 

- Ai2 

“ Ai8 

-Ai 4 

- Agi 

- A22 

- A28 

- A24 

A31 

A32 

Ass 

A34 

A41 

A42 

A48 

A44 


From this it follows that in the scheme of all three cck^ only the right 
upper and left lower half-squares are occupied, the other half-squares are 
zeros. The a**s are therefore once again reducible to matrices with two 
rows, which, for ai, we shall call a and a\ for ot 2 , b and b\ for aj, o and c ' ; 

. (67) 

Besides the a, . . . c\ the zeros here also denote schemes of two rows. 

aa* 0 


0 a 


0 

b 

0 c 

0 

02 “ 

b' 

0 *»“ 

d 0 


0 


aa 


The condition 1 « oti* » j 

here denotes that we must have 

oa' n a^a « 1 (» diagonal matrix). 

. LOcewise we must have 

hb' « h^b - 1, i»' » d'c - 1 , 


■ m 
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We finally form a; by means of (67) and compare the result ctf the 
multiplication with the expression (47), (49) in section F : 

I 

(69) 


«1«! ’ 


«. 




0 I 

Written in this form with four rows (the S’s as well as the zeros are 
matrices with two rows) this expression states, in agreement with our 
conclusions in F, that it holds for the pair of variables u<^ just as much 
as for u^. On the other hand, it follows from (67) that 


ajOa - 


aV 

0 


0 

a!h 


I hc^ 
= 0 


0 

Vc 


(69a) 


A comparison of the two values of cLj at^ gives 
ah' =* ct'b =* 8 i. 


Multiplication by a and a', respectively, gives, by ( 68 ), 

6 * 081 , .... (69b) 

and multiplying according to ( 68 a), having regard to the normalisation 
ga a - 1 we have 

1 == 81 - ah-^a' 

Bid — — n 8 i ..... (70) 

At the same time we have 

81 a' « - a' 8 i, B^b « - 681 , B^b' - - b\ . . (70a) 

But, taking (40) into account, we calculate that 


B^d «* 

1 i 0 

1 0 - i 

1 IS 

®12 

O 22 

1 = 1 

1 1 - ^1 - 

^2 

^52 

- a8i 

= 1 "^11 

%1 1 

- i 

Oil - iOji 

mi2 

i 

1 ^21 

«22 1 1 

0 

i \ 1 - W 21 

^22 


Hence, on account of (70), 

^11 ** ^22 “ • * • • 

Likewise from (70a) 

(hi ® ^ 2 ' ** ^11 “ ^22 “ ^ 1 / “ h 2 “ 0 . . (71a) 

Thus at present two elements remain in each of the matrices a, a\ 
6 , h' ; but by ( 68 ) these are alternately reciprocal, 

^ 12^1 “ ^^ 12 ' “* 1 • • * • (72) 

Likewise, by ( 68 a), 

w-h . (72a) 

and (69b) * ^ 

» ■ ^12 “ “ ^2» ^21 “ ^12* “ “ ^12' f ^21 ** • 

’iBecspitulating, we have, if we set Ojj » p, dgi » q 



b 


( 73 ) 



^ 1 

0 -ip 


[0 -1|_ 

1 - 

• ip 0 

* 1 

iq 0 

i 

I1 

or 

1 

0 - iq 


0 

1 

1 |0 -1| 


- ilq 0 


1 ilp 0 

1 

11 

0 1 


0 i 


■ »/p 


{78a) 
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So fw we have made use of only the first of the relations (69). The 
seoMid gives be' - b'c - S, and hence, on account of (68a) and (40) 

I A 

c =» ■ 

But (68a) also makes 
and this means that 

3 “ - (74) 

The value of p remains undetermined, for we see immediately that 
the following expressions for the a*8, which result from (67), (73) and 
(73a) 


-piq 

0 


0 

- lip 


OL, = 


0 

0 

0 

P 


0 

0 

0 

1 


0 

0 

0 

-1/p 

-p 

0 

0 

0 

, *2 = 

0 

0 

0 

i/p 

-ip 0 

0 0 


1/p 

0 

0 

0 


i/p 

0 

0 0 


0 

0 

- ip 

0 





0 

0 

0 

ip 





i/p 

0 

0 

0 





0 

- i/p 

0 

0 






(76) 


together with our expression for satisfy the initial postulates (3) and (4) 
for the a s for arbitrary values of p. Accordingly it is not necessary to 
treat the further conditions contained in the eqns. (69), as these must be 
fulfilled of themselves. 

In the next section we shall require besides the a’s also the pro- 
ducts ac: 




a,e 


0 

0 

0 

- p 


0 

0 

0 

ip 


0 

0 

p 

0 


0 

0 

ip 

0 


0 

- Vp 

0 

0 


0 

i/p 

0 

0 


1/p 

0 

0 

0 


i/p 

b 

0 

0 


0 

0 

ip 

0 






0 

0 

0 

-ip 






i/p 

0 

0 

0 j 






0 

- ^p 

0 

0 1 

■ 






(76) 


Here we should apply a remark about the behaviour of the a’s in 
Lorents-Einstein transformations. By their definitions as matrices withi 
four rows the a’s transform in an orthogonal substitution like four-vectors. 
The O’s do the same, by p. 102. But the exact proof of the invariance 
of in eqn, (6) requires further consideration, which ^ must omit 
hei»i 
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H. The Badial THffermtial Equations of the K^ler Prohlem 
We revert to eqn. (36), first dealing with the equations that belong to 
the system of solutions (68), (61) and (62), which we shall call 1 for 
short ; we shall then call eqns. (58a), (61a) and (62a) system H. 

Bubstituting for y from (29) and for X from (61), we get for eqn. (86) 

I • • (77) 

1 

For Xh we write 

a?! = r sin d cos % = r sin 6 sin (Tg *= r cos $. 

We get aie and ate out of (76) and (76), from the first row of the cor- 
responding matrices. So we obtain as the first term of (77) 

p sin 6 cos ^ + — r~)^4 "■ W sin 0 sin + “7“)^4 

“ *PCOsd(^^+~~~jw3 
or, with terms conveniently collected, 

^ *”**“< “ • (77>1) 

We obtain corresponding results for the subsequent rows : 

“ ® - i 008 « ««} . (77, 3) 

" - ieosOUj} . (77, 3) 

• (77'^) 

We write down the first of the equations bracketed in (77) after 
substituting and from (62), and Wj from (58) in (77, 1), and taking 
(66) into consideration, 

i>(^ + if-*){sm ft! -<♦ B, «<(>>• + »♦ Pp_+ • (008 3) 1 


- t00SdE3S^PJ^_j(C0Sd)} 


(78) 


-jr^[?(B-V)-EJRie*«*P-(cosd) J 

We see that the dependence on ^ drops <jut ; the same is the case ^ 
for d. ^ Hence Oqn. (78) may be written, as an easy calculation shows, 

^^ + ^-)R*-g[T,(Il-V)-BJB, . (79,1) 

* iTo pnye this, use the well-known formuhe 




1 +IPi 






IP, 




Ibnanto Jar the HMxdkttd laaoHoni. 



% 

§ 10. Concerning the Nature of the Electron 88$ 

The second row pf (77) gives exactly the same result. We shall not prove 
this, as it is not difSoult and is of no interest. For the third row we get 

+ = W • (79.8) 

The fourth row again gives the same result as the third. 

If we now consider the case of the system EE, in (36) only X changes, 
and in X we simply replace + Z by - 2, according to the remark on eqn. 
(61a). Accor iingly eqns, 77, 1 to 4, remain unaltered except for the 
substitution of + 2 by ±2 respectively in the operator 

1 . 1±J. 

' r * 

for the calculation of the matrices oc^, o^, aj is quite independent of the 
choice of the systems I or 11. 

We then get for the first and second row of eqn. (77) 

BJB, . (80, 1) 

and for the third and fourth row 

+ = 

We see at once that the eqns. (79, 1, 3) transform into the eqns. 
(80, 1, 3), if we replace 2 by - 2 and conversely. We may combine 
the two pairs of equations into one by setting,^ 

« ± 2, & - ± 1, ± 2, ± 3, . . . 

For then we have 

For ip we introduce the abbreviation 

v>~g ( 82 ) 

J. The Formula for the Fine-Structure 

The first step towards integration consists, as always, in investigating 
the asymptotic behaviour. So, in (81), we strike out all terms with 

m 

* Tha symbol is to call to memoiy the quantum number k of older theory and, 
in common with it, has the property that kmO must be excluded, of. eqn. (60a). In 
cor present nomenclature the B-term is given by k » 1 (cf. p. 286) fust as in the older 
(raantum &eoiy. But our present k differs from our earlier k in being able to assume 
file vidues of negative integers besides positive integers. ‘ Dirac uses in pu^ of X; the 
tetter/ (likewise with the double sign). This letter rbes not seem to us nappUy chosen 
as/ must be reserved later for the inner quantum number, which cannot be moused 
wifit We have already used/ in this sense on pp. 268 and 272. Our nomandatore 
igroes with that of 0. a. Darwin, Pioo. Boy. Soo.« 118, 6M (1928). 
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1/f , which also include Y, and obtain 




We here make the assumption, which is characteristic for linear differ- 
ential equations with constant coefficients 

. . . (83) 

and we find as the equations of condition 

-^A, = |(±E-E,)A„ 

o_ 

-i,U,-0(+E-B,)A.. 

From this it follows, with the assumption E < (line-spectrum) and 
with the choice of the correct (positive) sign of the root 

9tr 

+ 5 ^VEo 2 -E'i . . ... (88a) 

As earlier in the Kepler problem we use as the independent variable 
p « 2Xr 

and supplement the asymptotic assumption (83) to aa exact expression 
by introducing as independent variables two functions and Va P 
(dashes denote differential quotients with respect to p ) : 





Eqns. (81), after division by 2\ and omission of tbe factor e ~ then give 


1\- , _ fl + k l^ n aZ , 1 ± E - E„\ 

(— - m -(* 7^2 -W^r 

r . fl-h 1\ 1 / aZ ^ 1 5 E - E, S 


(85) 


¥ar y we have substituted l^e expression - ZsV^ which is characteristic 
of the K^ler problem, so that > / 

Z aZ 

M So~ f r 

(« B the fine-structure constant). 

Passing cm to investigate the origin we set 



ua 
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with the same exponent y but with different' coeffioiencB Oy, bp. y is de- 
termined by comparing in ( 85 ) the coefficient oi on both sides : 

^(y + 1 + kja^ = ± aZ5o, Sf(y + 1 - ^)5o = + 

By multiplying these equations together term by term a^, drop out and 
' there is left 


{y + 1)2 - F = - a2Z2, . . 

from which, if the sign of the root is correctly chosen (positive), we get * 
7 « - 1 + .... (86) 
We next calculate the recurrence formula for the ap\ by 9 by equating 
the coefficients of the power py + * on both sides of eqns. ( 85 ). 

We temporarily introduce the abbreviations 

^ ±E-E, , _ tB-Eq 

•'* v'EoS - E“’ 


/Eo* - E^ 


and take the terms with ay^^by + i over to the left, those with Oy^ by over 
to the right : 

(v + 1 + y + 1 + T aZ&. + , = +/a) 

^ j . [ (88) 

(v +1 + 7+1- k)by^i g ± aZflv + i « ^^byg +fiayj 


We see at onOe that the determinant of the a„’s, by 9 on the right-hand 
side is equal to zero : 

«= 1 - 1 « 0, on account of fj^ =» 1, 

h 9 

whereas the determinant of the Oy ^ I's, by 4. /s is not equal to zero. If, 
then, we determine the o^'s, by 9 so that the right-hand sides become 
equal to zero, then the Oy + I’s, by 4. 1’s necessarily vanish, and likewise all 
the subsequent coefficients. Our recurrence formula is broken off at a 
certain point. The condition for this break {polynomial condiiion) is, 
therefore, 

I- -ah ( 89 ) 

To determine the ratio Oy/by in a second way we proceed as follows. 
Ih (88) we replace v + 1 by v and multiply the first of the resulting 

* It is to be observed that y becomes ne^tive for k » ± 1 (the 8-teim or, of. the 
table on p. 288, the P,/. term), although only very slightly so if Z is not too great, 
namely of the o:^er - a’^/2. From tms it follows that the radial component B of 
the proper funotions forn « 0 becomes infinite, oontrazy to our " boundary condition,’* 
requires the proper funotions to be continuous without exo^on. We have 
i^lready made the same remark in § 9, Ghap. I, p. 115. But we there nint^d in a foot- 
note at a wider formulation of ffie boundary conditions whi<^ would remove this 
dtifionlty. It runs ; instead of xequiring the proper fuhotions to be oontinuous wiffiout 
•xoeption, we postulate that it is to be integmble qnadratioally, wl^ is already 
demanded in me condition of normahsation « 1. In our case i^s mora aom- 
piehensiTe oondition is obviously fulfilled for all values that actually occur in the 
pernio ay^tem. . 
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equations by the second by /|. The right-hand sides then become ^ 
equal, and so also theieft-hand sides. We have 

(f + y + 1 + k)ap cuZbpg » gf^(v + y + 1 - k)bp t/jaZa,. 

Erom this it follows that 


+ . . . (90) 

bp V + y *f 1 + k /^aZ ' ' ' 

This holds for every index v. If the recurrence is to cease for a given v, 

say for f « Wr, then by (89) and (90) we must set 

aZ 

- (nr + y + l~fe) + "7 «nr + y + l + /p + ^aZ, 

Ji 

and hence, with the value (86) for y, we have, collecting terms, that 

nr+ ±y(/. -i) . . . (91) 

fir is the common degree of the polynomial components of and V 2 that 
result in this way. According to the meanmg of we have 




E 


{(D'-r* 


Thus eqn. (91) states that 

(ly- 


E, 


(x^Z^ 

“ (nr + Jk^ - ocwf 
(nr+ 


This is the fiM-sPructure formula (27) of I, p. 417, with slight differences 
of nomenclature. It has been derived simultaneously by W. Gordon * 
and 0. G. Darwin't from Dirac's theory of the electron. 

The inconsistencies in the wave-mechanical treatment in § 9, Chap. I, 
have now been removed. Compared with the older theory in I, Chap. 6, 
this shows an advance in that every term^vel is counted twice, on 
account of the double sign of k, except the highest level, for each given 
principal qua/nttm number, just as Pig. 11 demands. 

* ^1 We prove this as follows. The principal quantum number n is now 
determined as a quantum sum by 

fir + \ k\ (93) 

^corresponding to the denominator of the term formula (92) for a ■> 0, in 
which the1x)ot sign, according to the definition of y in (86), is to be taken 
as positive and hence becomes | k | for a » (X^ The tei^ level of highest 
dietgy is that for which nr » 0 ; it corresponds to the circular orbits of 
thb older theory. By (93) | k | would n, that is k •• ± n for this level. 
We easily convince ourselves that only k «« + n is permissible, namely 
when we choose « + € [see eqn. (65)], pr else only k «» - n, if is 
to equal - c. 


*ZdtMbr. f. 48,^1 (1926). f Of. the xetoenoe in Note p. 



§ 10« Concerning the Nature of the Electron 


This has its origin in the particular position occupied by the case 
nr 0 in the recurrence formula. For nr » 0 the components of the 
polynomial in v^, V 2 become of zero degree, that is equal to or re- 
spectively. Instead of the recurrence-formula (88) we then have to satisfy 
the two equations 

(y + 1 + k)a^g T aZio - 0| 

(y + 1 - iaZo, = Oj 

for flto, Jo- 
in addition we have for v « n, » 0, by (89), 




(93) 


Our determination of y in (86) ensured the vanishing of the determinant 
of the Uq's, Jo’s in (94). So we get from (94) and (96) 

^ 

Jfl 


‘ y + 1 + k 
and so, taking into account (8|5) and (87) 


= “ 9/v 


ttZ _ - E ± Eq 


If yre now choose + c, then the iipper, the positive of the two preced- 
ing values applies. But then the left-hand is positite only if ^>0. 
Henoe it necessarily follows from this that h ^ •k- n. For a 4 » - c it would 
in jt^e same way follow that << 0, that is ^ ~ n. In each case the 

highest level (nr » 0, circular orhit) is simple, as was asserted. 

We shall now show how in definite instances the quantum numbers 
are to be allocated to the different levels. Let us choose n » 3. By 
(93) I k I then has the values 1, 2, 3, whereas at the same time nr be- 
comes equal to 2, 1, 0. From the definition of k we have k ^ ±l with 
f «« 1, 2, 3. . . . But this I is by no means identical with the azimuthal 
quantum ** I of Sohrodinger’s theory (§ 7, Chap. I). To distinguish be- 
tween these two numbers we shall now write h for the I of this section. 

We find the connexion between h and I by going to the limit c » |p 
in the differential equations (85) of our problem. These solutions must 
then agree with those of Sohrodinger’s non-relativistic equation. We set 

» + c : then the highest level belongs to ^ « n, the lower levels to 
Jfc « ± (n - 1), ± (n - 2). . . . On account of « -i- € the upper sign 
is to be used in ^ the equations of this and the preceding section. If 
we let c 00 , we must get from (81) Schrodinger’s differential equation 
of the Kepler problem. By eliminating B 2 from eqn. (81) we arrive at 
the relation^ 


4 : 
" V: 


Eq - E 
E, + E 
' E, + E 
B„ - E 


(96) 


vanishes for €-> CO, as is easily aesn by oonsideiixig eqn. ( 81 ). 
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where E has beex^ set equal to W + [of. also eqn. (40a), p. 112]. It 
agrees except for inessential diffsrenees in nomenclature with eqn. (8) of 
p. 60, if we make 

1(1 + 1) - k(A; - 1) . . . . (98) 

Consequently fak-lora -k, and on account of the positive char- 
acter of I we have for k > 0 

. . . (99a) 

and for k < 0 

- ]c^\k\^h . . . . (99b) 

The corresponding y-values (inner quantum numbers) come out according 
to eqn. (55a) of p. 272 for A; > 0, that is, for the system I as 

+ + i . . . (100a) 

We have here to observe that eqns. (97) and (98) refer to and so to 
%, and hence to the lower sign of eqn. (55a). Thus; becomes e(j[ual 
to T, J for k « 3, 2, 1. On the other hand, k < 0 gives 

i = • ■ . (lOOb) 

since for A; < 0 system II holds, and we must reverse the sign in (55a) [of. 
the arguments on pp. 274 and 275], and then again use the sign corre- 
sponding to tij, in (55a). Thus we have ; » » , for A; « - 2, - 1. 

The complete allocation of quantum numbers and levels is given in 
our case, n » 3, by the following scheme ; 
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The levels with Afferent | A; |’b form relativistic doublets. 

The generally double nature of the energy-levels having the 9am | k | 
(screening doublets) but different signs for A;, on the other hand, remains 
btsat in the pure Coulomb field. But it asserts itself at once if a mag- 
n^c field or an inner atomic central field becomes added, that is, in the 
Zeeman e&ct or in the case of atoms which are not of the hydrogen type. 
This gives the oikaMike character of hydrogen, as was postulated, in l^g. 
11 by the, new notation (on the right). The consequences of this nota- 
tion for the selection rules discussed earlier may now, jbe derived quan- 
tit^vely from the representation of ... in spSdrioal harmonics. 
In the same way^the anomalous Zeeman effect in the case of hydrogen 
siaidL the idkalies may be cogently treated, and also the system of terns 
for atoms' in general may be placed on a quantitative basis. ^ 

Dirac’s theory in conjunction with Pali's Excluuon. Principle has 
, inspired Eddington to go still further and led him to draw m unusth 
ally bold inference. He counts up the^poi^iihiliitias according to 
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'If: 

the Dirac matrices with four rows can be formed ani comWned and finds 
^from them the following value for the reciprocal of the fine-structure 
constant : — 



16.15 

2 


-136. 


This would bring the electronic charge b into a simple numerical re- 
lationship with the fundamental constants c and h, and would signify 
that the existence of the elementary quantum of electricity could be con- 
ceived as a consequence of the theory of relativity and the quantum 
theory. 

Unfortunately experimental evidence is not at the present time in 
favour of Eddington’s' theory. The older measurements of Millikan give, 
as we know, the value 137 rather than 136 for 1/a. The most recent 
measurements by A. H. Comipton and J, A. Bearden give the value 
1/a - 136‘6. A final decision on the experimental side of the question 
is just as little possible at present as on the theoretical, that is, whether 
Eddington’s conjecture is justifiable. At any rate this also indicates what 
extraordinary importance Dirac’s theory has at present and will have in 
future for dealing with the fundamental questions of natural philosophy^ 


vnw,; It— 19 



NOTES 


1. On the Continaons Proper FnnotionB in the Hydrogen Speotrom, 
their Asymptotic Representation and their Normalisation 


W E have represented the radial part B of the discrete proper 
functions in the hydrogen spectrum, if we leave out of account the 
normalising factor, by eqn. (13) in § 7, Chap. I, 


E 




p/a. 






+ fo P 



. (1) 


The Laguerre polynomial L was given by the following equation (14) : 

.... ( 2 ) 

In* the discrete spectrum p is real and n an integer. On the other hand, 
in the continuqus spectrum p is imaginary, n likewise imaginary and non- 
integral. For, from (1) it follows for E « pv*/2 > 0 that 



2ikr, i-y, ^ 


A 

flV 


■ ( 3 ) 


On the other hand, we easily conclude from the connexion between n 
and Balmer’s formula that for E > 0 


Z 

^ “ iak* ^ 


. w 


The expression (2) is to be used only for integral Tt’s. By means of 
Cauchy’s theorem we may, however, easily transcribe it into a formula 
which holds for any n. For by Cauchy’s theorem 




r(n.H) f f{z)dz 

2vi J (^ - 0?)" + 


For ariutrary w’s we therefore have 

UW -r(n + . . (6) 

integral is here to be taken along a closed j^th in the ooiuplesift 
ir^plane, whioh^ encloses the point e ^ p and, besides, the point $mQ,' 
wmch, P;e « p is *a branch-point of the integrand in (5) whmi n is 
non-inte^^ 

We ^nge the variable of integration to 


xmz - p, 
290 
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end we may write more simply in place of (6) 

L«(p) = r(« + l) 5 y|(® + «-*da; . . (6) 

tte inte^l now being taken around the branch points « •» 0 and a - - a. 
From this we obtain a generally valid integral representation for R in (1), 
if we replace w by n + i and carry out (2Z + 1) times the differentiation 
with resjpect to p. Leaving out a constant factor composed of P-funotions 
and adding a power of i that will be convenient in the sequel, we get 

R « (- . (7) 

From the method by which this expression has been derived it is 
evident (and may also he verified without difficulty) that (7) satisfies the 
differential equation (8) of p. 60, just like the formula (1) at the beginning. 

The integral in (7) is capaUe of expansion in a convergent series of 
increasing powers of p. We have only to set 

(8) 

This series is absolutely convergent, as the path of integration in the 
aj-plane (Fig. 31) can always be chosen in such a way that | a; | > | /> |. 86 
we get for the integral in (7) by once again applying Cauchy’s theorem : 

+ [ ^ >J^ + ( 2 


'e " ^dx 
■^nF7 + 




/ 1 /n-Z-1'^ 



1 \ 

(,(21+1)1 "V 1 ) 

’(2i + 2)! ^ ' 

'(243)1 • • 7 


O — TVUXWU ID WUYOiKOUU 

for all values of p : 

The closed path of integration of Fig. 31 can be divided into two loops 
that begin and end at infinity 
and encircle only one of the two 
branch points a? « 0 and a? - - p, 
respectively. Corresponding to 
t^ division of the path of in- 
tegration R splits up into two 
parts. We set 

R - i(Ri + W) . (10) 

and define R^ by the loop around 
flj ^ 0, R^ by that around a? « p. Fig. 81. 

This resolution is analogous to that known from the theory of Bessel’s 
functions * 

Uke H* and H* so, and B* are singular at the oi^in, w^ulefiteirsniot, 
ou^y I or B, impeotiTely, b^ve regulariy. ^ singularity and 


. V 

0 x«o ) 

• 

/ 






regularity^ respectively, follow directly from the form of the path of inte- 
gration : in the case of and B^ the path between the two singular points 
is included in the path of integration which, for p « 0, passes through 
these points ; in the case of B the path of integration is free. 

We investigate the asymptotic behaviour of B^. To do this we set, 
in contradistinction to (8), 

. . . .) ( 1 .) 


This expansion is divergent for the more distant parts of the loop-integral, 
since here obviously \x\>p, Fof this reason the following asymptotic 
development also becomes divergent (semi-convergent). 

Substituting in (7) we get in view of (10), if we perform the integration 
over the loop around a; =» 0, 




The integrals here remaining are J’-functions. For, for arbitrary values 
of n (even imaginary) the relation 


1 _ 

Tin + 1 ) ~ 27 rt J a?" + 1 


• ( 13 ) 


holds. On account of Cauchy’s theorem this formula is evidently valid 
for integral values of n, and for non-integral values it gives the simplest 
definition of F, The path of integration in (13) is the loop of Fig. 81 
around a; » 0 with the condition that, on the upper branch of the path, 
in®*' - s’* ^08 * the logarithm is to be taken as real. So eqn. (12) becomes 


1b, _ p”-' fn-l- l\r{n+ 1 + 1)1 , 

2 " “ r{n + 1 + 1) \ 1 )~T(n + 1) ; p + 

and for this we may write 




^ g-p/9 + nlogp-<im + -i 

sB? - p 


(‘-c 


n I - 1\ w + I 


r(n + l + l) \ \ 1 / P 

or on account of the meaning of p and n, eqns. (3) and (4), 

\ .1 e *<•*+ 

^ “>ikr{n + l+l) 


• ••) (W) 


(16) 


This result agrees with the statement in eqn. (4), p. 179 ; the significance 
of ouDOm^>ared with that in eqn.. (24a), p. 67, h^ ^en changed by a factor 
d 8«, which, however, since it occurs under the logarithm, may be included 
itf C. 

We come to the other component B^ In this case it is convenient to 
rescind the substitution a; » - p, which led us from (5) to (fi) and (7). 

The loop* around a; a - p then b^mes a loop*iu*ound s » 0. But we 
must remember that if we have encircled (s -> 0 in the jc-plane then, by 
(7), we have taken xap the factor We live, therefore, 

to mul%ly the inte^ around the loop x p by thu factor in (»der 
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that the sum of both loops, as we demand, may be equivalent to the olosed 
path in Fig. 31. In this way we obtain 




(- 


5-a»<nr 


{z - /») 




e’^^dz. 


Since 

and taking into consideration the definition of the T-function in eqn, QS). 
we get ^ ^ ^ 


/ - W - Z - 1\2( \ 

( 1 )p 


' (-p)r(-n+l+l){^-[ 1 + • • •) (16) 


(16) arises out of (14) by exchanging p, n and i for - p, - n, - i ; since 
p and n are purely imaginary, this means that and are conjugate 
imaginaries. Consequently eqn. (16) also holds for Ri, if we exchange 
+ 4 for - i in it ; this, too, agrees with our earlier assertion in eqn. (4) 
of p. 179. At the same time it follows from this that the proper function 
R itself is real. 

We can write the expression for R more symmetrically if in place of 
X we introduce the new vanable of integration f given by 


We then get from (7) 

Mzl-l 


i). 


Rz 


Qtt 


+ (17) 

two branch 


Here the path of integration (cf. Fig. 32) encircles the two branch points 
f = ± It is possible but not advisable 
to contract it on to the real axis from 

Lastly, we have to deal with the nor- 
malisation. Whereas in the discrete spec- 
trum we normalise 




1 , 


(18) 


(i 


in the continuous spectrum we must define 
the normalisation for a finite (even arbi- 
trarily sinall) interval AE by means of the 
condition 




Fig. 82 . 


jiT^(B)j^^*(B')JE' . 


• • • (^®) 

Here the interval AB - B, - B, is to enclose the point B. In the con- 
tmuous spectrum the integration (18) would evidently diverge. The 
integral (19) also diverges, if we reverse the order of integration. To be 
able to do this we must restrict the volume-integration to the interior of 
a i^ere of very great radius a> and must form 


* Lim ■■ 


( 20 ) 



Ncytes 


From the wave-equations 

A0(E) + - V)^{E) - 0, 

it follows, by the method of Green's theorem, that 

^{E - B')J^(E)0*(B')ir = (21) 

' r ■■ u 

Let us set (N being the normalising factor) 

^=.NE,Pr(cosd)e<»»^, ^*=»NE,PP(cos^)e-<»«^ . (22) 

and perform the integration on the right in (21). On account of (23) and 
(30) in § 6, Chap. I, we get, omitting the suffix I for the present, 

Here E can be calculated asymptotically, namely from (15), if we set 






+ 2 + 1 ] 


E = |(S» + B^) - - gain (fer + « - <r - gj). 

In agreement with the definition (3) of k we write 

and also distinguish the quantities C, C', a, a', cr, cr' according to the value 
h or k\ By simple reduction we get for the bracketed expression in 
(23), except for terms that vanish with r, when r =* w, 

* 

where p ^ {k' - k)(a + (a' - a) - (<r' - o-), 

q » (&' + k)ta + (a' + a) - (or' + o-). 

Thus from (21) it follows, if we divide out by the factor on the left-hand 
side, that is, by k^ - and take (22) into account. 


By (20) tiiis expression is to be multiplied by dB' » ^ ^ 

integrated from E| to Eo. Let the corresponding limits for h* h&h, and km. 
Thus by (23) we have 



The One-sidedness of Photo-electric Emission 


m 


The unwritten second term clearly contributes an amount which is 
vanishingly small for a vanishingly small interval of integration, as it is 
finite throughout this interval. The integral over the first term of the 
bracket can be simplified to 


CiJ2|Binp (26) 


where pi and P 2 *1^® values of p that correspond to the values k* =» k^ 
and k'^k^. fence k lies within the interval (kj, k^), we find pj » - 00 , 
P 2 =“ + ® for (I) « 00 . Thus (25) is equal tb irCi (2^) gives 





+ 1+1 


(26) 


The expression (17) for the radial component E of the proper function 
and the expression (15) for the partial functions B^ are to be multiplied 
by the normalising factor N so determined, in accordance with (22). Our 
calculation of is practically identical with the method first developed 
by E. I^es.* 


2. Gonoeming the One-sidedness of Photo-electric Emission. 
Calculation of the Integrals and Eg 

The integrals Ej and E 2 are defined on p. 186. According to (17) ‘t 
we have, if we add the normalising factor given by (26), 


(ipYE, « 
(ipYB, - 
n « 

Ni 




Z 

iak' ^ 




3! 


. Wcr, 
r(n + 3) 

r(» + 2) 



. (27) 


In Ej and Eg we exchange the integrations with respect to r and i and 
perform the integration with respect to r. In each case get 


1 


00 

e 

0 




1 L.. 

?+2iif 2ii(i + g) 


• (28) 


And so 


(24)»5-‘ 


2«iJ 




N,"2«iJ f + »/2 

(f + i)"-»(f-i)- 






f + w/2 


As in Fig, 82 the integrations are to be performed around the two branch- 
points ^ » ± t with the exclusion of the newly-added singular point 


* Ann. d. Phya., 81. 281 (1926), partioularly § S. 
f The references are to equations in the Notes unless the oontrazy is stated. 



f * - n/2. The latter follows from (28), since here the integration has 
a meaning only if 

~ that is, 2 f 2 < 1 w |, 


holds for the whole path of integration, where fg denotes the ipiaginary 
part of f. The integrations in (29) may be performed in Cauohy^s 
manner. The integrals vanish at oo like and respectively; 
hence with continued extension of the path of integration only the 
residues at the' point f » - w/2 remain. 

In this way we get 



From (15), adding the normalising factors, we then form 


.r(n + 2)N, i Na 
Ei» “ *r{n + 3) Ni “ w + 2 Ni' 

Hence, on account of (27) 

5 I ft + 2 P 2t 5 2 - ft 

Kj A; * 9 (1 - n^){n + 2) “ fc * 9 1 - ft^ * 

This expression is to be substituted in eqn. (18) of p. 186, and with 
w - it immediately yields the value of ^ there given. 


8. The Inte^ation ot6f the Continuous Spectrum Transition 
from the mper Function ^ to the Partial Functions ^ 

We must here deal with a somewhat awkward point which has not 
been sufficiently taken into consideration in the German original of this 
book. For a more complete treatment of the subject in question the 
reader is referred to a paper which is shortly to appear in the Anmlen 
dinr Physik, We must here restrict ourselves to indicating the line of 
reasoning. 

The integration with respect to E' in eqn. (1) of p. 178 is to be per- 
formed between E' « to E' a oo , but it must not be taken along 

the real axis, because there the denominator vanishes for 

+ . . . . (81) 

Hence the path of integration must avoid this point by escaping into the 
complex domain. In place of E' the wave-number 1c suggests itself as 
ja convenient complex variable, which is associated with the kinetic energy 
f « B' - Eo 



Integration over the Continuous Spectrum"^ Transition 

then have for the differential in 

dW ^ 

Bjb - + hv — Ic '^* 

The wave-number k which here occurs in the denominator is associated 
with the Einstein energy c (eqn. (6) of p. 180) just as k' is associated with 
the kinetic energy e'. In the complex fc'-plane the path of integration 
leads, on account of (32), from fc' « 0 to fc' « co , the singular point k 
being avoided, of. Fig. 33. 

From the mathematical standpoint we niay make the path of integra- 
tion deviate upwards as well as downwards. This arbitrariness corre- 
sponds to an ambiguity 
{Viddeutigkeit) which is al- 
ways present in a continu- 
ous spectrum and can be 
avoided only by means of a 
special condition * at intin- 
ity “ the condition of radia- 
tion.” According to this 
condition, if we write the 
time-factor as in I, p. 178, 
with a positive exponent, 
then we must choose our 
route of escape in the posi- 
tive imaginary half-plane. 

(We could just as well have 
written the exponent with 
a negative i and then we 
should have had to choose 
the dotted path in Fig. 33.) 

We now split ^ up into its two partial functions, in a manner 
analogous to that in eqn. (10) of Note 1 : 

0 = i(f + f), 
and we get for the integral I, 



On account of the asymptotic method of representing the partial 
functions, eqns. (15) and (16) of Note I, 

+ + . . . (33) 

^ vanishes at infinity in the positive imaginary half -plane, ^ at infinity 
in the negative imaginary half-plane. It is true that the factor A, in 
virtue of its being defined by a volume integral contains the factor i/f 
implicitly. But the value of r in this space-integral — we call it r' and 
have 0 < r' < oo — ^is in general smaller than the value of r in 
which occur explicitly ; and as we shall allow r to go asymptotically to 
infinity, only the quantities will be decisive for the behaviour at 

*01. A. Sommerfeld, Jahresberioht d. deatsoh. Math. Veieinigung, Vol. 21, p. 809, 
Puft B) Ohap. n, or the above-mentioned paper in the Ann. d. I^ye. 
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infinity in the ^'-plane. We divide I into two parts and and lead 
round the part formed with 0^ in the positive imaginary half-plane, the 
part I 2 formed with ^ in the negative imaginary huf-plane. The latter 
IS arrested at the singular point k' » k In aadition, we have the. two 
integrations of and with respect to the positive and the negative 
imamnary axis. But these integrations vanish exponentially, according 
to (33), if r is sufficiently great. Then there remains only the residue at 
the point k ^ k^oo that we can write 

I « Ti«/^(B)A(E) or, better, I =« 7rtSS^*(B)A(E) . . (34) 

E is the energy- value defined ty (31) and belonging to k » k. The 
double summation ranges, as in eqns. (14) and (18) on pp. 182 and 
186, over all values of the quantum numbers I, m so long as they are 
not ‘excluded owing to the factor A vanishing in any way. 

In conclusion we have some remarks to make about integral 11 in 
eqn. (1), p. 178. The denominator in this integral does not vanish 
between Eg ^ E' oo , since 

E' = Ejb r- ^1/ =a Eq — J — /tv ^ Eq 

holds for the zero-point of this denominator, where J denotes the work of 
ionisation of the state k. If we also here introduce the wave-number k' 
belonging to the kinetic energy c' « E' - Eg, the choice of the path of 
integration in the /;'-plane, Fig. 33, becomes immaterial, since there is no 
sin^^ar point to the right of the imaginary axis. Thus if we divide II 
uj^dnto and U 2 , these partial integrals consist solely of the integrals 
with respect to ^e positive and nemtive imaginary axis. They vanish 
just as, rofore, the partial integrals 1^ and I 2 taken along the imaginary 
half-axe4 vanished. The fact that of the two integrals 1 and 11 only the 
residue calculated in (34) remains is clearly to be interpreted as a 
resonance phenomenon. We were therefore justified in not taking the 
component purt II into account in our discussion of the photo-electric 
effect. 
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Qeiman Expressions and their En^ish Equiyalents 


{The Numbers Refer to the Pages on gohieh the Expressions Oceur) 


A^ungiert, adjoint, 104. 

AnregungstUrT^n^ excitation intensities, 47. 

AnsaUy assumption, expansion or substitu- 
tion, 8. 

Ansohmlich, pictures^e (intuitive), 47. 

Anschauliehkeit der Vorstellmg^ vividness 
of the mental pictures, 76. 

AuferUhoUsvnbglichkeit, possibility of 
sojourn, 256. 

Aufspdlkmgent separations, 115. 

Ausserweseiklich singuldre StellOt pole, 9. 

Austauach-Entartung, exchange degener- 
acy, 18, 227, 239. 


Normt square of the absolute value of i 
matrix elements, 84, 58, 81. 

Ortsfunktion, space function, 172. 

OszillatorensUirke, number or quantity ol 
oscillators, 170. 

Partiell verkeHrt, partially inverted, 284. 

Paiuli Verhot, Pauli's exclusion principle, 
85. * 

Pendelbahnen, pendulum orbits, 62. 

Platsnveehsel or Austauscht exchange of 
position, 229. 


BahnimpulSf orbital moment of mo- 
mentum, 96. 

Eigenwert^ proper or characteristic value, 
7, 42. 

Eigetuustand, proper state, 42. 

Eindeutig, uniform (single-valued), 7, 8, 

101 . 

Eindeutigkeit, uniformity (mathematical), 

41. 

EindeuUgkeitspriruipt principle of uni- 
formity, 122. 

Einkristall, single crystal, 205. 
Elekironenatoss, collisions caused by 
electrons, 47. 

. Ersatselektron, substitute electron, 220. 


Flecke, spots (points), 205. 

Balbierungskegel, bisecting cone, 187. 
Halbierungswinkel, bisecting angle, 192. 
HilfsgrUsse, auxiliary quantity, 84. 
Hohlraum, enclosure, cavity, 28, 77. 

IfUerkombinaUonsverhoti law forbidding 
combinations between certain states, 
280. 

KnotenlinUt line of nodes, 127, 150. 
Knotente^lt nuihber of nodes, 187. 
KreiselmolekiRet molecular tops, 128. 

iHsdmgswollce^ charge cloud, 75. 
iMSchielektront radiating electron, 95. 

Magmtfeld^ magnetic field, 97. 

^eigy*) pocket, 208. 


Besonans-Entartung, resonance degener- 
acy, 227. 

Bichtungsguantelung, quantising of direc- 
tion, 97, , 

BuhenergiOy rest enejpr, 41. 

Selbstadjung^t, self-adjoint, 105. 

Spielraum, range of play, 256. 

Spitzenzdhler, point-counter, 191. 

Stossguerschnitt, effective cross-section in 
collisions, 97. 

Vberlichtgeschwindigkeit, velocity exceed- 
ing that of light, 121. 

Umdrehimgsphaset phase of rotation, 202. 

Umkehrtmg, inverse, 181. 

Ungenmigkeiterelation, uncertainty rela- 
tion, 84, 122. 

VertoMchsmgarelationf commutation law, 
82. 

Vieldeutigkeitt many^valued character, 297. 

ViererpotentkUt four jpotential, 100. 

VoUtstdndigkeUsrelation, completeness re- 
lation, 147, 221. 

Voreilwinkelt forward angle, 191. 

WahrsehMnlkhkeitspdket, probability 
packet, 256. 

WecnselsatMt Alternation Law, 94. 

ZusU^f states, 120. 

ZwUmdsgmssen, phase or state para- 
meters, 80. 

ZustandsikonstaitUe, state-constant, 42. 

ZusUmdsverteUu^igt distribation of state, 

j 167. 

ZweigUedrig, having two terms, ^ 



INDEX 


Mge, m. 

Aoaon functiofi, 3. 

Addition theorem of spherical harmonies, 

86 . 

Adiabatic principle, 62. * . 

Adjoint, 104. 

Alkali character of Bdntgen term^ 94. 

— -like doublet character of hydrogen lines, 

. 94. . i 

Alternation law, 94. 

Andrade, 212. * ’ , ^ 

‘Angular co-ordinates, 69, 270. ♦ ' , - ^ 
Anomalous Zeeman efifect, 2. * 

Anti-parallel transitions, 57. 

Areas, law of, 251. 

Associated spherical functions, 12. 

harmonics, 12. 

Auger, 191, 192. 

Azmiuthal quantipn number, 62, 78, 95, 
264, 287. * 

B 

Balmer series, 76, 79,^81, 83. 

— terms, 68, 69, 114. 

Band spectra, 1, 24, 99. 
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